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Preface

Analog integrated circuits in bipolar technology, beginning with operational amplifiers
and advancing to data conversion and communication circuits, were developed in the
1960s and matured during the 1970s. During this period, the metal–oxide–semiconductor
(MOS) technology evolved for digital circuits because of its better efficiency in terms of
silicon-area use and power consumption compared with bipolar digital technologies. To
reduce the system cost and power consumption, chips including digital and analog
circuits appeared in MOS technology in the late 1970s. The first analog circuits in
MOS technology were for audio-frequency applications. With the scaling of the MOS
technology, driven by the need for large-scale integration levels, enhanced performance
and reduced cost, even radio-frequency (RF) applications in MOS technology have
become possible. Compared with digital design, analog design requires much more
careful device modeling, and for this reason analog designers were at the origin of
many MOS modeling enhancements.

The strong similarities between the basic operating principles of many bipolar and
MOS analog building blocks and circuits have led some textbook authors to combine
their presentation. On the other hand, there are profound differences between bipolar and
MOS circuits in terms of the electrical performance and design approaches, and for this
reason other texts focus only onMOS analog circuits. In this textbook we take this area of
specialization a step further, focusing on analog MOS circuits at transistor level, using an
accurate but simple MOS transistor model for design in order to reduce the distance
between hand design and simulation results. In place of the common approach of
furnishing separate analytical formulas for the strong- and weak-inversion operation
regions of a building block, we provide simple formulas that are valid in all operation
regions, including moderate inversion. This unified design approach is particularly
suitable for analog design in advanced complementary-metal–oxide–semiconductor
(CMOS) technologies. In effect, for deep-submicron MOS technologies good design
tradeoffs are often obtained with transistors operating in weak and moderate inversion. It
should be observed that the conventional approach based on the asymptotic models of
strong and weak inversion does not allow meaningful exploration of the design space.

The book starts with a short comparison between bipolar and MOS analog circuits.
The main differences between bipolar and MOS transistors are emphasized, since super-
ficial similarities between them often lead to erroneous results. The drawbacks of some
classical MOS field-effect-transistor (FET) models, particularly those related to the
choice of the source terminal as the reference, are explained. Chapter 2 presents an
accurate model for the MOS transistor. Large- and small-signal models for low and
high frequency, which are valid in all the operating regions, are presented. The impor-
tant concept of inversion level is developed and explicit expressions for all large- and



small-signal parameters of transistors in terms of the inversion levels are provided. The
main small-geometry effects are summarized. An overview of CMOS technology for
designers and the basic properties of passive devices in CMOS technology are the
subjects of Chapter 3. The models for integrated resistors and capacitors are developed
with the necessary depth for analog design. Some good practices for designing MOS
transistor layouts are summarized. Chapter 4 gives a unified modeling for mismatch and
noise. With the shrinking of the MOSFET dimensions and reduction in the supply
voltage of advanced technologies, the consideration of matching and noise has become
even more important for analog design. Thus, we have included a detailed presentation of
mismatch and noise in Chapter 4 so that they can be considered in the subsequent study of
the basic circuits and building blocks.

Chapter 5 starts with the simple current mirror, one of the basic building blocks of
analog circuits. The main cascode configurations and some advanced mirror topologies
are then presented. We make a complete large- and small-signal analysis and include
errors due to finite output resistance, mismatch, and noise. Chapter 6 deals with current
sources and voltage references. Self-biased current sources and voltage references are
described, emphasizing bandgap references. The whole chapter is dedicated to the basic
bias building blocks, because bias and dc behavior are of the utmost importance in
relation to analog circuits. In Chapter 7 the basic gain stages are described. Common-
source, common-gate, source-follower, cascode, and differential amplifiers are thor-
oughly analyzed. The use of an all-region one-equation MOSFET model allows the
complete exploration of the design space, and the choice of the best operating region
(weak, moderate, or strong inversion) for each transistor involved. The important topic of
CMOS design scaling and reuse is summarized at the end of the chapter. Chapter 8 deals
with the design of operational amplifiers. The main topologies used in CMOS technology
are presented, including single- and two-stage operational amplifiers. Fully differential
amplifiers, including the folded-cascode type, and common-mode feedback circuits are
described.

The following two chapters of the book introduce the basic circuit techniques for
frequency-selective filters and some building blocks for data converters. In Chapter 9 the
MOSFET-C filter technique derived from active RC filters is presented, followed by the
basics of operational transconductance amplifier-capacitor (OTA-C) filters, including on-
chip tuning circuits. Digitally-programmable filters using MOSFET-only current divi-
ders (MOCDs) are also discussed.

In Chapter 10, following the analysis of analog MOS switches and sample-and-hold
circuits, sampled-data techniques are introduced. Switched-capacitor building blocks for
integrated filters and converters are described. The important topic of switched-capacitor
filters fully compatible with digital MOS technology is covered. Finally, some comple-
mentary modeling topics considered important for circuit design are summarized in the
appendices.

Chapter 11 provides an overview of compact MOSFET models, which play a sig-
nificant role in the analysis and design of integrated circuits. This chapter also describes
some procedures employed to extract fundamental design parameters associated with the
MOSFET model used in this textbook.
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This book is intended for an in-depth first course in analog CMOS design, for senior-
undergraduate and first-year graduate students, as well as for self-study in the case of
practicing engineers. The required background for the students is one or two introductory
courses in electronics and in semiconductor devices.

Since analog-circuit design requires knowledge in the areas of device modeling,
integrated-circuit technology, and layout, in addition to signals and circuits, the study
of Chapters 1–4 is essential for any use of the book. A course focused on transistor-level
design could be restricted to Chapters 1–8. A 15-week semester is sufficient to cover the
whole book.

We are very grateful to our former PhD students Professors Ana Isabela Araújo Cunha,
Oscar da Costa Gouveia Filho, Alfredo Arnaud, and Hamilton Klimach, who made
invaluable contributions to the research on MOSFET modeling in our group and to the
CNPq and CAPES, Brazilian agencies for scientific development, for their support of the
research in our laboratory.

As in the past few years, we continue to have the collaboration of Dr. Siobhan Wiese
for the revision of our texts. We are lucky to have a native English speaker with a
scientific background to count on, as this is not always a rewarding task. We are also very
grateful to João Romão for the skillful preparation of the figures. Last but not least, the
hard work of Gustavo Leão Moreira for the simulations in Chapter 11 is gratefully
acknowledged.

Preface xvii





1 Introduction to analog CMOS
design

This chapter begins by explaining briefly why there is still a need for analog design
and introduces its main tradeoffs. The need for accurate component modeling follows.
Then, the essentials of p–n junctions and bipolar and field-effect transistors (FETs) for
circuit design are recalled. The main differences between bipolar-transistor and FET
operations are emphasized and drawbacks of some popular FETmodels for circuit design
are commented on. Finally, two single-stage amplifiers, one in bipolar and another inMOS
technology, are designed in order to make the differences between these technologies clear.

1.1. Analog design

1.1.1. The need for analog design

Analog circuits such as audio and radio amplifiers have been in use since the early days of
electronics. Analog systems carry the signals in the form of physical variables such as
voltages, currents, or charges, which are continuous functions of time. The manipulation
of these variables must often be carried out with high accuracy.

On the other hand, in digital systems the link of the variables with the physical world
is indirect, since each signal is represented by a sequence of numbers. Clearly, the types
of electrical performance that must be achieved by analog and digital electronic circuits
are quite different, and for this reason they are generally studied in separate university
courses.

Nowadays, analog circuits continue to be used for direct signal processing in some
very-high-frequency or specialized applications, but their main use is in interfacing
computers to the analog world. The development of the very-large-scale-integration
(VLSI) technology has led to computers being pervasive in telecommunications, con-
sumer electronics, biomedicine, robotics, the automotive industry, etc. As a consequence,
the analog circuits needed around them are also pervasive.

Interfacing computers or digital signal processors to the analog world requires various
analog functions, among them amplification, filtering, sampling, (de)multiplexing, and
analog-to-digital (A/D) and digital-to-analog (D/A) conversions. Since analog circuits
are needed together with digital ones in almost any complex chip and the technology for
VLSI is the complementary metal–oxide–semiconductor (CMOS), most of the current
analog circuits are CMOS circuits. For this reason, this book is focused on CMOS analog
circuits and the treatment of bipolar transistors is essentially limited to this introductory



chapter and to a few sections that cover the use of bipolar transistors compatible with
CMOS technologies at appropriate points in the book.

The spread of analog circuits continues to increase with the evolution of technology.
The current extensive research efforts directed toward sensors and actuators [1] for
applications in numerous industrial products will lead to a demand for analog circuits
in all subsequent products.

1.1.2. Tradeoffs in analog design

Analog circuits present a large variety of circuit functions, performance objectives, and
specification methodologies [2]. The basic elements of modern analog circuits are MOS
transistors, which are highly non-linear devices.

Even a simple cell as an operational amplifier (op amp) has many different but
interrelated specifications including noise, distortion, power consumption, gain, phase
margin, common-mode range, offset, temperature stability, supply sensitivity, and decou-
pling from other circuitry.

Numerous circuit topologies are often considered in the design phase. The broad
choice of geometries and operating conditions for each device increases enormously
the parametric complexity of this apparently simple design. The final designed circuit
must satisfy the specifications considering the possible variations in the fabrication
process, operating temperature, and power-supply voltage. As a consequence of the
variety of performance objectives and of the design complexity, there are numerous
op-amp designs available [3], each of them suitable for a specific situation.

The high degree of accuracy required and the difficulties involved in precisely modeling
the device characteristics and interferences make the analog design problem even more
complicated. Each design involves many complex, multi-variable interactions, and no
widely applicable systematic design procedure is available [4].

Following the design, the actual performance of an analog circuit is dependent on the
detailed electrical parameters of each of the many devices constituting the integrated
circuit.

From the considerations summarized in this section, it is clear that analog-circuit-
design expertise is not easy to achieve. To cope with the complexity of the analog design
area, this book focuses on CMOS analog circuits and emphasizes the basic analog
building blocks and their application to operational amplifier design.

1.1.3. The importance of component modeling

Additional difficulties in designing analog circuits come from inadequate device modeling
[5] and poor knowledge of the technological parameters relevant to analog design, such as
those related to excess noise and to device mismatch. Many of the device models used for
hand design and for circuit simulation are inadequate for analog design and, sometimes,
can cause a design to fail. This is particularly true for certain models of the MOSFET.

Analog circuits rely on details of the device characteristics to a much greater extent
than digital circuits. In digital circuits operating with a relatively large supply voltage
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(say above 3V), transistors operate essentially as switches, and an approximate model is
sufficient for the transition between the on and off states. For low-voltage digital circuits
(say below 1V), transistors must be considered as dimmers rather than switches; thus, an
accurate model of the transistor for all the operating regions becomes necessary. Design
of analog circuits requires, in general, very careful device modeling in all phases of the
design procedure. An initial design with simple models is the first step in the design
procedure. In this initial design, all transistor currents and sizes must be determined in order
to satisfy the specifications. Transistor sizing and current levels can be easily derived from
simple expressions, as wewill show at the end of this chapter in Section 1.3.2. A systematic
presentation of the design models is the subject of Chapter 2.

At the end of the design process, complicated and accurate MOSFET models are
employed for design verification using circuit simulators such as SPICE or ELDO.
MOSFET models for circuit simulation and the basic parameter extraction for design
are the subjects of Chapter 11.

1.2. Bipolar and metal–oxide–semiconductor field-effect transistors

Transistors are semiconductor devices that constitute the basic building blocks of modern
electronic circuits and systems. Transistors are essentially of two types: bipolar junction
transistors (BJTs) and field-effect transistors (FETs). Analog bipolar circuits have been
under development since the invention of the transistor. The first electronic products in
bipolar technology, hearing aids and AM radios, appeared in the mid 1950s. The modern
metal–oxide–semiconductor field-effect transistor (MOSFET) appeared in 1960 and MOS
digital integrated circuits (ICs), memories, and microprocessors became available in the
early 1970s. The first analog MOS circuits, converters, and switched capacitor filters were
launched in the mid and late 1970s. Since MOS analog circuits began to be developed
when analog bipolar technology was already mature, many concepts and techniques from
analog bipolar technology were transferred to analog MOS circuits. Bipolar and MOS
electronic circuits have many commonalities because transistors, whatever their type, have
some basic common characteristics. One terminal, called the emitter or source, furnishes
the carriers that are collected by a second terminal, called the collector or drain. The amount
of carriers able to cross from the first to the second terminal is controlled by a third
electrode, called the base in BJTs and the gate in FETs. The simplest model of either a
BJT or an FET represents either transistor as a controlled current source. Although the
similarities between transistors of different types are useful to facilitate understanding of
the basic principle of operation of many circuits, for design purposes some superficial
similarities can induce mistakes. Thus, for design, we must have a clear understanding and
an accurate modeling of the specific behaviors of BJTs and FETs.

1.2.1. p–n Junctions

Let us begin with the p–n junctions [6]–[8], which are essential to the operation of bipolar
and field-effect transistors. Electrons and holes with opposite electric charges are free to
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move in semiconductors. Since free particles concentrate in the region where their
energy is minimum, the electrostatic potential in the p-type region with plenty of holes,
with positive charge, must be lower than that in the n-type region, where the electron
concentration is high and holes are scarce. Similarly, electrons concentrate in the n-type
region, where the potential is high and consequently their energy is low, because of
their negative charge. The internal electrostatic potential in a p–n junction is shown in
Figure 1.1.

In thermal equilibrium there is no net flow of carriers through the sample. Just a few
holes on the p-side have enough energy to overcome the potential barrier and reach the
n-side, where they recombine. Owing to these holes, a current Ipdiff flows but it is
balanced by the current Ipdrift originating from the holes coming down the potential hill
from the n-side. In equilibrium Ipdrift = Ipdiff = IpS. A similar reasoning holds for the
electrons. Now suppose that a positive bias V is applied to the p-region with respect to
the n-region. The height of the barrier decreases by an amount V when the ohmic drops
at the contacts and in the p- and n-regions are negligible. The potential-barrier region
extends across the depletion region shown in Figure 1.2, where the electron (hole) carrier
density is (well) below its value in the neutral n-region (p-region). The hole current
injected from the p-region into the n-region is proportional to the number of holes with
enough energy to overcome the potential barrier, and the reduction of the barrier by an
amount V produces an exponential increase (given by the Boltzmann factor) in the
number of holes with enough energy to cross the barrier. The hole current over the
barrier will now be increased by the Boltzmann factor, i.e. Ipdiff ¼ IpS exp V=�tð Þ, where

p n

φ

Fig. 1.1 The internal electrostatic potential of a p–n junction.

V

(majority) hole
diffusion

(minority) hole
drift

+ –

p n

Ip= Ipdiff – Ipdrift

depletion region 

Fig. 1.2 Hole current in a forward-biased p–n junction.
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�tffi 26mVat 300K is the thermal voltage. On the other hand, the hole current from the
n-region will not have changed after the application of voltage V because it is dependent
on the generation rate of hole–electron pairs which, in turn, is dependent on the local
properties of the semiconductor near the junction.

As shown in Figure 1.2, the net hole current through the junction is

Ip ¼ Ipdiff � Ipdrift ¼ IpSðeV=�t � 1Þ: (1:2:1)

The electron current is added to the hole current, giving the total as

I ¼ Ip þ In ¼ ISðeV=�t � 1Þ; (1:2:2)

where IS = IpS + InS is the reverse saturation current, which is dependent both on the diode
parameters and on the temperature.

The junction is a good rectifier of ac voltages higher than a few times �t. When the
junction is forward-biased (V > 0), there is no limitation to the exponential increase in
the current modeled by (1.2.2). A realistic model of the high-current region, however,
must include other phenomena such as high-injection effects, series resistance, and
self-heating. For a reverse-biased (V < 0) junction, the current is limited to IS. A realistic
model of the reverse-current region must include excess currents due both to recombina-
tion mechanisms and to high-field effects, which were not included in the simple model
given above. Despite its limitations with regard to very high and very low currents, the
idealized model of (1.2.2) is usually valid for a current range of up to six or seven orders
of magnitude in junction diodes implemented with vertical n–p–n transistors, which is
the subject of the next subsection.

1.2.2. Bipolar junction transistors

We will focus this subsection mainly on the planar n–p–n bipolar transistor [9] shown
schematically in Figure 1.3, which is the most used component of the bipolar technology.
The n–p–n intrinsic structure, where the main transistor action takes place, is shown by
the dashed rectangle. To build the transistor dc model, we start with its operation in the
so-called forward active mode, where the base–emitter junction is forward-biased and
the collector–base junction is reverse-biased, as shown in Figure 1.4. Since the doping of
the emitter region is much higher than that of the base region, the forward current of the
base–emitter junction is constituted mostly by electrons injected from the emitter into the
base. The hole current through the emitter–base junction is just a very small fraction of

n

n+
p

Emitter
E

Base
B

Collector
   C

Fig. 1.3 Simplified structure of the ordinary vertical n–p–n transistor.

Introduction to analog CMOS design 5



the electron current. Most of the electrons coming from the emitter are attracted by the
high potential of the collector region and diffuse through the base without recombining,
since the base region is very thin. In the forward active mode, the potential barrier across
the collector–base junction impedes the holes from being injected into the collector.

The collector current is a fraction of the emitter current since some of the electrons injected
by the emitter into the base recombine without reaching the collector and, mainly, because a
(small) part of the emitter current is composed of holes coming from the base. Thus,

IC ¼ �αFIE; (1:2:3)

where αF (αF < 1) is the common-base current gain in the forward active mode.
The Ebers–Moll model [10] of the BJT represents the terminal currents of a bipolar

transistor as a superposition of the effects of the two junctions, for all bias conditions, in
terms of easily measurable transistor parameters. The equivalent circuit of the Ebers–
Moll model of an n–p–n transistor is shown in Figure 1.5. IF, the current through diode
DE, is the emitter current for VBC= 0, while IR, the current through DC, is the collector
current for VBE= 0. The forward (IF) and reverse (IR) currents are described by

IF ¼ IESðeVBE=�t � 1Þ; (1:2:4)

IR ¼ ICSðeVBC=�t � 1Þ; (1:2:5)

which are similar to (1.2.2) for the p–n junction.

VBE

VCB

IC

n+

n

p Electron
flow

IE

IB

Fig. 1.4 An n–p–n bipolar junction transistor biased in the forward active region, i.e. the base–emitter
junction is forward-biased and the base–collector junction is reverse-biased.

E

αRIR αFIF

IF IR

IE IC

IB

DE DC

B

C

Fig. 1.5 The Ebers–Moll equivalent circuit of an n–p–n transistor.
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The gains of the two current-controlled current sources in Figure 1.5 are αF and αR, the
latter being the common-base current gain in the inverted mode, that is, with the collector
operating as emitter and the emitter as collector. The terminal currents are

IC ¼ αFIF � IR; (1:2:6)

IE ¼ αRIR � IF; (1:2:7)

IB ¼ �ðIC þ IEÞ ¼ ð1� αFÞIF þ ð1� αRÞIR: (1:2:8)

The Ebers–Moll model has only three independent parameters since the four para-
meters in the equations above are related by the reciprocity relation [9], [10]

αFIES ¼ αRICS ¼ IS; (1:2:9)

which holds as long as the minority-carrier density in the base is small compared with the
thermal-equilibrium majority-carrier density. When the base–collector junction is
reverse-biased, the combination of (1.2.4), (1.2.6), and (1.2.9) yields the familiar expres-
sion for the collector current in the forward active mode, i.e.

IC ffi αFIF ¼ αFIESðeVBE=�t � 1Þ ffi ISe
VBE=�t : (1:2:10)

Bipolar transistors are, in general, asymmetric devices, i.e. the collector and emitter
regions are not interchangeable because they are optimized to operate in the forward
active mode, typically having αF> αR. For the high-performance vertical BJT structure,
the collector doping is much lower than the emitter doping, and typical values of the
common-base current gains are αF= 0.99 and αR= 0.65. For the parasitic horizontal
structure with the collector region surrounding the emitter region, common values of
the common-base current gains are αF= 0.98 and αR= 0.75.

For an ideal device with common-base current gains αF = αR= 1, the base current is
zero. Using (1.2.4) through (1.2.9) yields

IC ¼ �IE ¼ IF � IR ¼ ISðeVBE=�t � eVBC=�tÞ: (1:2:11)

The equation above clearly represents a (non-linear) symmetric device, i.e. one in
which the output terminals are equivalent (or interchangeable). It is worth observing that
the Ebers–Moll model also represents properly the not so common symmetric bipolar
transistor. It is remarkable that the (more than) fifty-year-old Ebers–Moll model,
although with some complements introduced by the Gummel–Poon model [11], con-
tinues to be the basic framework for BJT modeling and bipolar circuit design.

1.2.3. MOS field-effect transistors

The MOS structure, consisting of a metal–oxide (SiO2)–semiconductor (Si) sandwich, is
shown in Figure 1.6. In the common strong-inversion model of the field effect it is assumed
that the MOS structure operates as a linear capacitor. For the case of the p-type substrate
shown in Figure 1.6, the electron charge is assumed to be zero for gate voltages below the
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so-called threshold voltage and to increase linearly with the gate voltage for above-threshold
operation. The basic flaw in the strong-inversion model is that the electron density follows
Boltzmann’s (exponential) law and, consequently, the electron charge cannot be zero for
any finite applied voltage. Thus, the electron charge cannot vanish for subthreshold opera-
tion; consequently, the conventional definition of threshold cannot be applied in practice.
Most of the numerous methods [12] developed to determine the threshold voltage are
certainly due to the lack of a physically correct definition of threshold. Even so, since the
strong-inversionmodel of theMOS transistor was for some time very popular, and still is, to
a lesser extent, it should be summarized here and its shortcomings commented on.

A typical planar nMOS transistor structure is shown in Figure 1.7. The (parasitic) n–p–n
bipolar transistor associated with this structure is inactive during the normal operation of

Gate
VG=VT

p-type neutral
region

depletion
region

p-type neutral
region

depletion
region inversion

channel

VG>VTmetal

SiO2

(a) (b)

Si

Fig. 1.6 The strong-inversion model of the field effect. (a) The MOS structure at threshold. The charge of
the minority carriers (electrons) is negligible. The stored charge in the semiconductor is assumed to
be due only to the depletion of majority carriers (holes). (b) TheMOS structure above threshold. The
depletion charge is assumed to be the same as at threshold while all the semiconductor charge
variation is due to an electron (inversion) channel at the semiconductor surface.

Gate
VG

Source
VS

Drain
VD

metal or
polysilicon

n+

VB
Bulk

L

n+

p-type substrate

SiO2

Fig. 1.7 An idealized enhancement-mode nMOS transistor. The width W is in the direction perpendicular
to the page.
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the MOSFET because the source–substrate and drain–substrate junctions are reverse-
biased during the normal operation of the MOSFET. Conduction between source and
drain occurs if an inversion (electron) channel connects them.

In the commonly used strong-inversion model [8], the applied voltages are referred to
the source node, as Figure 1.8(a) shows. The inversion-channel charge densityQ0

I above
threshold is approximated as a linear function of the local potential to give

Q0
I ¼ �C0

ox VGS � V� VTð Þ; (1:2:12)

where C0
ox is the oxide capacitance per unit area and V is the channel-to-source voltage,

which varies from zero at the source to VDS at the drain. To derive a first-approximation
three-terminal model of the MOSFET, the threshold voltage VT is assumed to be
constant along the channel. As will be seen later on in this subsection, the four-terminal
model is derived by including the effect of the fourth terminal (bulk) on the threshold
voltage.

From expression (1.2.12) for the inversion charge density and through the integration
of the equation for the electron current density along the channel assuming that diffusion
is negligible, the drain current of the three-terminal device given by (1.2.14) is obtained.

For gate voltages below VT the drain current is assumed to be zero, i.e.

ID ¼ 0 for VGS5VT; (1:2:13)

p-type substrate

n+ n+

VGS VDS

VBS

ID

Inversion channel

(a)

VDB

(b)

p-type substrate

n+ n+

VSB VGB ID

Fig. 1.8 Bias voltages applied to an nMOS transistor. (a) The common choice of the source as the reference
terminal and (b) the choice of the substrate as the reference terminal. Since source and drain
terminals are equivalent in the conventional MOS transistor, the choice of the substrate (or the gate)
as the reference terminal preserves the symmetry between source and drain.

Introduction to analog CMOS design 9



whereas

ID ¼ β VGS � VT � VDS

2

� �
VDS

for VGS4VT; VDS5VDSsat ¼ VGS � VT: (1:2:14)

It is important to note that the strong-inversion expression (1.2.14) holds only for the
inequalities indicated. Note that, in this simplified model of the drain current in the three-
terminal device, the transistor is represented by two parameters, namely the threshold
voltage VT and the transconductance parameter β given by

β ¼ μC0
ox

W

L
; (1:2:15)

where μ is the carrier mobility, W the channel width, and L the channel length.
For drain-to-source voltages above VDSsat =VGS−VT, the drain current is assumed to

saturate, i.e.

ID ¼ IDsat ¼ β

2
VGS � VTð Þ2 for VGS4VT; VDS4VGS � VT: (1:2:16)

In effect, the plot of (1.2.14) in the ID–VDS plane is a parabola with a maximum at
VDS=VDSsat. For VDS>VDSsat (1.2.14) has no physical meaning and, in a first-order
approximation, the transistor is assumed to operate as an ideal current source, the value of
the current being given by (1.2.16).

In the commonly used four-terminal model of the MOSFET, the threshold voltage is a
function of the source-to-substrate bias VSB given [8] by

VT ¼ VT0 þ γ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�F þ VSB

p
�

ffiffiffiffiffiffiffiffi
2�F

p� �
; (1:2:17)

where �F is the Fermi potential, γ is the body-effect factor given by

γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2qεsNA

p
C0

ox

; (1:2:18)

where q = 1.6 × 10–19 C is the electronic charge, εs is the permittivity of silicon, and NA is
the substrate doping, which is assumed to be uniform. The effect of the source–substrate
bias is usually referred to as the body effect.

Expression (1.2.17) represents the effect of the depletion charge density at the source on the
threshold voltage. In fact, forVDS ≠ 0, the depletion charge is non-uniform along the channel
and, thus, the threshold voltage varies along the channel. Therefore, there is some incon-
sistency in using (1.2.17) in association with Equation (1.2.14) for the drain current since the
latter has been deduced using the hypothesis that the depletion charge, and consequentlyVT, is
independent of the channel-to-source voltage V along the channel. As a consequence, the
commonly employed model of the MOSFETwhich applies the body effect at the source to
the whole channel does not preserve the physical interchangeability of source and drain.

To obtain a symmetric MOSFET model, the variation of the threshold voltage must be
considered along the whole channel. To emphasize the symmetry between source and
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drain in the model expressions, we will refer all the voltages to the grounded substrate
[13]–[15] as indicated in Figure 1.8(b). We rewrite the inversion charge density given by
(1.2.12) as

Q0
I ¼ �C0

ox VGB � VSB � VCB � VSBð Þ � VTð Þ
¼ �C0

ox VGB � VTBð Þ; (1:2:19)

where [16]

VTB ¼ VT þ VCB (1:2:20)

is the gate-to-substrate threshold and VCB is the channel-to-substrate potential
(VSB ≤VCB ≤ VDB).

The variation of the depletion charge density Q0
B along the channel produces a

variation in the threshold voltage given by

VTB ¼ VT0 �Q0
BðVCBÞ �Q0

Bð0Þ
C0

ox

þ VCB; (1:2:21)

where VT0 is the equilibrium (VCB= 0) threshold voltage.
The simplest approach to account for the variation of the depletion charge along the

channel is to assume a linear increase in the magnitude of the depletion charge with
increasing channel–substrate voltage (i.e. assuming a constant depletion capacitance) [14].
Thus,

VTB ¼ VT0 þ nVCB; (1:2:22)

where

n ¼ 1þ C0
b

C0
ox

(1:2:23)

and

C0
b ¼ � dQ0

B

dVCB
: (1:2:24)

Here n is the so-called slope factor, which is considered constant along the channel,
and is usually in the range 1.2–1.5 for submicron technologies. C0

b is the depletion
capacitance, which is assumed to be constant along the channel.

The use of (1.2.22) together with (1.2.19) to integrate the drift component of the
current density along the channel results in the symmetric model given as

ID ¼ β VGB � VT0 � n

2
VSB þ VDBð Þ

h i
VDB � VSBð Þ: (1:2:25)

In the above equation all the potentials are referred to the substrate, as shown in
Figure 1.8(b).

An alternative form of (1.2.25), which splits the drain current into a forward and a
reverse term as in the Ebers–Moll BJT model, is [15]
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ID ¼ IF � IR; (1:2:26)

with

IFðRÞ ¼ β
2n

VGB � nVSBðDBÞ � VT0

� �2
: (1:2:27)

When

VDB ¼ VGB � VT0

n
(1:2:28)

the reverse current IR= 0. In this case, the (forward) saturation current is given by

IDsat ¼ IF ¼ β
2n

VGB � VT0 � nVSBð Þ2: (1:2:29)

On comparing (1.2.16) and (1.2.29) in the case of VSB= 0, we observe that the
saturation current given by (1.2.16) gives a value of the drain current n times higher
than that of (1.2.29). In effect, since (1.2.16) neglects the variation of the depletion charge
density along the channel, it overestimates the value of the drain current.

The strong-inversion model is clearly inadequate to model MOSFETs operating at
low currents. In the subthreshold or weak-inversion region the inversion (channel)
charge density is much lower than the depletion charge density; thus, it is appropriate to
model the MOS structure as shown in Fig. 1.9. Assuming that the carrier charge is
concentrated within an infinitely thin layer at the semiconductor surface (the charge-
sheet approximation [17]), the inversion charge density is given in terms of the surface
potential �s by the Boltzmann exponential exp(�s/�t). The potential at the semicon-
ductor surface �s is given by the capacitive division of the gate voltage VGB. Neglecting
the variation of the depletion capacitance with the applied gate voltage, the surface
potential varies linearly with the gate voltage, i.e. d�s/dVGB = 1/n, where n is the slope
factor presented previously in the context of the symmetric strong-inversion MOSFET
model.

In weak inversion the surface potential is dependent, in a first-order calculation, on the
gate-to-substrate voltage only and is thus constant along the channel. Therefore, the drain

VG

p-type neutral
region

depletion
region

oxC ′
φs

1oxdφs C

dVGB n

′

oxC ′ bC ′
= =

+

φs
bC ′

VG

Fig. 1.9 The capacitive model of the two-terminal MOS structure.
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current in subthreshold operation is a pure diffusion current. The weak-inversion model
of the MOSFET current [15], [16]

ID ¼ IF � IR ¼ I0
W

L
e VGB�VT0�nVSBð Þ=n�t � e VGB�VT0�nVDBð Þ=n�t

� �
(1:2:30)

is similar to expression (1.2.11) for the collector current of a symmetric BJT. For VDS> 4�t

(∼100mVat room temperature), IF≫ IR and the transistor is in forward saturation, i.e.

IDsat ffi IF ¼ I0
W

L
e VGB�VT0�nVSBð Þ=ðn�tÞ; (1:2:31)

where I0 is the specific or “square” (W=L) saturation current for an FETwith the source
terminal at threshold (VGB=VT0 + nVSB).

There are physical reasons for the similarities between the BJT current and the
MOSFET subthreshold current. Both result from the diffusion of minority carriers, the
densities of which are governed by Boltzmann’s law. The main difference between
(1.2.10) and (1.2.31) is that for the BJT current the control variable is simply the base–
emitter voltage VBE, but for the MOSFET the gate and source voltages have different
weights due to the body effect. For a bipolar transistor, the effect of increasing the base
voltage by a certain amount is strictly equivalent to decreasing the emitter voltage by
the same amount. For a MOSFET, however, the applied voltage VGB is attenuated by the
capacitive voltage division and becomes VGB/n at the semiconductor interface, but the
source voltage has no attenuation. One of the problems associated with using the voltage
VGS as the main control variable of the MOSFET state is to mistakenly assume it to be
equivalent to the VBE control voltage of the BJT.

An important difference between BJTs and MOSFETs is that for the former we have
one transconductance, whereas for the latter we must consider two transconductances
since they are four-terminal devices. The transconductance of the BJT in the forward
active region is calculated, taking the derivative of (1.2.10), as

gm ¼ dIC
dVBE

¼ IC
�t

: (1:2:32)

For a saturated MOSFET in weak inversion, the partial derivatives of (1.2.31) yield

gm ¼ gmg ¼ ∂IF
∂VGB

¼ IF
n�t

; (1:2:33)

gms ¼ � ∂IF
∂VSB

¼ IF
�t

: (1:2:34)

Thus, the two transconductances1 are related by

gmg ¼ gms

n
: (1:2:35)

1 We will use both symbols gm and gmg for the derivative of the drain current with respect to the gate voltage.
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The body effect reduces the gate transconductance with respect to the source
transconductance. In fact, in weak inversion the variation in the channel voltage
contributes to variation in the inversion charge only, whereas the variation in the gate
voltage contributes to variations both in the inversion charge and in the depletion
charge. The equation above is valid also in strong-inversion saturation, as can be
verified by taking the derivatives of (1.2.29) and recalling the definition of β given in
(1.2.15):

gms ¼ ngmg ¼ W

L
μC0

ox VGB � VT0 � nVSBð Þ: (1:2:36)

Observing that

C0
ox VGB � VT0 � nVSBð Þ ¼ �Q0

IS; (1:2:37)

we can rewrite the transconductances gmg and gms in terms of the inversion charge density
at the source Q0

IS as

gms ¼ ngmg ¼ �W

L
μQ0

IS: (1:2:38)

Even though (1.2.38) has been deduced from the strong-inversion model, it is quite
general, being valid from weak to strong inversion.

1.2.4. Important differences between BJTs and MOSFETs

Since analog circuit design depends strongly on the representation of the transistors, it
is useful to be aware of the differences between BJT and MOSFET models. Since
bipolar analog design is a much more mature field than analog MOS design, MOSFET
modeling has been strongly influenced by bipolar modeling. This influence sometimes
has negative outcomes and the designer must be aware of them. The choice of the
source as the reference terminal following the use of the emitter as the reference is
maybe the best example. Although the choice of the emitter as the reference seems to
be the natural choice for the common BJT, because emitter and collector are not
interchangeable, this is not the case for the MOSFET. The common four-terminal
MOSFET model that uses the threshold voltage at the source gives an incorrect model
of the body effect and does not preserve the intrinsic source–drain symmetry of the
transistor. The following list summarizes some important differences between BJTs
and MOSFETs.

(A) BJTs are three-terminal devices and MOSFETs are four-terminal devices
Since theMOSFET is a four-terminal device (gate, source, drain, and bulk), in general,
three control voltages, e.g. VGB, VSB, and VDB, rather than two (VBE and VCE) as in the
case of the three-terminal BJT, are needed to set the state of the device.

For the MOSFET 16 coefficients in the linear (small-signal) model are defined to
relate the four-terminal (transport and capacitive) currents to the four applied
voltages. However, only nine independent small-signal coefficients are necessary
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to model the relationship between three independent voltages and currents. In
comparison, the linear model of the BJT, which is represented by a two-port net-
work, has only four independent coefficients.

(B) Differences in the internal symmetries of the most commonly used BJTs and
MOSFETs
In the BJT the emitter and collector are, in general, not interchangeable, but the
source and drain terminals in a common MOSFET are. For a BJT operating in the
active mode, VBE is the natural control voltage of the current. For MOS devices
operating in saturation, we propose the use of VGB and VSB as the control voltages
instead of VGS and VBS, owing to the transistor symmetry and the body effect.

(C) The BJT exponential current law versus the MOS current law
The current in a BJT is essentially modeled by an exponential dependence on the
base–emitter voltage. The inclusion of high-injection effects modifies the ideality
coefficient (the BJT analog to the MOSFET slope factor) of the Boltzmann expo-
nential and the effect of recombination on the current requires the inclusion of
exponentials with different ideality factors, but the exponential behavior is still
preserved. In the case of a MOSFET, the drain current follows an exponential law
in weak inversion, but in strong inversion it is a quadratic or linear function of the
gate-to-bulk voltage for high or low VDS, respectively. In between weak and strong
inversion, for about two orders of magnitude of variation in the drain current, neither
the strong-inversion nor the weak-inversion model is accurate. The differences
between weak and strong inversion are not due to second-order effects but to
fundamental physics; whereas in weak inversion the current flows mainly by diffu-
sion, in strong inversion drift is the predominant transport mechanism.

(D) The geometric degrees of freedom for MOSFETs in analog design
Since the common BJT has a vertical structure, the base width is fixed and is not a
design parameter. The emitter area is the only geometric design parameter of the
common BJT, but, in general, most bipolar transistors are designed with a fixed size.
Some exceptions, however, may be found in an IC design. An example is a high-
current transistor of the output stage of an amplifier, which is commonly made by
connecting several standard transistors in parallel [8]. On the other hand, designers
can play with both the widthW and the length L in MOSFET design. Summarizing,
for analog design, the collector current IC (and sometimes the emitter area) is the
only design parameter of BJTs, but three degrees of freedom are available for
MOSFETs: ID, W, and L.

(E) Quality of BJT and MOSFET models
The more than fifty-year-old Ebers–Moll model is an elegant and simple model valid
in all the operating regions of the BJT. The Ebers–Moll model, flavored with some
results of the Gummel–Poon model, still provides the framework for complex (and
accurate) computer-implemented models of the BJT for circuit simulation. On the
other hand, the most commonly employed MOSFET models are valid only in
specific regions of operation. Owing to this regional approach, some fundamental
parameters such as the gate transconductance and the gate-to-source capacitance,
just to name a couple, can be discontinuous. Although enormous progress in relation

Introduction to analog CMOS design 15



to complex computer-implemented models has been made in recent years, the
commonMOSFETmodels based on the regional approach are still used in textbooks
on analog circuit design. Thus, there is a large discrepancy between hand-design and
simulation tools for analog MOS circuits, which this book aims to reduce.

1.3. Analog bipolar and MOS integrated circuits

In integrated circuits, the smaller the area of a given component, the more functionality
can be placed on one die and, therefore, the lower the cost per function performed. Thus,
since the cost of a device is proportional to the area it occupies on the die, the use of large
capacitors and resistors must be avoided. MOS circuit designers must avoid, to a much
greater extent than bipolar designers, the use of resistors since, in many cases, the low
values of dc currents would require very large resistors, in the range of MΩ or above.
Thus, MOS analog circuits are essentially transistor-only circuits,2 with linear capacitors
and resistors having mainly an auxiliary role. There are many other differences between
BJT and MOS analog circuits, which include the high input resistance and elevated
excess low-frequency noise of the MOSFET, and the specificities of the temperature
dependence and matching of VBE voltages of BJTs. Noise and mismatch characteristics
will be developed in the following chapters, but, to understand some basic differences
between analog MOS and BJT circuits, a very simple design example such as that at the
end of this chapter is sufficient.

1.3.1. Analysis and design of integrated circuits

Circuit synthesis is the main concern of designers, but circuit theory is strongly focused
on analysis. Circuit analysis is a mature field and simulation tools are widespread, but
analog design tools are still in their infancy. To know why, it is useful to recall the
definitions of analysis and synthesis.

Circuit analysis is the determination of the performance of a circuit given its topology,
the technology and dimensions of the transistors, the values of the passive elements, and
the bias voltages and currents. Powerful circuit analysis programs are intensively used
by designers, SPICE developed by the University of California at Berkeley being the
most widespread. A computer simulation of a circuit is a verification tool that, when
properly interpreted, allows us to gain insight into the operation of the circuit. Modern
transistor models for circuit simulation are very accurate, but, particularly in the case of
the MOSFET, they are very complex. However, in all cases, a circuit can be simulated
only after a design has been completed.

Circuit synthesis is the inverse of analysis. The design involves such degrees of
freedom as circuit topology, fabrication technology, transistor geometries, and values
for the passive elements to fulfill predetermined specifications. In contrast with analysis,
formal methods are almost non-existent for transistor-level design. The design depends

2 In CMOS RF circuits, resistors (and other passive elements) are widely employed.
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strongly on the designer’s wisdom; in contrast to the uniqueness of analysis results,
design solutions are as abundant as designers.

Transistor models for design must be sufficiently simple, but still accurate and contain-
ing few parameters, in order to be useful. Models close to the device physics have a greater
chance of being both simple and accurate. The example in the next section highlights the
desirable properties of device models for design and some basic differences between
MOSFET and BJT analog design [18].

1.3.2. Design of common-emitter and common-source amplifiers

The intrinsic MOS gain stage shown in Figure 1.10 consists of a single common-source
transistor M1 loaded by an ideal direct-current source IB. CL represents the capacitance
of the output node. The MOS transistor is assumed to be saturated. Similar comments
apply to the common-emitter amplifier. The bulk terminal of the MOSFET is not
represented, in order to emphasize the analogy with the BJT. For simplicity we assume
that VBS = 0, but it is worth noting that in this way we are reducing by one the number of
degrees of freedom for the design of the common-source amplifier.

The equivalent small-signal circuits of the intrinsic gain stages are represented in
Figure 1.11. TheMOSFETand BJTcapacitive effects are not included in the small-signal
models since they are not relevant to the purpose of comparing the first-order behaviors
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+

–

VO

IB

CL

ID

IL

(b)

VI
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CL

IC

IL

+

–

Fig. 1.10 Intrinsic gain stages: (a) common-source and (b) common-emitter amplifiers with ideal
current source bias.
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Fig. 1.11 Small-signal equivalent circuits of the (a) common-source and (b) common-emitter
amplifiers. rπ models the input resistance of the BJT.
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of the amplifiers. The conductance gds (gce) represents the output conductance of the real
MOSFET (BJT) in saturation (the forward active region).

In the simple models of (1.2.10) for the BJT or (1.2.29) for the MOSFET, the
transistors are represented as ideal current sources and thus gds= gce = 0. Note that,
even though Equations (1.2.10) and (1.2.29) are accurate for determining the dc currents,
they do not allow us to calculate the transistor output conductance. The use of more
elaborate transistor models, which include the so-called Early effect, allows gds and/or gce
to be calculated.

Since at this time we do not have an appropriate model of the output conductance, let
us concentrate on the high-frequency gain, which is controlled by both the load capaci-
tance CL and the transconductance gm (or gmg), for the comparison between the two
amplifiers.

The asymptotic small-signal voltage gain of both intrinsic gain stages is plotted in
Figure 1.12. The low-frequency voltage gain, which is dependent on the transistor
transconductance and the output conductance, and the transition or unity-gain angular
frequency defined as

Av ωuð Þj j ¼ 1 (1:3:1)

are the main parameters of the intrinsic gain stages.
For both small-signal circuits in Figure 1.11, we can write at high frequency

vo ¼ AvðωÞvi ¼ � gm
jωCL

vi: (1:3:2)

We can use the simple model above to illustrate a typical design problem. Usually
designers must synthesize a circuit satisfying some predefined specifications. Let us now
consider the following basic design problem: determine the transistor current and sizes to
obtain a given gain–bandwidth product GB for a given capacitive load CL.

To solve this problem wemust start fromGB and determine the transconductance from
(1.3.2) as

gm ¼ ωuCL ¼ 2π � GB � CL: (1:3:3)

The bipolar transistor design is straightforward, since its transconductance given by
(1.2.32) is proportional to the collector current. Thus,

dBAV

AV0

ω (log)ωuωb

0

–20 dB/dec

Fig. 1.12 The asymptotic frequency response of the magnitude of the voltage gain of the intrinsic amplifiers.
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IC ¼ gm�t ¼ 2π � GB � CL � �t (1:3:4)

and the result is independent of the transistor dimensions. In our example GB = 10MHz,
CL = 10 pF, and �t= 26mV; thus ICffi 16.3 μA.

The MOS design problem is more involved. The MOSFET gate transconductance
given in (1.2.36) and repeated below for convenience is, for VSB= 0,

gm ¼ gmg ¼ β
n

VGB � VT0ð Þ: (1:3:5)

The geometric ratio W/L obtained from (1.3.5) is

W

L
¼ ngmg

μC0
ox VGB � VT0ð Þ : (1:3:6)

From (1.2.29) and (1.3.5) we obtain the expression for the strong-inversion drain
current IF as

IF ¼ gmg

2
VGB � VT0ð Þ: (1:3:7)

Finally, combining (1.3.6) and (1.3.7) yields the relationship between the current IF
and the aspect ratio W/L,

IF ¼ ng2mg

2μC0
oxW=L

: (1:3:8)

To illustrate the design calculations, let us consider that the design specifications are
GB = 10MHz and CL= 10 pF, and assume that the technological parameters are μC0

ox ¼
80� 10�6A=V2 and n = 1.35. The gate transconductance obtained from (1.3.3) is
gmg ¼ 628 μA=V. The values of the drain current corresponding to various W/L factors
are shown in Table 1.1. The synthesis based on Equation (1.3.8), which is valid in strong
inversion only, is compared with that obtained using an all-region MOSFET model [19]
(valid in weak, moderate, and strong inversion). Table 1.1 makes clear the higher
complexity of the MOS analog design compared with bipolar design. For BJT design
we have a fixed value for the collector current defined by the transconductance, but for
MOSFET design we have an infinite number of solutions. There is a tradeoff between

Table 1.1 Synthesis of an MOS intrinsic gain stage

W/L IF (μA)
a ID (μA)b

∞ 0 22
500 6.6 28.6
100 33.2 55.2
50 66.4 88.4
10 332 354

a Strong-inversion model.
bAccurate all-region MOSFET model [19].
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power consumption and area, for transistors with constant L. We can reduce the drain
current and thus the power consumption by increasing the W/L ratio and, consequently,
the transistor area. It is important to note that for synthesis with the strong-inversion
model we can reduce the drain current to an arbitrarily small value, which clearly has no
physical meaning. The accurate model of the MOSFET gives a minimum value for the
current at around 22 μA. It should be noted that this value is higher than the collector
current of 16.3 μA for the bipolar transistor in our example.

In this particular example, it is easy to guess the relationship between the strong-
inversion and all-region models by comparing the values of the current given in the two
columns in Table 1.1. The real current is 22 μA higher than the current calculated using
the strong-inversion model. Thus,

ID ¼ IF þ IWI; (1:3:9)

where IWI = 22 μA is the minimum current (in weak inversion) which gives the desired
value of the transconductance. In effect, using (1.2.33) we have

IWI ¼ ngmg�t ¼ gms�t; (1:3:10)

which gives, for this example,

IWI ¼ 1:35� 628� 26� 10�3 ¼ 22 μA:

Consequently, we can write, using (1.3.8) and (1.3.10) in (1.3.9),

ID ¼ gms�t 1þ gms

2μnC0
ox�tW=L

� �
; (1:3:11)

which has all the qualities required for an appropriate design model: it is very simple,
valid in all operating regions, and has only a few parameters, all of them associated with
the device physics.

To explore the MOSFET design space it is useful to rewrite (1.3.11) as

ID ¼ IWI 1þ W=Lð Þth
W=L

	 

; (1:3:12)

where (W/L)th is defined by

gms ¼ W=Lð Þthμ 2nC0
ox�t

� � ¼ � W=Lð ÞthμQ0
ISth: (1:3:13)

The above equation, obtained from (1.2.38), gives the desired transconductance for an
inversion charge density of �2nC0

ox�t at the source. We can use this specific (small)
value of the inversion charge density to define a physics-based threshold condition. The
current consumption for a design with the MOSFET operating at this threshold would
be twice the minimum (weak-inversion) current. In our example the current at threshold
is 44 μA and (W/L)th= 151. Thus, the current per aspect ratio ID /(W/L) at threshold is
0.3 μA.

Figure 1.13 summarizes the importance of (1.3.12). Let us assume for the time being
that the channel length is fixed. If we reduceW/L in order to decrease the area, we pay for
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this reduction with an increase in current consumption. Equivalently, if we try to save
power by reducing the excess current, more silicon area is spent. Although it has been
introduced as an empirical fitting expression, we will see in the next chapter that (1.3.12)
is one of the many important results of the development of a physics-based design model.

Problems

1.1 (a) By applying Ohm’s law to an n-channel element of length dy, derive the
differential relationship

dV ¼ � ID dy

WμQ0
IðVÞ

; (P1:1:1)

where dV is the potential drop in the channel element, ID the drain current,W the
channel width, μ the carrier mobility, and Q0

IðVÞ the inversion charge density.
(b) Derive the general expression for the long-channel drain current

ID ¼ �W

L
μ
ðVDB

VSB

Q0
IðVÞdV: (P1:1:2)

1.2 (a) Derive the strong-inversion symmetric model of the drain current of Equation
(1.2.25).

(b) Show that (1.2.25) can be written as

ID ¼ IF � IR (P1:2:1)

with

IFðRÞ ¼ μC0
ox

W

2nL
VGB � VT0

� nVSBðDBÞ
� �2

(P1:2:2)
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Fig. 1.13 The relationship between the normalized aspect ratio and the normalized current excess in a
MOSFET design

Introduction to analog CMOS design 21



or

IFðRÞ ¼ μ
W

L

Q02
ISðDÞ

2nC0
ox

; (P1:2:3)

where Q0
ISðDÞ is the inversion charge density at the source (drain).

1.3 Design nMOS transistors in 0.35-μm technology operating at low VDS with equiva-
lent resistances of 10Ω, 1 kΩ, and 100 kΩ. Consider VSB= 0 and VGS−VT = 1V.
Minimize the area of the designed transistors considering 0.5 μm ≤ L and 2.5 μm ≤W.
Assume that C0

ox ¼ 5� 10�7 F=cm2 and μC0
ox ¼ 300 μA=V2. Estimate the number

of minimum-dimension transistors (Lmin = 0.5 μm,Wmin = 2.5 μm) that would occupy
the same area as the three resistors.

1.4 The source, drain, gate, and bulk tranconductances are defined as

gms ¼ � ∂ID
∂VS

; gmd ¼ ∂ID
∂VD

; gmg ¼ ∂ID
∂VG

; gmb ¼ ∂ID
∂VB

: (P1:4:1)

Prove that the relationship among the four transconductances is

gms ¼ gmg þ gmb þ gmd (P1:4:2)

and calculate the four transconductances for a saturated transistor in weak and in
strong inversion. Recalculate the small-signal transconductances for VDS= 0.

1.5 Using the strong-inversion symmetric model of (1.2.25) and/or the weak-inversion
model of (1.2.30), show that the composite transistor of Figure P1.5 is dc-equivalent
to a transistor with an aspect ratio of

W=Lð Þeq ¼
W=Lð ÞS W=Lð ÞD

W=Lð ÞS þ W=Lð ÞD
: (P1:5:1)

For WS=WD=Weq, determine the equivalent length of the composite transistor.
1.6 Show that the (saturation) drain current per aspect ratio at the charge-based threshold

of Q0
ISth ¼ �2nC0

ox�t is given by

IFth= W=Lð Þth ¼ 4μC0
oxn�

2
t : (P1:6:1)

D

ID
MD

MS

G X

S B

WD

LD

WS

LS

Fig. P1.5 A composite MOSFET constituted by the series association of two MOSFETs with common
gate and substrate terminals.

22 CMOS Analog Design Using All-Region MOSFET Modeling



Assuming that �t= 26mV, n= 1.2, εox= 0.34 pF/cm and μ= 400 cm2/V per s, find
the MOS technology for which

IFth= W=Lð Þth ¼ 1 μA; (P1:6:2)

using the empirical relationship between oxide thickness and channel length given
below:

tox ¼ Lmin=50: (P1:6:3)

1.7 For the devices of the design example in Section 1.3.2 (the BJT and the MOSFETs
with aspect ratios and bias currents reported in Table 1.1) calculate
(a) VBE and VGS assuming that IS= 10

–16 A and VT0 = 0.8V, and
(b) the voltage gain assuming that 1/gce =VABJT/IC and 1/gds = VAMOS /ID with

VABJT = 20V and VAMOS = 10V.
Compare and discuss the results.

1.8 To include the effect of the parasitic drain–bulk junction capacitance in the design
of the common-source amplifier of Section 1.3.2, assume a simple model of the
drain–bulk junction capacitance such that it is independent of the voltage and its
value per unit width is C0

J. Assuming that the transition or unity-gain frequency of
the transistor fT can be approximated by

fT ffi gmg 2π
1

2
C0

oxWL

� ��
; (P1:8:1)

show that the width W of the transistor for the specified GB is given by

W ¼ 2CL

LC0
ox

GB

fT

� ��
1� 2C0

J

LC0
ox

GB

fT

� �
: (P1:8:2)

Assuming that fT = 4GB, CL= 1 pF, C0
ox ¼ 2 fF=μm2, C0

J ¼ 1 fF=μm, and
L = 1 μm, calculate the error in the determination of W when the parasitic drain
capacitance is neglected.

1.9 Show that for a MOSFET operating in strong inversion

IF=ð�tgmsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IF 2μC0

oxn
W

L
�2
t

� ��s
¼ 1

2

ffiffiffi
if

p
; (P1:9:1)

where the normalized forward current if is given by

if ¼ IF

μC0
oxn W=Lð Þ �2

t =2
� � : (P1:9:2)

On the other hand, in weak inversion the exponential variation of the current with the
source voltage yields

IF=ð�tgmsÞ ¼ 1: (P1:9:3)

Since in weak inversion if → 0, an asymptotic all-region model of the current over
transconductance ratio is simply given by the addition of (P1.9.1) and (P1.9.3). Thus,
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IF=ð�tgmsÞ ffi 1þ ffiffiffi
if

p
=2: (P1:9:4)

Compare the asymptotic model of (P1.9.4) with the physics-based model of
(P1.9.5),

IF=ð�tgmsÞ ¼ 1þ ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p� �
=2; (P1:9:5)

which will be derived in Chapter 2. Plot the two normalized curves on the same
graph and determine the highest relative error of (P1.9.4) with respect to (P1.9.5)
and the value of the normalized forward current at which it occurs.

1.10 Derive an interpolation all-region model from Equation (P1.9.4). (Hint: use
gms =−dIF/dVS to integrate (P1.9.4) between the pinch-off voltage and a generic
voltage to obtain VP−VS=F(if, ip). Use transistor symmetry to derive VP−VD=F
(ir, ip), where ip and ir are the normalized reference (pinch-off) and reverse currents,
respectively. Owing to the MOSFET symmetry, ir is also defined by (P1.9.2) on
replacing IF with IR.)
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2 Advanced MOS transistor modeling

Analog designers require MOSFET models that are accurate for (numerical) circuit
simulation, but they also need models that are simple enough to allow design (at a
symbolic level) that captures the essential non-linearity of the transistors. Clearly, the
analysis and design models must be consistent in order to allow a smooth transition
between design and analysis. Ever since the origins of MOS circuit design [1], until
recently, the most popular compact models for design have been based on the threshold-
voltage (VT) formulation. This class of models relies on approximate solutions that are
accurate only in the limit cases of strong- and weak-inversion operation, and no accurate
model is available for the transition (moderate-inversion) region between them. VTmodels
are no longer acceptable for analog circuits in advanced, low-voltage technologies, where
the moderate-inversion region is increasingly important. For this reason, compact models
strongly based on the MOS transistor theory [2], which are accurate in all the operating
regions of the transistor, will be summarized in this chapter. The fully consistent and
simple charge-based MOSFET model will be reviewed in Section 2.1. The model
presented here preserves the symmetry of the conventional rectangular-geometry
transistor, an important property on which several circuits are based. A design-oriented
current-based model is summarized in Section 2.2. The dynamic models, including
expressions for nine linearly independent capacitive coefficients of the four-terminal
transistor and a non-quasi-static model are presented in Section 2.3, and the main short-
channel effects are rapidly reviewed in Section 2.4.

2.1 Fundamentals of the MOSFET model

2.1.1 Electrons and holes in semiconductors

In equilibrium, electrons and holes in an ideal crystalline semiconductor behave as ideal
gases when the doping concentration is not too high (typically of the order of 1018 cm− 3

or less), as is the case for the bulk material of MOS devices [3]. Consequently, electrons
and holes follow the Boltzmann distribution law and their concentrations (number per
unit volume) are proportional to

e�Energy=ðkTÞ; (2:1:1)

where k= 1.38 × 10–23 J/K is the Boltzmann constant and T is the absolute temperature in
degrees Kelvin (K).



It follows that the electron and hole concentrations in equilibrium, designated here by
the symbols n and p, respectively, are related to the electrostatic potential � by

pð�1Þ
pð�2Þ ¼ e�

qð�1��2Þ
kT ; (2:1:2)

nð�1Þ
nð�2Þ

¼ e
qð�1��2Þ

kT ; (2:1:3)

where q = 1.6 × 10–19 C is the electronic charge. Because of their negative charge,
electrons are attracted to regions of higher electric potential. The opposite is true for
holes. From Equations (2.1.2) and (2.1.3) it follows that, in thermal equilibrium, the
product pn is constant.

Calling the concentration of electrons (and holes) in an intrinsic semiconductor ni, the
so-called mass-action law is written as

np ¼ n2i : (2:1:4)

The interest in the equilibrium condition not only derives from the fact that it serves as
a reference state, but also arises because semiconductor devices can often be considered
to be operating in a quasi-equilibrium regime.

For MOS compact models, the case of a homogeneous substrate (constant doping
concentration) is the most important. Calling n0 and p0 the equilibrium electron and hole
concentrations, respectively, deep in the bulk of a homogeneous semiconductor, where
charge neutrality holds, and choosing the potential reference � = 0 in the neutral bulk, it
follows that

p ¼ p0e
�q�

kT ¼ p0e
�u; (2:1:5)

n ¼ n0e
q�
kT ¼ n0e

u; (2:1:6)

where u=� /�t is the normalized electrostatic potential and �t= kT/q is the thermal
voltage, which is approximately 25.9mVat T= 300K.

The charge density inside the semiconductor results from an imbalance between
positive and negative charges. Four types of charges, namely electrons, holes, ionized
acceptors (negatively charged) and ionized donors (positively charged), must be con-
sidered (Appendix A2.1). Thus, the volume charge density ρ is given by

ρ ¼ qðp� nþND �NAÞ; (2:1:7)

where ND and NA are the ionized donor and acceptor densities, respectively.
Deep in the bulk of a uniformly doped semiconductor, where charge neutrality holds,

the carrier concentrations at equilibrium are obtained from charge neutrality,

p0 � n0 þND �NA ¼ 0; (2:1:8)

and the mass-action law n0p0 ¼ n2i .
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Example 2.1

Calculate the built-in potential at room temperature of (a) a silicon p–n junction with
doping densities of NA= 10

17 atoms/cm3 and ND= 10
18 atoms/cm3, and (b) a silicon n+–p

junction with NA= 10
17 atoms/cm3. (c) Comment on the effect of a positive (negative)

bias applied to the junction.

Answer

(a) In equilibrium, if we choose the potential origin � = 0 in the region where the
semiconductor is intrinsic, i.e., where p0 = n0 = ni, we have, from (2.1.2) and (2.1.3),

p0 ¼ nie
��=�t and n0 ¼ nie

�=�t :

Far from the junction, in the n- and p-regions, we have

n0 ffi ND ¼ nie
�n-region=�t and p0 ffi NA ¼ nie

��p-region=�t :

Consequently, the potentials of the neutral (far from the metallurgical junction) n-
and p-regions are given by

�n-region ¼ �t ln ND=nið Þ and �p-region ¼ ��t ln NA=nið Þ:
As expected, the potential in the p-region is lower than that in the n-region because

the holes (electrons) are abundant in the region where their energy is at the minimum
value. The built-in potential is given by

�bi ¼ �n-region � �p-region ¼ �t ln
ND

ni

� �
� ��t ln

NA

ni

� �� �
¼ �t ln

NDNA

ni
2

� �
:

In this example, �bi ffi 26 ln 1015
� � ffi 900mV.

(b) The Boltzmann distribution law is adequate for doping concentrations below
1018 cm− 3. For a highly doped n+-material, with a doping concentration above
1019 cm− 3

, the potential �n-region is not dependent on the logarithm of the doping
ND but remains approximately constant at a value of 0.56V for silicon at room
temperature. This value corresponds to half of the bandgap voltage of silicon. Thus,

�bi ¼ 0:56Vþ �p-region ¼ 0:56Vþ �t ln
NA

ni

� �
ffi 979mV:

(c) A positive (negative) bias of the junction (i.e. making the p-region positive (negative)
with respect to the n-region) decreases (increases) the internal barrier height of the
junction.

2.1.2 The two-terminal MOS structure

The MOS structure, which consists of a metal–oxide (SiO2)–semiconductor (Si) sand-
wich, made the fabrication of the first practical surface field-effect transistor possible
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in 1960, and it remains the core structure of very-large-scale-integration (VLSI) circuits.
The MOS structure (Figure 2.1) functions as a two-terminal capacitor in which a
conducting (metal) plate is separated from the semiconductor substrate by a thin
(oxide) insulator. The ideal MOS structure has the following main properties: (1) the
oxide is a perfect insulator with no charge inside it or at its interfaces; (2) the semicon-
ductor is uniformly doped; (3) the semiconductor is sufficiently thick that a field-free
region (the “bulk”) lies far from the interface; and (4) the potential contact between the
metal and semiconductor is zero. The analysis of the ideal MOS structure is of great
use because all the idealized properties, except property (4), are approached in many
real MOS structures. However, the inclusion of the potential contact value in the
model requires a simple voltage shift of the device characteristics, as will be shown in
Section 2.1.2.1.

If we substitute for the semiconductor a second metal plate, the relationship between
the stored gate charge QG and the applied gate-to-substrate voltage VG is simply

VG ¼ QG

Cox
; (2:1:9)

where the oxide capacitance is given in terms of the capacitor area A, oxide thickness tox,
and permittivity of oxide εox by the conventional expression for a parallel-plate capacitor

Cox ¼ Aεox
tox

: (2:1:10)

In MOS theory, charge and capacitance per unit area are the preferred variables. On
writing

Q0
G ¼ QG

A
; C0

ox ¼ Cox

A
¼ εox

tox
; (2:1:11)

it follows that

VG ¼ Q0
G

C0
ox

: (2:1:12)

SiO2

Si
x

o

VG

Fig. 2.1 The metal–oxide–semiconductor capacitor.
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From now on, unless stated otherwise, the superscript prime will be used to denote a
quantity per unit area.

For the ideal MOS capacitor, taking �s as the potential at the surface of the semi-
conductor, it follows that

VG � �s ¼ Q0
G

C0
ox

(2:1:13)

since VG−�s is the voltage drop across the oxide capacitor. The fundamental expression
that relates the applied voltage VG to the surface potential �s and the semiconductor space
charge Q0

C ð¼ �Q0
GÞ is

VG ¼ �s � Q0
C

C0
ox

: (2:1:14)

Example 2.2

(a) Calculate the oxide capacitance per unit area C0
ox for tox= 5 and 20 nm assuming

εox= 3.9ε0, where ε0 = 8.85 × 10
−14 F/cm is the permittivity of free space. (b) Determine

the area of a 1-pF metal–oxide–metal capacitor for the two oxide thicknesses given in (a).

Answer

(a) C0
ox ¼ 690 nF=cm2 ¼ 6:9 fF=μm2 for tox= 5 nm and C0

ox ¼ 172 nF=cm2 ¼
1:7 fF=μm2 for tox = 20 nm. The capacitors have areas of 145 and 580 μm2 for oxide
thicknesses of 5 and 20 nm, respectively.

2.1.2.1 The flat-band voltage
In equilibrium (with the two terminals shorted/open) the contact potential between
the gate and the semiconductor substrate of theMOS induces charges in the gate and the
semiconductor for VGB = 0. The existence of charges inside the insulator and at the
semiconductor–insulator interface also induces a semiconductor charge at zero bias.
For high-quality Si–SiO2 interfaces this effect can be almost negligible, but sometimes,
for stressed devices, for example, it must be considered.

The effect of the contact potential and oxide charges can be counterbalanced by applying
a gate–bulk voltage called the flat-band voltage VFB. Thus, for VGB=VFB, the charge
induced is zero and the potential is constant inside the semiconductor (this is called the flat-
band condition). The inclusion of the flat-band voltage in Equation (2.1.14) yields

VG � VFB ¼ �s � Q0
C

C0
ox

: (2:1:15)

Since the effects of both the contact potential and (fixed) oxide charges are counter-
balanced by a constant voltage (VFB), their inclusion as effects on the MOS characteristic
is simply represented by a voltage shift in the equation for the idealized MOS device, as
(2.1.15) shows.
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Example 2.3

(a) Determine the expressions for the flat-band voltages of an n+ polysilicon gate on
p-type silicon and a p+ polysilicon gate on n-type silicon. (b) Calculate the flat-band
voltage for an n+ polysilicon gate on a p-type silicon structure with NA= 10

17 atoms/cm3.

Answer

(a) In modern technologies the effect of the charges trapped in the oxide and at the
semiconductor–oxide interface can be neglected in a first approximation for the
calculation of the flat-band voltage. In equilibrium, by analogy with an n+–p junc-
tion, the potential of the n+-region is positive with respect to that of the p-region and
is given by the expression developed in Example 2.1. The flat-band condition with no
charges induced in the semiconductor is obtained by counteracting the built-in
potential, that is, by applying a negative potential to the n+-gate with respect to the
p-type semiconductor of value

VFB nþp ¼ ��bi nþp ¼ �0:56V� �t ln
NA

ni

� �
:

For the p+–n structure

VFB pþn ¼ ��bi pþn ¼ 0:56Vþ �t ln
ND

ni

� �
:

Note the symmetry of the expressions above.
(b) For NA= 10

17 atoms/cm3, it follows that

VFB ¼ �0:56V� �t ln 107
� � ¼ �980mV:

2.1.3 Accumulation, depletion, and inversion (for p-type substrates)

Using Equations (2.1.5) through (2.1.8), the expression for the volume charge density
inside the semiconductor “plate” of the MOS capacitor in terms of the normalized
potential u becomes

ρ ¼ qðp0e�u � n0e
u þ n0 � p0Þ: (2:1:16)

For VG<VFB the potential inside the semiconductor is negative (u< 0) and the charge
induced in the semiconductor is positive because the positive hole term in (2.1.16) is
above its flat-band value (p0) and the negative electron term is below its flat-band value
(n0). For a p-type substrate p0≫ n0; consequently, the positive charge in the semicon-
ductor is essentially due to the contribution from the holes; the p-type substrate is in the
so-called accumulation (of majority carriers) region.

For VG >VFB the potential inside the semiconductor is positive (u> 0) and the charge
induced in the semiconductor is negative because the positive hole term in (2.1.16) is
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below its flat-band value and the negative electron term is above its flat-band value. The
relative contribution of electrons and holes depends on the value of u.

The local concentration of holes prevails over the concentration of electrons
when

p0e
�u4n0e

u (2:1:17)

or, using (2.1.4),

�5
�t

2
ln

p0
n0

� �
¼ �t

2
ln

p20
n2i

 !
¼ �t ln

p0
ni

� �
¼ �F; (2:1:18)

where �F is called the Fermi potential (of the uniformly doped p-type substrate). For
�>�F the concentration of minority carriers (n) becomes higher than that of majority
carriers (p); thus, there is an inversion of the type of prevailing carriers and the semi-
conductor is said to be in inversion.

2.1.4 The small-signal equivalent circuit of the two-terminal MOS
(for p-type substrates)

If Q0
G is the gate charge per unit area, then, from the charge-conservation principle, the

total charge variation in the MOS capacitor is zero, i.e. ΔQ0
G þ ΔQ0

C ¼ 0. Thus, the
small-signal capacitance per unit area is given by

C0
gb ¼

dQ0
G

dVG
¼ � dQ0

C

dVG
: (2:1:19)

Substitution of (2.1.15) into (2.1.19) yields

C0
gb ¼ � dQ0

C

d�s � dQ0
C

C0
ox

¼ 1

� d�s

dQ0
C

þ 1

C0
ox

(2:1:20)

or

1

C0
gb

¼ 1

C0
c

þ 1

C0
ox

; (2:1:21)

where C0
c ¼ �dQ0

C=d�s is the semiconductor (space-charge) capacitance per unit area.
Thus, the capacitance of the MOS structure is equivalent to the series combination of
the oxide and the semiconductor capacitances, as shown in Figure 2.2(a). To calculate
the semiconductor capacitance, we need the value of the total charge density, which in the
(p-type) semiconductor is given by

Q0
C ¼

ð1
0

ρ dx ¼ q

ð1
0

ðp� p0Þdxþ
ð1
0

ðn0 � nÞdx
� �

¼ Q0
B þQ0

I; (2:1:22)

where the index B (bulk) is used for the majority-carrier charge (holes, for p-type substrate)
and the index I (inversion) for theminority carrier, electrons in this case. The lower (x=0) and
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upper (x→∞) limits of integration refer to positions at the semiconductor interface with the
oxide and deep in the semiconductor bulk, respectively.

Changing the integration variable from length x to potential � gives

Q0
C ¼ Q0

B þQ0
I ¼ q

ð�s

0

p� p0
F

d�þ
ð�s

0

n0 � n

F
d�; (2:1:23)

where F=−d�/dx is the electric field. Note that �s (the surface potential) is the potential
at the semiconductor interface (x = 0), whereas the potential deep in the bulk (x→∞) is
taken arbitrarily as zero. The contributions of the hole and electron capacitances to the
total semiconductor capacitance are

C0
b ¼ � dQ0

B

d�s
¼ q

Fs
p0 � psð Þ; C0

i ¼ � dQ0
I

d�s
¼ q

Fs
ns � n0ð Þ; (2:1:24)

respectively, where Fs, ps, and ns are the electric field and the hole and electron
concentrations at the semiconductor interface, respectively. The equivalent circuit for
the ideal MOS capacitor, with the semiconductor capacitance decomposed into the bulk
and inversion capacitances, is shown in Figure 2.2(b).

The expression for the bulk charge in accumulation (�s < 0) and depletion (0<�s <�t)
is, as shown in Appendix A2.1, given by

�Q0
B ¼ εsFs ¼ sgnð�sÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2qεsNA

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s þ �tðe��s=�t � 1Þ

q
; (2:1:25)

where �s and Fs are the electrostatic potential and electric field, respectively, at the
semiconductor interface (x= 0). Now, using the result of (2.1.25) in the definition of
(2.1.24) for the bulk capacitance, we find

C0
b ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2qεsNA

p
1� e�usð Þ

2 sgnðusÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s þ �tðe�us � 1Þp : (2:1:26)

In depletion and inversion (us =�s/�t > 3) we can neglect the exponential terms and
obtain the classical expression for the (bulk) depletion capacitance,

VG VG

p-type
substrate

(a)

+

–

+

–

p-type
substrate

(b)

φs
φs

C ′ox

C ′c C ′b C ′i

Q ′G Q ′G

Q ′C Q ′B Q ′I
+

–

+ +

– –

Fig. 2.2 Equivalent circuits for the MOS capacitor. (a) The two-capacitance model. (b) Splitting of the
semiconductor capacitance into electron C′i and hole C′b storage capacitances.
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C0
b ffi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2qεsNA

p
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s � �t

p : (2:1:27)

Equation (2.1.27) is used even in strong inversion for compact modeling. In strong
inversion the depletion capacitance decreases more rapidly with the surface potential
than if it were calculated using (2.1.27) because of the electron contribution to the surface
field, which is usually neglected in compact modeling.

The expression for the (weak) inversion capacitance can be obtained by combining
(2.1.24) and (2.1.25). In effect, in weak inversion the electron charge is negligible
compared with the depletion charge.

Neglecting in (2.1.24) both the bulk minority-carrier terms (n0) and, similarly to the
case of the depletion capacitance, the exponential term in the denominator, which is
relevant only in accumulation, it follows that

C0
i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2qεsNA

p
eus�2uF

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s � �t

p ; (2:1:28)

where uF=�F/�t. Neglecting the variation of the denominator in (2.1.28), the inversion
capacitance (and, consequently, the inversion charge density) becomes an exponential
function of the surface potential. Thus, we can write the inversion capacitance in terms of
the inversion charge simply as

C0
i ¼ � dQ0

I

�t dus
¼ �Q0

I

�t
: (2:1:29)

In strong inversion, it can be shown [2] that

C0
i ffi � Q0

I

2�t
; (2:1:30)

but, since in strong inversionC0
i � C0

ox, the series association in Figure 2.2 is approximately
equal to C0

ox and the exact value of C0
i is not relevant for computing the inversion charge

density. Additionally, approximation (2.1.29) is also needed in order to obtain the expression
for the current using the charge-sheet approximation, as will be shown in Section 2.1.8.

2.1.5 The three-terminal MOS structure and the unified charge-control
model (UCCM)

TheMOS transistor needs contact regions, which must be of a type opposite to that of the
substrate, to access the inversion channel. Thus, the modeling of the three-terminal
structure or gate-controlled diode of Figure 2.3 is an intermediate stage in the develop-
ment of transistor models. Since the n+ (source) region is in electrical contact with the
inversion region but junction-isolated from the p bulk, the hole concentration is still
given by (2.1.5), repeated below, but for the electrons their concentration is now con-
trolled by �−VC instead of �. Thus,

p ¼ p0e
�q�

kT ¼ p0e
�u; n ¼ n0e

qð��VCÞ
kT ¼ n0e

u�uC :
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The equations above can be viewed as a quasi-equilibrium model of the three-terminal
MOS structure.

Holes are in equilibrium in the bulk and, consequently, follow the Boltzmann distribution
law as in the case of the two-terminal structure. The electrons of the inversion channel are in
equilibrium with the electrons of the (source) diffusion and, consequently, follow
Boltzmann statistics with their energy given by –q(�−VC). The product pn is now given by

pn ¼ n2i e
�uC ¼ n2i e

�VC=�t : (2:1:31)

Thus, the electrons are no longer in equilibrium with the holes, due to the (usually
reverse) bias of the (source–bulk) junction VC= uC�t.

As shown in Figure 2.4, the inversion charge is, for small-signal operation, controlled
by d(�s−VC), while the majority-carrier charge is controlled by d�s.

Figure 2.4 represents the capacitive model of the three-terminal MOS device of
Figure 2.3. The small-signal equivalent of Figure 2.4(b) is essential for determining
the dependence of the inversion charge density on the channel voltage VC in an MOS
transistor. The inversion charge is stored in the series association of the inversion
capacitance with the parallel connection of the oxide and depletion capacitances. Thus,

dQ0
I

dVC
¼ C0

b þ C0
ox

� �
C0

i

C0
i þ C0

b þ C0
ox

: (2:1:32)

To develop an explicit expression for the inversion charge in terms of the applied
voltages, (2.1.32) is rewritten below for convenience as

VG

n+

p-type substrate

VC

Fig. 2.3 A three-terminal MOS structure.

G

B (b)(a)

C

+

+
–

––+

dQ ′

dφs
dφs

dVC

G

+

–
dQ ′B

dQ ′I
C ′ox

dQ ′I

C ′i C ′b
C ′i C ′b C ′ox

Fig. 2.4 (a) The capacitive model of the three-terminal MOS structure. (b) The small-signal equivalent
circuit for both VG and VB constant.
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dQ0
I

1

C0
ox þ C0

b

þ 1

C0
i

� �
¼ dVC: (2:1:33)

To derive a simple model for the relationship between charges and applied voltages,
we make the following assumptions.

(i) The depletion capacitance per unit area is constant along the channel and is calculated
assuming the inversion charge to be negligible in the potential-balance equation.C0

b is
calculated using (2.1.27) for �s =�sa, with the value of the surface potential �sa

determined in terms of the gate-to-substrate potential VG neglecting the inversion
charge in (2.1.15), the potential-balance equation. At this point, we calculate the
values of both �sa and C0

b for the depletion/inversion regime only; thus, we assume
that the exponential term in (2.1.26), which is important in accumulation, is negli-
gible for depletion/inversion. Summarizing, the bulk capacitance per unit area
(excluding accumulation) is given by

C0
b ffi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2qεsNA

p
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�sa � �t

p ¼ γC0
ox=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

VG � VFB � �t þ γ2=4
q

� γ=2
¼ n� 1ð ÞC0

ox; (2:1:34)

where γ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2qεsNA

p
=C0

ox is the body-effect coefficient, which is dependent on
technology through substrate doping and the oxide capacitance. Typical values of γ
and n, the slope factor, lie in the ranges 0.1–1V1/2 and 1.1–1.5, respectively.

(ii) The inversion capacitance is approximated by C0
i ¼ �Q0

I=�t for the inversion
regime, including strong inversion.

Using the hypotheses (i) and (ii) above allows us to obtain, from (2.1.33), the
following relationship:

dQ0
I

1

nC0
ox

� �t

Q0
I

� �
¼ dVC; (2:1:35)

where

n ¼ 1þ C0
b

C0
ox

: (2:1:36)

n = n(VG),
1 which can be calculated from (2.1.34), is called the slope factor because, as

will be seen in Section 2.2.3, the logarithmic slope of the current versus normalized gate
voltage curve in weak inversion is 1/n.

Integrating (2.1.35) from an arbitrary channel potential VC to a reference potential VP

yields the unified charge-control model (UCCM) as

VP � VC ¼ �t
Q0

IP �Q0
I

nC0
ox�t

þ ln
Q0

I

Q0
IP

� �� �
; (2:1:37)

where Q0
IP is the value of Q0

I for V=VP.

1 We use the symbol n to represent both the electron concentration and the slope factor, following the customary
notation.
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Example 2.4

For tox= 5 and 20 nm determine the minimum doping NA for which the slope factor
n< 1.25 for �sa= 2�F. Comment on the results.

Answer

For �sa = 2�F we calculate the slope factor n by combining (2.1.36) and (2.1.34),
yielding

n ¼ 1þ C0
b

C0
ox

ffi 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2qεsNA

p
2C0

ox

ffiffiffiffiffiffiffi
�sa

p ¼ 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2qεsNA

p
2C0

ox

ffiffiffiffiffiffiffiffi
2�F

p :

Thus, for n= 1.25 the substrate doping is given by

NA ¼ 0:25ð Þ2 � 2�F � 4C02
ox

2qεs
;

where �F is a weak (logarithmic) function of NA. Using 2�F= 0.8V for the first calcula-
tion we find, after two iterations, that NA> 4.9 × 10

15 atoms/cm3 for tox= 5 nm and
NA> 2.3 × 10

14 atoms/cm3 for tox= 20 nm. The ratio of the former doping density to the
latter is approximately 21. Neglecting the variation of the Fermi level with the doping
density, this ratio is 16 = (20 nm/5 nm)2. Thus, to maintain the slope factor constant from
one (old) to another (new) technology node with a thinner oxide, it is necessary to
increase the substrate doping by a factor of the order of (tox_old/tox_new)

2.

Example 2.5

Consider the UCCM given by (2.1.37). “Regional” models for weak inversion (WI) or
strong inversion (SI) can be derived from the UCCM by dropping either the linear term or
the logarithmic term in the charge density, respectively. (a) Determine the expression for
the charge density in terms of both the gate voltage and the channel voltage for (a1) the SI
approximation and (a2) the WI approximation. (b) Calculate the value of the inversion
charge density, normalized with respect to Q0

IP ¼ �nC0
ox�t, for which the value of the

voltage VP−VC calculated using the SI approximation differs from that calculated using
the UCCM by 10%. (c) Determine the value of the inversion charge density, normalized
with respect to Q0

IP, for which the value of the voltage VP−VC calculated using the WI
approximation differs from that calculated using the UCCMby 10%. (d) Comment on the
results.

Answer

(a1) For VP � VC � �t, (2.1.37) reduces to the SI approximation �Q0
I ffi nC0

ox VP �ð
VCÞ. On normalizing the inversion charge density with respect to Q0

IP ¼ �nC0
ox�t

we obtain q0I ffi ðVP � VCÞ=�t.
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(a2) For VP � VC � ��t, (2.1.37) reduces to the WI approximation

VP � VC ¼ �t ln
Q0

I

Q0
IP

� �
� 1

� �

or, equivalently,

q0I ¼ e
VP�VCþ�t

�t :

(b) The SI approximation has an error of less than 10% for q0I420.
(c) The WI approximation has an error of less than 10% for q0I50:22.
(d) Let us define moderate inversion (MI) as the region in which the SI and WI

approximations give errors greater than 10% for the control voltage VP−VC.
Considering (b) and (c), the inversion charge-density variation from the lower to
the upper limit of the MI region is approximately two orders of magnitude (20/0.22),
and, for this reason, the MI region cannot be approximated by either the WI or the SI
equation in an accurate MOSFET model.

2.1.6 The pinch-off voltage

The channel charge density corresponding to the effective channel capacitance times the
thermal voltage, or thermal charge [4], will be used as a reference to define pinch-off and
as the normalization charge

Q0
IP ¼ �ðC0

ox þ C0
bÞ�t ¼ �nC0

ox�t: (2:1:38)

The name pinch-off is retained herein for historical reasons and means the channel
potential corresponding to a small (but well-defined) amount of carriers in the channel.
The channel-to-substrate voltage (VC) for which the channel charge density equalsQ0

IP is
called the pinch-off voltage VP. Since we know the explicit expression for the inversion
charge in weak inversion, we will use it to determine the pinch-off voltage. From (2.1.28)
we write the following expression for the weak-inversion capacitance due to the inclusion
of the channel contact

C0
i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2qεsNA

p
eusa�2uF�uC

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�sa � �t

p : (2:1:39)

As explained previously, the non-zero channel potential VC means that the electron
charge density is controlled by �−VC instead of only �. This leads us to include the
(normalized) channel potential in the exponential term in (2.1.39). We have also replaced
�s (us) from (2.1.28) with �sa (usa), since in weak inversion the surface potential is
dependent only on VG, not on VC. Now, by equating (2.1.29) with (2.1.39), we find that

�Q0
I ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2qεsNA

p
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s � �t

p �te
�sa�2�Fð Þ=�t e�VC=�t

¼ C0
oxðn� 1Þ�te

�sa�2�Fð Þ=�t e�VC=�t : (2:1:40)
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In weak inversion, due to the prevalence of the logarithmic term, we can rewrite (2.1.37) as

Q0
I ¼ Q0

IPe
ðVP�VCþ�tÞ=�t ¼ �nC0

ox�te
ðVP�VCþ�tÞ=�t : (2:1:41)

Since we must have the same value of the inversion charge using (2.1.40) or (2.1.41) it
follows that VP must be given by

VP ¼ �sa � 2�F � �t 1þ ln
n

n� 1

	 
h i
: (2:1:42)

2.1.7 The Pao–Sah exact I–V model

As shown in Figure 2.5, the MOSFET is inherently a two-dimensional structure. The
(gate) input voltage is applied in the x-direction perpendicular to the semiconductor
surface in order to modulate the inversion charge which flows near the surface in the
y-direction when a voltage is applied between source and drain.

The first step in creating a compact model [5] is the decomposition of the two-
dimensional problem into two one-dimensional problems. For a long-channel device,
the gradual channel approximation is valid, i.e. the longitudinal (y-direction) component
of the electric field can be assumed to be much smaller than the transversal (x-direction)
component. Thus, the three-capacitor equivalent circuit of Figure 2.4 is valid for each
cross section of the channel.

The other assumptions for the calculation of the current ID that flows from drain to
source are as follows.

(i) The hole current (for the n-channel) is negligible. This assumption is quite acceptable
since under normal operation conditions the source–substrate and drain–substrate
junctions are reverse- or zero-biased.

(ii) The current is laminar, that is, it flows in the y-direction only.

VSB

n+

Source
n+

Drain

Metal Gate

Oxide

p-substrate

x

–
–

Mobile Charge
Fixed Charge

L

VGB

yztox

VDB

ID

Fig. 2.5 A cross section of a MOSFET (adapted from [1]).
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The electron current density considering drift and diffusion is given by [3]

Jn ¼ qnμn � d�

dy

� �
þ qDn

dn

dy
; (2:1:43)

where μn is the mobility and Dn the diffusion coefficient for electrons.
The derivative of the electron concentration can be calculated in terms of the potential

derivatives using

n ¼ n0e
qð��VCÞ

kT ¼ n0e
u�uC : (2:1:44)

The channel potential VC along the channel is such that

VS � VC � VD; (2:1:45)

where VS(D) is the source (drain) voltage. From (2.1.44) it follows that

dn

dy
¼ n

�t

d�

dy
� dVC

dy

� �
: (2:1:46)

Using the Einstein relationship (Dn ¼ μn�t) [3] between the electron mobility μn and
the diffusion coefficient Dn, and substituting (2.1.46) into (2.1.43), yields

Jn ¼ �qnμn
d�

dy
þ qnμn

d�

dy
� dVC

dy

� �
¼ �qnμn

dVC

dy
: (2:1:47)

The drain current is obtained by integrating the total current density over the cross-
sectional area of the channel,

ID ¼ �
ðW
0

ðxi
0

Jn dx dz ¼ �W

ðxi
0

Jn dx; (2:1:48)

where W is the transistor width and xi is taken as the x-coordinate at which the electron
concentration equals the intrinsic concentration ni (the bottom end of the inversion
channel).

On substituting (2.1.47) into (2.1.48) and assuming the mobility μn to be independent
of bias and position we obtain

ID ¼ qW

ðxi
0

nμn
dVC

dy
dx ¼ �WμnQ

0
I

dVC

dy
(2:1:49)

because VC (and dVC=dy) is independent of x and, by definition,

Q0
I ¼ �q

ðxi
0

n dx: (2:1:50)

Since the current is constant along the channel, the integration of (2.1.49) along the
channel, from source to drain, yields

ID ¼ � μnW
L

ðVD

VS

Q0
I dVC; (2:1:51)
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where L is the channel length. Expression (2.1.51) is very general and includes both drift
and diffusion mechanisms, thus giving an exact model of the long-channel MOSFET.

Because there is no general analytically integrable expression for the inversion charge
density in terms of the channel potential, (2.1.51) cannot be directly used to obtain
compact models valid in all operating regions. A supplementary approximation, assum-
ing that the channel can be modeled by a charge sheet, is used in most of the compact
models.

2.1.8 A charge-sheet formula for the current

From Figure 2.4, it is clear that

dQ0
I ¼ C0

i dVC � d�sð Þ: (2:1:52)

On substituting (2.1.29) into (2.1.52) we have

dVC ¼ d�s � �t
dQ0

I

Q0
I

; (2:1:53)

which, substituted into expression (2.1.49), gives the charge-sheet expression for the
current [6] as

ID ¼ Idrift þ Idiff ¼ �μnWQ0
I

d�s

dy
þ μnW�t

dQ0
I

dy
: (2:1:54)

The expression above, which gives explicitly the drift and diffusion terms for carriers
confined in a sheet, has been accepted widely and is often used as the starting point from
which to derive compact models. However, it is not equivalent to the general Pao–Sah
current expression, since a supplementary simplification, namely the proportionality
between inversion capacitance and inversion charge, is needed in order to derive it
from the Pao–Sah formula.

2.1.9 A charge-control compact model

From the capacitive equivalent circuit of the three-terminal MOS in Figure 2.4(b) it
follows that, for constant VG,

dQ0
I ¼ ðC0

ox þ C0
bÞd�s ¼ nC0

ox d�s: (2:1:55)

C0
b is the depletion capacitance calculated assuming the inversion charge to be

negligible (see (2.1.26)) and n is the slope (or linearization) factor, which depends only
on the gate voltage. The linear relation between inversion charge density and surface
potential along the channel is at the base of the current compact model because the
substitution of (2.1.55) into the charge-sheet current expression, (2.1.54), allows the
current to be written as a function of the inversion charge density as

ID ¼ � μnW
nC0

ox

ðQ0
I � �tnC

0
oxÞ

dQ0
I

dy
: (2:1:56)
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From (2.1.56), one can readily conclude that the diffusion and drift components are
equal when the local inversion charge density is equal to the pinch-off charge�nC0

ox�t.
In other words, we have chosen the pinch-off voltage as the channel voltage for which
the drift and diffusion components of the current are equal. Above threshold (pinch-
off), drift is the prevailing conduction mechanism, whereas diffusion dominates below
threshold [4].

Finally, integrating (2.1.56) along the channel [4] yields

ID ¼ μnW
L

Q02
IS �Q02

ID

2nC0
ox

� �t Q0
IS �Q0

ID

� �� �
: (2:1:57)

In (2.1.57) the quadratic term corresponds to the drift current and the linear term to the
diffusion current. The slope factor n depends on �sa according to

n ¼ 1þ γ
.

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�sa � �t

p	 

; (2:1:58)

�sa, which is the surface potential calculated from (2.1.15) assuming the inversion charge
to be negligible, is given by

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�sa � �t

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VG � VFB � �t þ γ2=4

q
� γ=2: (2:1:59)

The inversion charge densities Q0
IS and Q0

ID at the source and drain are calculated in
terms of the applied voltages using the UCCM given in (2.1.37).

Equation (2.1.57) can be written as

ID ¼ IF � IR; (2:1:60)

where

IFðRÞ ¼ W

L
μn

Q02
ISðDÞ

2nC0
ox

� �tQ
0
ISðDÞ

 !
(2:1:61)

is called the forward (reverse) component of the drain current. Equations (2.1.60) and
(2.1.61) emphasize the symmetry of the rectangular-geometry MOSFET. As VDB

becomes large (forward saturation), Q0
ID approaches zero and so does IR; consequently,

the drain current approaches a constant value called the forward saturation current IF.
Similarly, when VSB becomes large (reverse saturation),Q0

IS approaches zero and so does
IF; thus, the drain current approaches a constant value equal to the reverse saturation
current −IR. The decomposition of the drain current into forward and reverse currents [7],
[8] was inspired by the Ebers–Moll equations of the bipolar transistor [9].

2.1.10 Threshold voltage

Since VT -based models are useful for gaining an insight into the operation of the
transistor and for back-of-an-envelope calculations, it is interesting to link the previous
general calculation of the inversion charge density to the classical strong- and weak-
inversion approximations.
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We start by giving a rigorous (and practical) definition for the threshold voltage, which
is clearly impossible when the transistor model is restricted to the strong-inversion
approximation. In effect, in the strong-inversion approximation the threshold corre-
sponds to zero current, a state that does not occur in the real world.

We define the equilibrium threshold voltage VT0, measured for VC= 0, as the gate
voltage for which the channel charge density equals Q0

IP or, in other words, as the gate
voltage for which the pinch-off voltage VP= 0. Using (2.1.42) we find that

�sajVP¼0;VG¼VT0
¼ 2�F þ �t 1þ ln

n

n� 1

	 
h i
: (2:1:62)

Now, using (2.1.59) with VG=VT0, we find that

VT0 ¼ VFB þ 2�F þ �t 1þ ln
n

n� 1

	 
h i
þ γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�F þ �t ln

n

n� 1

	 
r

ffi VFB þ 2�F þ γ
ffiffiffiffiffiffiffiffi
2�F

p
: (2:1:63)

The approximation in (2.1.63) is the classical definition of the threshold voltage.
For hand design, it is useful to have a simplified expression for the pinch-off voltage.

The linear approximation of VP around VG=VT0 can be written [7] as

VP ffi VG � VT0

n
(2:1:64)

because, using (2.1.42), the slope dVP/dVG is given by

dVP

dVG
ffi d�sa

dVG
¼ C0

ox

C0
b þ C0

ox

¼ 1

n
(2:1:65)

with n given by (2.1.58). For hand calculations of the drain current, n can be assumed
constant for several decades of current.

Figure 2.6 shows a plot of the pinch-off voltage against the gate voltage. The pinch-off
voltage varies almost linearly with the gate voltage in inversion. Substituting the first-
order approximation of VP of (2.1.64) into (2.1.37) gives [9]
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Fig. 2.6 The pinch-off voltage as a function of the gate-to-substrate voltage VGB.
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Q0
IP �Q0

I þ nC0
ox�t ln

Q0
I

Q0
IP

� �
¼ C0

ox VG � VT0 � nVCð Þ: (2:1:66)

Equation (2.1.66) is useful for hand analysis, but the exponential dependence ofQ0
I on

VP in weak inversion precludes (2.1.66) or other expressions based on approximations of
the pinch-off voltage from being used for accurate modeling.

Example 2.6

(a) Estimate VT0 for an n-channel transistor with an n
+ polysilicon gate, NA= 10

17 atoms/
cm3 and tox= 5 nm. (b) Determine the effect of temperature on VT0.

Answer

(a) The flat-band voltage, calculated in Example 2.3, is − 0.98V. Using (2.1.18) with
p0 =NA, ni= 10

10 cm− 3, and �t= 26mV, it follows that �F= 0.419V. C0
ox, calculated

in Example 2.2, is 690 nF/cm2. Therefore, γ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2qεsNA

p
=C0

ox ¼ 0:264
ffiffiffiffi
V

p
.

Using the approximate expression for the threshold voltage in (2.1.63), we obtain

VT0 ffi �0:98þ 0:838þ 0:264
ffiffiffiffiffiffiffiffiffiffiffi
0:838

p
¼ 0:1V:

For this low value of the threshold voltage, the off-current (for VGS = 0) is too high
for digital circuits. The standard solution to control the magnitude of the threshold
voltage without an exaggerated increase in the substrate doping (and of the slope
factor) has been the use of a non-uniform high-low channel doping. A shallow,
p-type implantation for an n-channel is carried out to increase the magnitude of the
depletion charge (and of the threshold voltage), but without significantly increasing
the depletion capacitance (and the slope factor n).

(b) Using (2.1.18), we can rewrite the flat-band voltage calculated in Example 2.3 as
VFB ¼ constant� �F and the threshold voltage, using the approximated expression
in (2.1.63), as VT0 ¼ constantþ �F þ γ

ffiffiffiffiffiffiffiffi
2�F

p
, where the constant is a factor inde-

pendent of temperature and �F ¼ �t ln NA=nið Þ. The intrinsic concentration ni can be
expressed approximately [3] as

n2i ¼ DT3 exp �EG

kT

� �
;

where D is independent of temperature and EG is the silicon bandgap extrapolated to
0K, which is around 1.2 eV. Neglecting the variation of the pre-exponential factor in
the commercial temperature range, we will consider that n2i ¼ C2 exp �EG=ðkTÞ½ �,
with C being independent of temperature. Using the expression above for n2i , we
rewrite the Fermi potential as �F ¼ �t ln NA=Cð Þ þ EG=ð2qÞ and, thus, its tempera-
ture coefficient is

d�F

dT
¼ � 1

T

EG

2q
� �F

� �
:
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Finally,

dVT0

dT
¼ dVT0

d�F

d�F

dT
¼ � 1

T
1þ γffiffiffiffiffiffiffiffi

2�F

p
� �

EG

2q
� �F

� �
:

In this example, dVT0/dT=− 0.7mV/°C. For the sake of simplicity, the dependence
of the silicon bandgap EG on temperature was assumed to contribute negligibly to the
threshold-voltage temperature coefficient.

2.2 A design-oriented MOSFET model

In this section we present an MOS transistor model suitable for integrated-circuit design
[10]. The small-signal parameters of the MOSFET are described by single-piece func-
tions of the forward (IF) and reverse (IR) components of the drain current, and of the slope
factor n. For hand analysis of a MOSFEToperating from weak to strong inversion, n can
be considered constant and the state of the transistor is modeled in a first approximation
by two variables only, namely IF and IR. For a transistor in forward (reverse) saturation
the transistor state is modeled by IF (IR) only. The strong- and weak-inversion regions
are analyzed as asymptotic cases of the single-piece function that describes the overall
device behavior. Sometimes we refer to this design-oriented model as the current-based
model.

2.2.1 Forward and reverse components of the drain current

For the sake of convenience, we rewrite here expressions (2.1.60) and (2.1.61) for the
drain current as

ID ¼ IF � IR ¼ IðVG;VSÞ � IðVG;VDÞ (2:2:1)

with

IF Rð Þ ¼ μnC
0
oxn

W

L

�2
t

2

Q0
IS Dð Þ

nC0
ox�t

 !2

� 2
Q0

IS Dð Þ
nC0

ox�t

2
4

3
5: (2:2:2)

Note that, for a long-channel device, the forward (reverse) current is dependent on both
the gate voltage and the source (drain) voltage, being independent of the drain (source)
voltage. Equations (2.2.1) and (2.2.2) emphasize the source–drain symmetry of the
MOSFET.

Now let us explain how to determine the forward and reverse components of the drain
current from the transistor output characteristics, for the example shown in Figure 2.7 for
a long-channel MOSFET. There is a region, usually called the saturation region, where
the drain current is almost independent of VD. This means that, in saturation, I(VG, VD)≪
I(VG, VS). Therefore, I(VG, VS) can be interpreted as the drain current in forward saturation.
Similarly, in reverse saturation, ID is independent of the source voltage.
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Expression (2.2.2) can be rewritten in the form

q0ISðDÞ ¼ �
Q0

ISðDÞ
nC0

ox�t
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ifðrÞ

q
� 1; (2:2:3)

where q0ISðDÞ is the normalized inversion charge density at the source (drain) and

ifðrÞ ¼
IFðRÞ
IS

¼ I VG;VSðDÞ
� �

IS
(2:2:4)

is the forward (reverse) normalized current or inversion coefficient, at the source (drain),
where

IS ¼ μnC
0
oxn

�2
t

2

W

L
(2:2:5)

is the normalization current, which is four times smaller than its homonym presented in
[7]. The factor ISH ¼ μnC

0
oxn�

2
t =2, herein denominated the sheet normalization current,

is a technological parameter that is slightly dependent on VG, through μn and n. As a rule
of thumb, values of if greater than 100 characterize strong inversion, and the transistor
operates in weak inversion up to if = 1. Intermediate values of if, from 1 to 100, indicate
moderate inversion.

Figure 2.8 shows the normalization current of a long-channel MOS transistor versus
the gate voltage. The variation of the normalization current around its average value is
about ±30% for a gate voltage ranging from 0.6 to 5V.

Using the normalized form of the UCCM,

VP � VSðDÞ ¼ �t q0ISðDÞ � 1þ ln q0ISðDÞ
	 


; (2:2:6)

ID

I(VG,VD)

I(VG,VS)
ID

ID

VS

VG VS

VD

VD

+

++

––

G D
B

S

Fig. 2.7 Output characteristics of a long-channel NMOS transistor for constant VS and VG. Voltages are
referenced to the substrate.
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and (2.2.3), we find the following relationship between normalized currents and
voltages:

VP � VSðDÞ ¼ �t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ifðrÞ

q
� 2þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ifðrÞ

q
� 1

	 
h i
: (2:2:7)

Expression (2.2.7) is a universal relationship for long-channel MOSFETs, which is valid
for any technology, gate voltage, dimensions, and temperature. Owing to its similarity to
the UCCM equation and to the change of variable from charge to current, we will simply
call it the unified current-control model, or the UICM for short.

Example 2.7

(a) Calculate the charge density and the sheet resistance (1=ðμnC0
ox�tÞ) at pinch-off for

an n-channel MOSFET in a 0.35-μm technology for which tox = 7 nm, n = 1.2, and
μn=400 cm

2/V per s at 300K. Assuming that Wmin= 2Lmin, determine the minimum
nominal dimensions of a 1-MΩ resistor operating at zero dc current implemented with
an n-channel MOSFET at (a1) pinch-off and (a2) if = 99. (b) Determine the minimum
nominal dimensions of a current source of 1μA implemented with a saturated n-channel
MOSFET operating at (b1) if =1 and (b2) if = 100.

Answer

(a) The pinch-off charge is nC0
ox�t = 1.2 × (493 nF/cm

2) × 0.026V= 15 nC/cm2. The
sheet resistance 1=ðμnC0

ox�tÞ = 162 kΩ at pinch-off.
(a1) The equivalent resistance of a MOSFET in the linear region (VDS= 0) is

ðL=WÞ=ðμnC0
ox�tÞ. A 1-MΩ resistor requires L/W = 6.17. Since W=Wmin=

0.7 μm, it follows that L= 4.3 μm.
(a2) For if = 99, q0IS ¼ ffiffiffiffiffiffiffiffiffiffiffi

1þ if
p � 1 ¼ ffiffiffiffiffiffiffiffi

100
p � 1 ¼ 9. The equivalent resistance of

the MOSFET is ðL=WÞ=ðμnq0IC0
ox�tÞ ¼ ðL=WÞ � 18kΩ. Thus, L/W=55.5,

withW=0.7μm and L= 38.8μm.
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Fig. 2.8 The normalization current of an NMOS transistor (tox = 280Å, W=L = 25 μm) versus the gate
voltage.
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(b) The forward saturation current of a MOSFET is IF ¼ ðW=LÞISHif. In this example,
the sheet normalization current is ISH ¼ μnC

0
oxn�

2
t =2= 400 × 493 × 1.2 × 10

–9 ×
0.0262/2 = 80 nA. (b1) At if = 1, a current of 1 μA is obtained with W/L = 12.5. The
minimum area for the current source is obtained with L = 0.35 μm and W= 4.4 μm.
(b2) At if = 100, a current of 1 μA is obtained with W/L = 0.125. The minimum area
for the current source is obtained with W= 0.7 μm and L = 5.6 μm.

Example 2.8

Write the UICM for the p-channel device.

Answer

Conventionally, for a p-channel device, the current flows from source to drain. Therefore,
the drain current is written as

ID ¼ IF � IR;

where IF(R) is the forward (reverse) current, which flows from source (drain) to drain
(source). For the p-channel device, the inversion charge densities at source and drain (or
normalized forward and reverse currents) increase for increasing values of the channel
voltage and decreasing values of the gate voltage. Thus, the UICM is written as

VSðDÞ � VP ¼ �t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if ðrÞ

q
� 2þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if ðrÞ

q
� 1

	 
h i
;

where all the potentials are referred to the substrate of the p-channel transistor, which is
usually biased at the highest voltage applied to the circuit. Thus, VS and VD are negative
(or zero) during the normal operation of a p-channel MOSFET. As expected, strong-
inversion operation in p-MOSFETs occurs for VS � VP ffi VS � ðVG � VT0Þ=n � �t.
It should be noted that, for an enhancement-mode p-MOSFET, the threshold voltage VT0

is negative. For VSB= 0, the source is in the threshold condition when the gate-to-
substrate voltage is equal to VT0. Strong inversion in p-channel transistors occurs for a
sufficiently negative value of the voltage VG.

2.2.2 Universal dc characteristics

Figure 2.9 shows the common-gate characteristics of a MOSFET, which are plots of
the drain current in saturation versus VS at constant VG. The semi-log plot exhibits a
low-current region characterized by a straight line associated with the exponential
dependence of the current on the source voltage. For higher currents the strong-inversion
current follows approximately a parabolic behavior. The curve knee represents the
moderate-inversion region.

Figure 2.10 shows the common-source characteristics of the MOSFET employed to
obtain the data in Figure 2.9. As in Figure 2.9, one identifies the weak-inversion region,
characterized by the exponential dependence of the drain current on the gate voltage, and
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the curve knee, which is associated with moderate inversion. The application of (2.2.6) to
the source and drain terminals allows us to eliminate VP and write a universal relationship
for the MOSFET output characteristics as

VDS

�t
¼ q0IS � q0ID þ ln

q0IS
q0ID

� �
(2:2:8)

or

VDS

�t
¼ ffiffiffiffiffiffiffiffiffiffiffi

1þ if
p �

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ir

p
þ ln

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ir

p � 1

 !
: (2:2:9)
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Fig. 2.9 Common-gate characteristics of an NMOS transistor (tox = 280Å, W=L= 25 μm) in saturation
(VG= 0.8, 1.2, 1.6, 2.0, 2.4, 3.0, 3.6, 4.2, and 4.8V): (––) simulated and (○) measured data. Plots of
(a) log ID versus source voltage and (b) the square root of ID versus source voltage.
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Expression (2.2.9) demonstrates that the normalized output characteristics of a long-
channel MOSFET are independent of technology and transistor dimensions, corroborat-
ing again the universality and consistency of the transistor model that has been derived.
In Figure 2.11 we compare the measured output characteristics, for several gate voltages,
and the curves obtained by using (2.2.9). Once again, the measured results agree quite
well with the theoretical model.
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Fig. 2.10 Common-source characteristics of an NMOS transistor (tox = 280Å, W=L = 25 μm) in saturation
(VS = 0, 0.5, 1.0, 1.5, 2.0, 2.5, and 3.0V): (––) simulated and (○) measured data.

1.2

a b c d e f

0.8

0.4

0
0 20 40 60 80 100 120

I D
/I

F

VDS /φt

Fig. 2.11 Normalized output characteristics of an NMOS transistor (tox=280Å,W=L=25μm). IF has been
measured for VD=VG and VS=0: (○) measured data and (––) calculated from [10]. (a) if=4.5 × 10

–2

(VG=0.7V). (b) if=65 (VG=1.2V). (c) if=9.5× 10
2 (VG=2.0V). (d) if=3.1× 10

3 (VG=2.8V).
(e) if=6.8× 10

3 (VG=3.6V). (f ) if=1.2 × 10
4 (VG=4.4V).
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Now, we define VDSsat, which is the value of VDS at which the ratio q0ID=q
0
IS ¼ ξ, where

ξ is an arbitrary number much smaller than unity. As we shall see, this definition of
saturation is extremely practical for long-channel MOSFETs, since the ratio of the
inversion charge density at the drain to that at the source coincides with the ratio of the
transistor conductance at an arbitrary VDS to that determined for VDS= 0. Note that 1 − ξ
represents the saturation level of the MOSFET. If ξ→ 1, the transistor is operating in the
linear region, or close toVDS=0. If ξ→ 0, the current tends to saturate or, in other words, the
saturation level tends to be maximum. From (2.2.8) and q0ID=q

0
IS ¼ ξ, we have

VDSsat ¼ �t ln
1

ξ

� �
þ 1� ξð Þ ffiffiffiffiffiffiffiffiffiffiffi

1þ if
p � 1
� �� �

: (2:2:10)

The definition in (2.2.10) is extremely useful for circuit design since it gives the
boundary between the triode and saturation regions in terms of the inversion level. In
Figure 2.12 we present the theoretical drain-to-source saturation voltage for two values
of ξ. Note that, in weak inversion, VDSsat (of the order of 4.5�t for ξ= 0.01) is independent
of the inversion level, whereas in strong inversion it is proportional to the square root of
the inversion level. Our definition of saturation is arbitrary but gives designers a very
good first-order approximation of the minimum VDS required to keep the MOSFET in the
“constant-current region.”

2.2.3 MOSFET operation in weak and strong inversion

The different modes of operation of the MOS transistor can be defined according to the
difference between the values of the source or drain voltage and the pinch-off voltage or,
equivalently, according to the ratio of the source or drain inversion charge density to the
pinch-off inversion charge density.
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Fig. 2.12 Drain-to-source saturation voltage versus inversion coefficient, calculated for ξ= 0.1 and ξ= 0.01.
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Roughly speaking, weak inversion (WI) is a condition for which �Q0
I
5nC0

ox�t,
whereas, for strong inversion (SI), �Q0

I � nC0
ox�t. The UCCM of (2.1.37) reduces to

�t ln
Q0

I

Q0
IP

� �
¼ VP � VC þ �t (2:2:11)

or

Q0
I ¼ Q0

IPe
VP�VCþ�tð Þ=�t (2:2:12)

for WI, with VP � VC50.
On the other hand, for SI, VP � VC � �t, and the UCCM becomes

�Q0
I ¼ nC0

ox VP � VCð Þ: (2:2:13)

Expressions (2.2.12) and (2.2.13) are the well-known exponential and linear charge
regimes for WI and SI, respectively.

The charge-based current expression (2.1.57) can also be simplified. In WI, the
quadratic terms in the charges can be neglected and (2.1.57) reduces to

ID ¼ � μnW
L

�t Q0
IS �Q0

ID

� �
: (2:2:14)

Combining (2.2.12) and (2.2.14) yields [7]

ID ¼ I0 e VP�VSð Þ=�t � e VP�VDð Þ=�t

	 

¼ I0e

VP�VSð Þ=�t 1� e�VDS=�t

	 

; (2:2:15)

where

I0 ¼ μn
W

L
nC0

ox�
2
t e

1: (2:2:16)

The drain saturation voltage is the drain voltage at which the reverse current becomes
arbitrarily smaller than the forward current. In WI, the current for constant VG and VS

saturates for VDS44�t at a value equal to

ID ¼ I0e
VP�VSð Þ=�t ffi I0e

VG�VT0ð Þ=n�t e�VS=�t : (2:2:17)

TheWI characteristics of a long-channel MOSFETare summarized in Figure 2.13 [11].
The rate of change of the drain current is one decade per 2.3n�t of gate-voltage variation
and one decade per −2.3�t (around −58mV at 20 °C) of source-voltage variation. The
output characteristics in WI saturate for a drain-to-source voltage around 4�t, or around
100mVat 20 °C.

In SI, the linear terms in the charges in (2.1.57) can be dropped; in this case, the drain
current becomes

ID ¼ μnW
L

Q02
IS �Q02

ID

2nC0
ox

� �
: (2:2:18)
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Combining (2.2.13) and (2.2.18) yields

ID ¼ μnC
0
oxn

W

2L
VP � VSð Þ2 � VP � VDð Þ2

h i
: (2:2:19)

Equation (2.2.19) shows once again the source–drain symmetry of the transistor, in
contrast to classical SI textbook formulas that do not preserve the structural and, conse-
quently, electrical symmetry of the device. The reader should be advised against using
expression (2.2.19) when the terms in parentheses for an n (p)-channel transistor are less
(greater) than zero. If, for example, VP � VD50 for an NMOS transistor and the source
is strongly inverted, one calculates the current using (2.2.19) with VP � VD ¼ 0. In
strong inversion, the value of the current tends to saturate when the second term in
(2.2.19) becomes much smaller than the first term, i.e., VD 	 VP or, equivalently,
VD 	 VG � VT0ð Þ=n. In this case, the drain current becomes

ID ffi μnC
0
oxn

W

2L
VP � VSð Þ2 ffi μnC

0
ox

W

2nL
VG � VT0 � nVSð Þ2: (2:2:20)

For n= 1 (negligible body effect), (2.2.20) is converted into the classical textbook
expression for the saturated MOSFET, i.e.

ID ¼ μnC
0
ox

W

2L
VG � VT0 � VSð Þ2 ¼ μnC

0
ox

W

2L
VGS � VT0ð Þ2: (2:2:21)

2.2.4 Small-signal transconductances

At low frequencies, the variation of the drain current due to small variations in the gate,
source, and drain voltages is

ΔID ¼ gmg ΔVG � gms ΔVS þ gmd ΔVD þ gmb ΔVB; (2:2:22)

where

gmg ¼ ∂ID
∂VG

; gms ¼ � ∂ID
∂VS

; gmd ¼ ∂ID
∂VD

; gmb ¼ ∂ID
∂VB

(2:2:23)

are the gate, source, drain, and bulk transconductances, respectively.
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Fig. 2.13 Forward characteristics in weak inversion (adapted from [11]).
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When the variation of the gate, source, drain, and bulk voltages is the same, ΔID= 0.
Therefore, we can conclude that

gmg þ gmd þ gmb ¼ gms: (2:2:24)

Thus, three transconductances are enough to characterize the low-frequency small-
signal behavior of the MOSFET.

Applying the definitions of source and drain transconductances in (2.2.23) to the
Pao–Sah drain-current formula (2.1.51) results in

gmsðdÞ ¼ �μn
W

L
Q0

ISðDÞ: (2:2:25)

Using (2.2.25) and expression (2.2.3), which gives the relationship between inver-
sion charge and inversion level, the source and drain transconductances can be
expressed as

gmsðdÞ ¼ 2IS
�t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ifðrÞ

q
� 1

	 

: (2:2:26)

The above expression for the transconductance is very useful for circuit design
because it is very compact, is valid for any inversion level, and uses easily measurable
parameters. Moreover, (2.2.26) is a universal relationship for MOSFETs. The only
technology-dependent parameter in (2.2.26) is the normalization current, which depends
on the transistor aspect ratio as well. It can be shown (see Problem 2.4) that

gmg ¼ gms � gmd

n
: (2:2:27)

Equation (2.2.27) gives the conventional (gate) transconductance in terms of the
source and drain transconductances. For a long-channel MOSFET in saturation ir≪ if ;
consequently, gmgffi gms/n.

Figure 2.14 compares measured and simulated values of both source and gate trans-
conductances of a long-channel transistor in saturation, thus demonstrating the satisfac-
tory accuracy of the proposed model. It can be noted that all the above calculated
transconductances approximate to their well-known asymptotic values in weak and
strong inversion [7]. For instance, deep in weak inversion, that is, for if≪ 1,

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p
can be approximated by 1 + if /2. Therefore, gms tends toward its expected value, IF/�t. On
the other hand, in very strong inversion, gms is proportional to √IF since if is much greater
than unity.

An important design parameter in analog circuits is the transconductance-to-current
ratio (gm/ID), a measure of the efficiency of translation of current (power) into transcon-
ductance (speed); thus, speed per unit power consumed. gm/ID gives an indication of the
inversion level, is strongly related to the performance of a circuit, and provides a tool for
calculating transistor dimensions [12]. In the following we will demonstrate that this
design parameter can be expressed in terms of a normalized saturation current.

The substitution of IS for IF/if in (2.2.26) allows one to write the ratio of the source
(drain) transconductance to the forward (reverse) saturation current as
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gmsðdÞ�t

IFðRÞ
¼ 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ifðrÞ
p þ 1

: (2:2:28)

Equation (2.2.28) is a universal expression for MOS transistors, as is the
transconductance-to-current ratio for bipolar transistors. Expression (2.2.28) allows
designers to compute the available transconductance-to-current ratio in terms of the
inversion level if.

The universality of expression (2.2.28) is confirmed in Figures 2.15 and 2.16, where
measured and simulated current-to-transconductance ratios are plotted for various tech-
nologies and channel lengths. All the measurements were taken in saturation, where
IDffi IF, and are in close agreement with the model we have developed.

Using lower-case symbols to represent dynamic quantities, we rewrite (2.2.22) as

id ¼ gmgvg � gmsvs þ gmdvd þ gmbvb: (2:2:29)
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Fig. 2.14 (a) Source transconductance (VG= 0.8, 1.2, 1.6, 2.0, 2.4, 3.0, 3.6, 4.2, and 4.8V) and (b) gate
transconductance (VS = 0, 0.5, 1.0, 1.5, 2.0, 2.5, and 3.0V) of an NMOS transistor with tox = 280Å
and W=L = 25 μm: (–) simulated curves and (○) measured curves.
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Fig. 2.15 Plots of gms/IF of NMOS transistors for various technologies (W=L = 25 μm for tox = 280Å,
W = 25 μm and L = 20 μm for tox = 55Å; VGB= 2V).
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Fig. 2.16 Plots of gms/IF of NMOS transistors with various channel lengths (W= 25 μm, tox = 280Å, and
VGB= 2V).
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Fig. 2.17 The low-frequency small-signal model of the MOSFET.
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The low-frequency small-signal model of theMOSFET that corresponds to expression
(2.2.29) is represented in Figure 2.17 (see Appendix A2.4 for an alternative low-
frequency model). The long-channel transconductances gms and gmd are given by
(2.2.28), while gmg is determined from (2.2.27). The bulk transconductance is calculated
from (2.2.24) and (2.2.27), yielding

gmb ¼ n� 1ð Þgmg: (2:2:30)

2.3 Dynamic MOSFET models

The charge stored in an MOS transistor cannot be modeled by the charge stored in a set
of two-terminal reciprocal capacitors (of maximum number equal to six) connected
between the four terminals of the device. For a non-reciprocal device such as the
MOSFET, the two-terminal capacitor model is inappropriate. This is because for a
four-terminal device nine independent coefficients are necessary in order to model the
relationships among three independent voltages and currents, and only six two-terminal
reciprocal capacitances can be defined.

To obtain consistent solutions for the transient currents, the current entering each
terminal of the transistor is split into a transport component (IT) and a capacitive-charging
term, which contributes to the total charge associated with each terminal. Thus, for the
drain current, for example, we write

IDðtÞ ¼ ITðtÞ þ dQD

dt
: (2:3:1)

To calculate the stored charges, we assume that the charge stored in the transistor is
dependent only on the instantaneous terminal voltages and not on their past variation.
Clearly this approximation fails for rapid changes in the terminal voltages because the
charge distribution in the channel cannot follow the terminal voltages instantaneously
owing to the distributed nature of the channel.

2.3.1 Stored charges

The definitions of gate and bulk stored charges are unambiguous, but the definition of
source and drain stored charges used to be somewhat controversial, because they are not
necessarily the charges that physically enter into the (source and drain) terminals. The
definitions below [13], for source and drain stored charges,

QS ¼ W

ðL
0

1� y

L

	 

Q0

I dy (2:3:2)

and

QD ¼ W

ðL
0

y

L
Q0

I dy; (2:3:3)
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respectively, are now widely accepted because they give the same values for the charging
currents as those resulting from the integration of the continuity equation.

As expected,

IDðtÞ � ISðtÞ ¼ dQD

dt
þ dQS

dt
¼ dQI

dt
; (2:3:4)

where IS(t) is the source current and

QI ¼ W

ðL
0

Q0
I dy (2:3:5)

is the total inversion charge stored in the channel. The difference between the drain and
source currents is exactly the amount required to change the inversion charge in the
channel. The symmetry of the expressions for the drain- and source-associated charges is
self-evident.

Concerning the transient gate and bulk charges, the (leakage) transport current is
usually neglected, and in this case the transient currents reduce to the charging
currents

IGðtÞ ¼ dQG

dt
(2:3:6)

and

IBðtÞ ¼ dQB

dt
; (2:3:7)

where

QG ¼ W

ðL
0

Q0
G dy;

QB ¼ W

ðL
0

Q0
B dy:

(2:3:8)

The stored charges given by expressions (2.3.2), (2.3.3), and (2.3.8) are easily
calculated by changing the integration variable from length y to inversion charge density
Q0

I. On substituting the basic approximation (2.1.55) into expression (2.1.54) for the
charge-sheet drain current, we have

dy ¼ � μnW
nC0

oxID
Q0

I � nC0
ox�t

� �
dQ0

I; (2:3:9)

which can readily be used to calculate the integrals for the total charges. It is convenient
to define a new variable

Q0
It ¼ Q0

I � nC0
ox�t: (2:3:10)

Since n is constant along the channel (it is dependent only on VGB),

dQ0
It ¼ dQ0

I (2:3:11)
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and (2.3.9) may be rewritten as

dy ¼ � μnW
nC0

oxID
Q0

It dQ
0
It: (2:3:12)

Substituting (2.3.10) and (2.3.12) into (2.3.5) yields

QI ¼ � μnW
2

IDnC
0
ox

ðQ0
R

Q0
F

Q0
It þ nC0

ox�t

� �
Q0

It dQ
0
It

" #
; (2:3:13)

where

Q0
FðRÞ ¼ Q0

ISðDÞ � nC0
ox�t: (2:3:14)

The integration of (2.3.13) and the substitution of ID by its value calculated in terms of
Q0

F and Q0
R yields

QI ¼ WL
2

3

Q02
F þQ0

FQ
0
R þQ02

R

Q0
F þQ0

R

þ nC0
ox�t

� �
; (2:3:15)

which is similar to the conventional expression for the charge in strong inversion, except
for the rightmost term. We can rewrite (2.3.15) as an explicit function of the inversion
charge densities at source and drain as

QI ¼ WL
ð2=3ÞðQ02

IS þQ0
ISQ

0
ID þQ02

IDÞ � nC0
ox�tðQ0

IS þQ0
IDÞ

Q0
IS þQ0

ID � 2nC0
ox�t

: (2:3:16)

The two expressions above give the total channel charge in all inversion regions. Let us
now interpret two very simple cases of transistor operation. Deep in strong inversion, the
terms in (2.3.16) containing the thermal charge nC0

ox�t are negligible and in saturation
Q0

ID ffi 0. Consequently, QI ¼ 2=3ð ÞWLQ0
IS, which is the classical result for the charge

in SI saturation. Deep in weak inversion, the quadratic terms are negligible because
Q0

I

�� ��� nC0
ox�t. Thus, (2.3.16) reduces to

QI ¼ WL
Q0

IS þQ0
ID

2
: (2:3:17)

Things are very simple in weak inversion: the total charge is proportional to the
average charge density in the channel. In fact, for a diffusion-only current, the gradient
of the charge in the channel is constant.

The derivation of the source- and drain-associated inversion charges is shown in
Appendix A2.2, and the calculation of the bulk and gate charges is left as an exercise.

2.3.2 Capacitive coefficients

Since we express all chargesQj ( j=G, S,D, B) in terms of the instantaneous values of the
terminal voltages, by applying the chain rule of differentiation we obtain the expression
for the charging currents as
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dQj

dt
¼ ∂Qj

∂VG

dVG

dt
þ ∂Qj

∂VS

dVS

dt
þ ∂Qj

∂VD

dVD

dt
þ ∂Qj

∂VB

dVB

dt
: (2:3:18)

The four-by-four matrix of the MOSFET intrinsic capacitances for quasi-static opera-
tion is defined by

Cjk ¼ � ∂Qj

∂Vk

����
0

; j 6¼ k; (2:3:19)

Cjj ¼ ∂Qj

∂Vj

����
0

; (2:3:20)

where Qj can be any one of the charges QS, QD, QB, and QG, and Vj and Vk can be any
of the voltages VS, VD, VB, and VG. The notation “0” indicates that the derivatives are
calculated at the bias point. The term Cjk can be interpreted as a mutual capacitance. Cjk

determines the current transferred out of node j because of a voltage change on node k, all
the other node voltages remaining constant.

Because the MOSFET is an active device, the capacitances Cjk are non-reciprocal, that
is, in general, Cjk ≠Ckj for j ≠ k. Only 9 of the 16 capacitive coefficients are linearly
independent, due to charge conservation and the fact that only three voltage differences
from four terminal voltages can be chosen independently.

From the expressions for theMOSFETcharges, we can derive explicit formulas for the
capacitive coefficients in (2.3.19) and (2.3.20). The use of the normalized inversion
charges q0ISðDÞ ¼ Q0

ISðDÞ=ð�nC0
ox�tÞ and of the linearity coefficient2 α ¼ Q0

R=Q
0
F gives

us the simple expressions for the capacitive coefficients in Table 2.1 [2].

Table 2.1 A complete set of nine capacitive coefficients for the intrinsic MOSFET

Cgs ¼ 2

3
Cox

1þ 2α

1þ αð Þ2
q0IS

1þ q0IS
Cgd ¼ 2

3
Cox

α2 þ 2α

1þ αð Þ2
q0ID

1þ q0ID

CbsðdÞ ¼ ðn� 1ÞCgsðdÞ Cgb ¼ Cbg ¼ n� 1

n
ðCox � Cgs � CgdÞ

Csd ¼ � 4

15
nCox

αþ 3α2 þ α3

1þ αð Þ3
q0ID

1þ q0ID

Cds ¼ � 4

15
nCox

1þ 3αþ α2

1þ αð Þ3
q0IS

1þ q0IS

Cdg � Cgd ¼ Cm ¼ ðCsd � CdsÞ=n

2 The value of α indicates the degree of linearity of the profile of the inversion charge density along the channel.
Note that αffi 1 for weak inversion or when VDS→ 0, whereas in strong-inversion saturation α→ 0 [14].
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The symmetry between the source and drain terminals is apparent in the formulas
of Table 2.1. Interchanging the source and drain terminals corresponds to exchanging α
for 1/α and q0ISðDÞ for q

0
IDðSÞ. For VDS = 0, q0IS ¼ q0ID and α = 1; consequently Cjk =Ckj.

However, the capacitive coefficients are non-reciprocal in the general case. The asymptotic
cases of strong and weak inversion are readily obtained from the formulas of Table 2.1.

In SI, q0ISðDÞ � 1; consequently q0ISðDÞ= 1þ q0ISðDÞ
	 


’ 1, and we re-encounter the con-

ventional expressions for the capacitive coefficients in SI. In WI α ffi 1, 1þ q0ISðDÞ ffi 1,
and we obtain, for example, Cgs dð Þ ¼ Coxq

0
ISðDÞ=2.

The small-signal schematic diagram of Figure 2.18, which comprises five capaci-
tances, three transcapacitances, and three transconductances, preserves the inherent
symmetry of the MOSFET.

The shapes of the curves of the capacitances as functions of the gate-to-bulk voltage in
Figure 2.19 can be understood as follows. For low-values of VG, the only relevant
capacitance is Cgb, because the channel charge is very small and, consequently, capaci-
tances Cgs and Cgd are negligible. At the transition between weak and strong inversion
Cgs increases sharply because the channel charge increases rapidly with the gate voltage
and becomes dominant over the depletion charge. Capacitance Cgd remains negligible
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dvdbgmdvdb Csd dt
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dvgbgmgvgb Cm dt
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dvsbgmsvsb Cds dt
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Fig. 2.18 The simplified small-signal MOSFET model.
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Fig. 2.19 Capacitances Cgs, Cgd, Cgb, Cbs, and Cbd for VDS= 1V.
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since the transistor operates in saturation and the drain voltage has no significant effect on
the channel charge. Finally, for high values of the gate voltage the transistor enters the
linear region and the two capacitances Cgs and Cgd approach asymptotically the same
value of half of the total gate capacitance. In strong inversion Cgb is negligible because
the channel charge screens the bulk from the variation in the gate voltage.

2.3.3 Capacitances of the extrinsic transistor

The charge storage in the extrinsic parts (Figure 2.20) of the MOS transistor can be
modeled with up to six capacitances, one between each pair of terminals (Figure 2.21).
The unavoidable overlap between the gate and the source and drain diffusions generates
the overlap capacitances. In parallel with the overlap capacitances, the outer fringing and
top capacitances must be included. Fringing capacitances are particularly important for
small-dimension devices. The substrate–source and substrate–drain junctions must also
be modeled by the non-linear diode capacitances. The very small drain-to-source proxi-
mity capacitance can usually be neglected and the extrinsic gate-to-bulk capacitance can
be incorporated into the gate wiring capacitance. Amore complete model for the extrinsic
part should include parasitic resistances as well.

2.3.4 A non-quasi-static small-signal model

A complete non-quasi-static (NQS) model suitable for very-high-frequency operation
can be derived by solving the continuity equation coupled with the transport equation.
Solving the two equations using an iterative procedure, we obtain the values of the

overlap overlap

tpoly

n+n+

p

dj

L

W

tox

(a)

(b)

Intrinsic part

Fig. 2.20 (a) Cross section and (b) top view of the idealized MOS transistor showing the intrinsic and
extrinsic parts (adapted from [15]).
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NQS time constants [2] given in Table 2.2. The first-order small-signal NQS model in
Figure 2.22 is a simplified model that includes only the main time constants.

From the expressions in Tables 2.1 and 2.2, it can be readily verified that

CsdðdsÞ ¼ �gmdðsÞτ1; Cm ¼ Cdg � Cgd ¼ Cgs � Csg ¼ gmgτ1: (2:3:21)

Some comments are in order for the first-order NQS small-signal model of the MOS
transistor in Figure 2.22. (i) Under low-frequency operation (ωτ1≪ 1) the circuit in
Figure 2.22 reduces to the conventional three-transconductance, five-capacitance model
shown in Figure 2.23. (ii) For frequencies such that (ωτ1)

2≪ 1, the voltage-controlled
current sources are represented not only by transconductances but also by additional
terms corresponding to transcapacitances, as in Figure 2.18; also, the capacitive compo-
nents are equivalent to series connections of a capacitor and a resistor. To give an
example, let us calculate the admittance ygs =−ig/vs. Keeping all the voltages constant
except the source voltage, we calculate the admittance as

ygs ¼ � jωCgs

1þ jω τ1 � τ2ð Þ ! � 1

ygs
¼ 1

jωCgs
þ τ1 � τ2

Cgs
: (2:3:22)
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Fig. 2.21 Extrinsic transistor capacitances (adapted from [15]).

Table 2.2 Time constants of the NQS MOSFET model

τ1 ¼ τ
1þ q0IS

4

15

1þ 3αþ α2

1þ αð Þ3

τ2 ¼ τ
1þ q0IS

1

15

2þ 8αþ 5α2

ð1þ αÞ2ð1þ 2αÞ τ3 ¼ τ
1þ q0IS

1

15

5þ 8αþ 2α2

ð1þ αÞ2ð2þ αÞ

τ ¼ L2

μ�t
q0ISðDÞ ¼ �

Q0
ISðDÞ

nC0
ox�t

α ¼ 1þ q0ID
1þ q0IS
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Therefore, the component seen between gate and source is equivalent to a series
association of a capacitor Cgs and a resistor with a value equal to (τ1 − τ2)/Cgs. Of course,
the series resistance is not relevant for low and moderate frequencies, but it can play an
important role for high-frequency operation. (iii) For frequencies such that ωτ1 is of the
order of 1 or higher, the model in Figure 2.22 is no longer valid. For the purpose of
simulation for fast signal variation, the designer can consider the transistor as consisting
of N equal series-connected channel segments [2], with the length of each segment being
smaller than a value that ensures the inequality ωτ1≪ 1. With the exception of the
extreme segments, each segment consists only of the intrinsic parts.

Example 2.9

Find an expression for the resistance in series with capacitance Cgs of the NQS small-
signal MOSFET model in terms of the drain current for strong-inversion saturation.

B

G

DS
Cgb

1+ jω (τ1− τ2)
Cgs

1+ jω (τ1− τ3)
Cgd

1+ jω (τ1− τ3)
Cbd

1+ jωτ1

gmsvsb

1+ jωτ1

gmdvdb

1+ jωτ1

gmgvgb

1+ jω (τ1− τ2)
Cbs

Fig. 2.22 The simplified high-frequency MOSFET model.
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Fig. 2.23 The quasi-static small-signal MOSFET model.
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Answer

From Table 2.1 we have

Cgs ¼ 2

3
Cox

1þ 2α

1þ αð Þ2
q0IS

1þ q0IS
with α ¼ q0ID þ 1

q0IS þ 1
:

In SI saturation q0IS � 1 and q0ID ! 0; thus, α→ 0 and

Cgs ffi 2

3
Cox ¼ 2

3
C0

oxWL:

From the expressions for τ1 and τ2 in Table 2.2,

τ1 ¼ τ
1þ q0IS

4

15

1þ 3αþ α2

1þ αð Þ3 ffi τ
q0IS

4

15
¼ L2= μ�tð Þffiffiffiffiffiffiffiffiffiffiffiffi

ID=IS
p 4

15
¼ 4

15

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
WL3nC0

ox

2μID

s
;

τ2 ffi τ
1þ q0IS

2

15
¼ τ1

2
:

The equivalent resistance in series with Cgs is

Rgs ¼ τ1 � τ2
Cgs

¼ τ1
2Cgs

¼ 4

2 � 15

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
WL3nC0

ox

2μID

s
1

ð2=3ÞWLC0
ox

¼ 1

5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ln

2μWC0
oxID

s
¼ 1

5

n

gms
¼ 1

5gmg
:

2.3.5 A quasi-static small-signal model

When the operating frequency is such that ωτ1≪ 1, it follows that ωτ2(3)≪ 1 and the
NQS model of Figure 2.22 reduces to the classic five-capacitor model of Figure 2.23. An
alternative derivation of the schematic diagram of Figure 2.23 can be obtained from the
complete capacitive model of Figure 2.18, considering sinusoidal steady-state operation.
In effect, for ωτ1≪ 1 it follows from (2.3.21) that the component of the drain current
with magnitude equal to ωCmvGB is much smaller than gmvgb and likewise −ωCsdvdb and
−ωCdsvsb are much smaller than gmdvdb and gmsvsb, respectively. The quasi-static model
of Figure 2.23 will be used extensively in this book to calculate the frequency responses
of circuits.

Example 2.10

(a) Determine ID, VDSsat, and the (quasi-static) small-signal parameters of a saturated
n-channel MOSFET operating at (a1) if = 3 and (a2) if = 99 with VSB = 0. The transistor
dimensions are W = 10 μm and L = 1 μm and it is built on the basis of a 0.35-μm
technology in which tox= 7 nm, n= 1.2, and μn = 400 cm

2/V per s at 300K. (b) Deter-
mine an upper frequency limit for the validity of the models the parameters of which
were calculated in (a).
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Answer

(a) The technological parameters are the same as in Example 2.7; thus,C0
ox = 493 nF/cm

2

and ISH ¼ μnC
0
oxn�

2
t =2 = 80 nA. Of the three transconductances and five capaci-

tances of the model in Figure 2.23, only gm, Cgs, andCgbmust be considered. In effect,
becauseVSB= 0 the currents associatedwith gms andCbs are zero. Additionally, gmd=0,
Cgd= 0 and Cbd= 0 since the transistor is saturated.3

The saturation drain current is given by IF= (W/L)ISHif, whereas VDSsat, which
is given by (2.2.10), is VDSsat ffi �t 3þ ffiffiffiffiffiffiffiffiffiffiffi

1þ if
p� �

when we adopt 1=ξ ffi 55. The
transconductance, which is obtained by combining (2.2.26) and (2.2.27), is gmg ¼
½2IS=ðn�tÞ�

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1
� �

(note that gmd→ 0) and the small-signal capacitances are
obtained by taking the expressions of Table 2.1:

Cgs ¼ 2

3
Cox

1þ 2α

1þ αð Þ2
q0IS

1þ q0IS
; Cgb ¼ n� 1

n
ðCox � Cgs � CgdÞ;

where

Cox ¼ WLC0
ox ¼ 49 fF;

α ¼ q0ID þ 1

q0IS þ 1
¼ 1

q0IS þ 1
;

q0IS ¼ � Q0
IS

nC0
ox�t

¼ ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1:

(a1) From the above formulas we have, for if= 3,

ID ¼ IF ¼ ðW=LÞISHif ¼ 10
 80
 10�9 
 3 ¼ 2:4 μA;

VDSsat ffi �t 3þ ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p� � ¼ 26
 10�3 
 ð3þ 2Þ ¼ 130mV;

q0IS ¼ ffiffiffiffiffiffiffiffiffiffiffi
1þ 3

p � 1 ¼ 1;

α ¼ 1

1þ 1
¼ 0:5;

gmg ¼ 2
 10
 80
 10�9

1:2
 0:026
¼ 51 μA=V;

Cgs ¼ 2

3
49
 10�15 1þ 1

1þ 0:5ð Þ2
1

1þ 1
¼ 14:5 fF;

Cgb ¼ 0:2

1:2
ð49� 14:5� 0Þ 
 10�15 ¼ 5:75 fF:

3 Even though the transistor channel is not long, we have assumed that gmd, Cgd, and Cbd, which are controlled
by the drain voltage, are equal to zero in saturation.
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(a2) For if = 99 we have

ID ¼ 79 μA;

VDSsat ¼ 338mV;

q0IS ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 99

p � 1 ¼ 9;

α ¼ 1

1þ 9
¼ 0:1;

gmg ¼ 2
 10
 80
 10�9

1:2
 0:026

 9 ¼ 461 μA=V;

Cgs ¼ 2

3
49
 10�15 1þ 0:2

1þ 0:2ð Þ2
9

10
¼ 24:5 fF;

Cgb ¼ 0:2

1:2
ð49� 24:5� 0Þ 
 10�15 ¼ 4:1 fF:

On comparing (a1) and (a2), we observe that an increase in the current by a factor
of 33 increases the transconductance only by a factor of 9, due to the reduced
amplifying efficiency of the transistor operating at the upper limit of moderate
inversion.

(b) The NQS time constant is

τ1 ¼ τ
1þ q0IS

4

15

1þ 3αþ α2

1þ αð Þ3 ; τ ¼ L2

μ�t
¼ 10�8

400
 0:026
¼ 961 ps:

For if = 3, τ1 = 104 ps and fmax = [1/(2πτ1)]/10 = 153MHz. For if = 99, τ1 = 25 ps and
fmax = [1/(2πτ1)]/10 = 636MHz.

2.3.6 The intrinsic transition frequency

An important figure of merit for a MOSFET is the unity-gain or intrinsic cut-off
frequency, defined as the frequency at which the short-circuit current gain in the common-
source configuration (Figure 2.24) drops to 1. Using the quasi-static model of Figure 2.23,
we obtain the three-capacitor model of Figure 2.24. In effect, since the only non-constant
voltage is VG, only capacitances connected to the gate or current sources controlled by
VG may be considered. For a saturated transistor, the intrinsic Cgd= 0. Small-signal

ig
ig

id

vg
Cgs+ Cgb

Cgd

gmvg
+

–id

Fig. 2.24 A conceptual circuit for the definition of the intrinsic transition frequency and small-signal
equivalent circuit.
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analysis of the equivalent circuit in Figure 2.24 gives the intrinsic cut-off frequency of a
MOSFET as

fT ¼ gmg

2π Cgs þ Cgb

� � ¼ gms

2πn Cgs þ Cgb

� � : (2:3:23)

For the sake of simplicity we assume for the time being that the sum of the gate-to-
source and gate-to-bulk capacitances is independent of bias. This approximation is quite
acceptable since n is a slowly varying function of bias and Cgs is a negligible fraction of
Cox in weak inversion and (2/3)Cox in strong inversion. Thus, using Cgs þ Cgb ’
Cox=2 ¼ ð1=2ÞWLC0

ox, without significant loss of accuracy, fT can be approximated by

fT ffi μ�t

2πL2
2

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1
� �

(2:3:24)

for any inversion level.

Example 2.11

Determine the inversion level for which the transition frequency of a minimum (nominal)-
length NMOS transistor in the 0.35-μm technology is 10GHz at room temperature.

Answer

Assuming that n= 1.2 and μn= 400 cm
2/V per s at 300K, it follows from (2.3.24) that

if ¼ ½1þ πL2fT=ðμn�tÞ�2 � 1 ¼ 21. Thus, operation in moderate inversion can be con-
sidered for designing, for example, an amplifier at 1 GHz.

2.4 Short-channel effects in MOSFETs

In the previous sections we considered the MOSFET to be long and wide. We also
assumed the mobility to be independent of the electric field. Here we include the effects
of both the mobility variation with the transverse field and velocity saturation on the drain
current as well as other physical effects such as channel-length modulation (CLM) and
drain-induced barrier lowering (DIBL) [2].

2.4.1 Effective mobility

The mobility is determined by several scattering mechanisms through which the carriers
exchange momentum (and kinetic energy) with the semiconductor. In MOS transistors,
the carriers flow near the interface of the semiconductor with the oxide, and extra
scattering mechanisms at the interface lower the mobility of the carriers of the inversion
layer (surface mobility) to values of the order of half of the bulk mobility.

The mobility is dependent on the electric-field component perpendicular to the current
flow (transversal field), which can concentrate the carriers near the surface and subject
them to additional scattering. As for the transport in the semiconductor bulk, the velocity
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of surface carriers saturates for high electric fields in the direction of the current flow
(longitudinal field).

The usual procedure employed to include mobility variation in compact modeling is to
substitute for the constant mobility in the drain-current equation an effective mobility,
which is dependent on the applied voltages. A classical approximation assumes that the
mobility results from the combination of bulk mobility and surface mobility, which is
assumed to be inversely proportional to the transverse field.

For the sake of simplicity, we can use the average value of the transverse field along the
channel to define the effective mobility in the channel as

μeff ¼
μ0

1� αθ
Q0

BS þ �Q0
IS

2εs
þQ0

BD þ �Q0
ID

2εs

� � ; (2:4:1)

where μ0, the low-field mobility, and αθ, the scattering constant, are considered as fitting
parameters. The terms in the denominator of (2.4.1) account for the “average” bulk and
inversion charges along the channel. The value of η would be 1/2 for a uniform electron
concentration across the thickness of the inversion layer. Usually η is also considered an
empirical parameter.

Another simplification [2] considers the effective transversal field to be constant along
the channel and equal to its value at pinch-off. Thus

μeff ¼
μ0

1� αθQ
0
Ba=εs

: (2:4:2)

In this case, the effective mobility is dependent only on the depletion charge Q0
Ba

calculated for negligible inversion charge density (Q0
I ¼ 0), which is a function of the

gate-to-substrate voltage only.

2.4.2 Velocity saturation

In Section 2.1.7 we assumed that the drift velocity of carriers vd is proportional to the
parallel electric field Fy, which is true for low electric fields only. For high fields, the
velocity tends to saturate, as Figure 2.25 shows. This phenomenon, referred to as
velocity saturation, is one of the most important short-channel effects in MOSFETs.
In the following, we analyze the consequences of velocity saturation on the transistor
charges and drain current. To this end, we rewrite the Pao–Sah expression for the drain
current

ID ¼ �μWQ0
IðyÞ

dVC

dy
(2:4:3)

with the mobility μ given by

μ ¼ μs
1þ Fy=FC

: (2:4:4)

In (2.4.4) FC is the critical field and μs ¼ vsat=FC is the low-field mobility.
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On writing the longitudinal field in terms of the surface potential and using the linear
relationship between surface potential and inversion charge of (2.1.55), expression (2.4.4)
becomes

μ ¼ μs
1þ ½1= nC0

oxFC

� ��dQ0
I=dy

: (2:4:5)

On the other hand, using (2.1.35), we rewrite dVC/dy as

dVC

dy
¼ 1

nC0
ox

� �t

Q0
I

� �
dQ0

I

dy
: (2:4:6)

Finally, combining (2.4.3), (2.4.5), and (2.4.6), and integrating the resulting equation
along the transistor channel, from source to drain, results in

ID ¼ � μsW
nC0

oxL

1

1þ Q0
ID �Q0

IS

� �
= LFCnC

0
ox

� � Q0
ID þQ0

IS

� �
2

þQ0
IP

� �
Q0

ID �Q0
IS

� �
:

(2:4:7)

Equation (2.4.7) is a compact expression for the drain current in terms of the inversion
charge densities at the source and drain ends of the channel. It includes the effects of both
the transverse, via μs, and parallel electric fields. One can readily notice that, for low
longitudinal fields, (2.4.7) reduces to expression (2.1.61) for the forward and reverse
components of the drain current derived for long-channel devices.

On normalizing the charges with respect to the pinch-off charge Q0
IP ¼ �nC0

ox�t and
the current with respect to the normalization current IS ¼ ðW=LÞμsnC0

ox�
2
t =2, (2.4.7)

can be rewritten as

iD ¼ q0IS þ q0ID þ 2

1þ ζ q0IS � q0ID
� � q0IS � q0ID

� �
; (2:4:8)

where the dimensionless short-channel parameter ζ (ζ→ 0 for L→∞) is defined as

ζ ¼ �t=ðLFCÞ ¼�tμs=ðLvsatÞ: (2:4:9)

ζ can be viewed as the ratio of the diffusion-related velocity μsð�t=LÞ at the source of a
saturated transistor to the saturation velocity vsat.
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Fig. 2.25 Hole drift velocity versus electric field in silicon (adapted from [16]).
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When electrons at the drain end of the channel reach the saturation velocity, the drain
current is expressed as

ID ¼ �WvsatQ
0
IDsat: (2:4:10)

In (2.4.10) Q0
IDsat is the inversion charge density at the drain end of the channel.

Normalizing (2.4.10), in the same way as carried out for the current, yields

iDsat ¼ IDsat

IS
¼ 2

ζ
q0IDsat: (2:4:11)

The saturation condition, relating the source charge to the drain charge in saturation, is
obtained by imposing the equality of the general expression for the drain current with the
saturated current. Thus,

iDsat ¼ q0IS þ q0IDsat þ 2

1þ ζ q0IS � q0IDsat

� � q0IS � q0IDsat

� � ¼ 2

ζ
q0IDsat; (2:4:12)

which is a simple quadratic equation relating the source (q0IS) and drain saturation (q
0
IDsat)

charge densities. It is preferable to express q0IS in terms of q0IDsat because the resultant
algebraic expression is simpler and more suitable for numerical calculations. Thus,

q0IS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2

ζ
q0IDsat

s
� 1þ q0IDsat: (2:4:13)

Using (2.4.11) in (2.4.13) yields

q0IS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ iDsat

p
� 1þ ζ

2
iDsat: (2:4:14)

We note that, for ζ→ 0, the value of q0IS given by expression (2.4.14) is the same as that
given by (2.2.3), which was derived for obtaining the relationship between the inversion
charge density at the source and the forward (saturation) current of the long-channel
transistor. Equation (2.4.14) is a simple physics-based generalization of the long-channel
expression, which is very useful for design.

Finally, the effect of velocity saturation on the transconductances, stored charges, and
intrinsic capacitances is shown in Appendix A2.3.

2.4.3 Channel-length modulation

The gradual channel approximation is valid for q0ID4q0IDsat. For q0ID ! q0IDsat the
transistor is operating in the so-called saturation region. The usual approach employed
to find an analytical formulation for the saturation region divides the channel into two
sections. In one of them, closer to the source, the gradual channel approximation is valid,
whereas in the second one, closer to the drain, two-dimensional effects must be
accounted for. Using this formulation, the current can be calculated from the expression
derived under the gradual channel approximation but considering the effective channel
length of the device to be reduced by the length ΔL of the drain section. In addition, the
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voltage drop in the drain section must be accounted for in order to calculate the drain-to-
source saturation voltage VDSsat. The dependence of the effective channel length on the
drain-to-source voltage, which is illustrated in Figure 2.26, is referred to as the channel-
length modulation (CLM).

The channel-length shortening ΔL is, according to a popular model [17], given by

ΔL ¼ LC ln 1þ VDS � VDSsat

Vp

� �
(2:4:15)

for VDS ≥VDSsat and by ΔL= 0 for VDS <VDSsat. LC and Vp are considered as fitting
parameters in compact models.

In order to determine the influence of the CLM on the current, we rewrite (2.4.8) as

ID ¼ IS
1

1� ΔL=L
q0IS þ q0ID þ 2

1þ ζ q0IS � q0ID
� � q0IS � q0ID

� �
: (2:4:16)

We note that ΔL in (2.4.16) represents the CLM, which can be given either as in
(2.4.15) or by some other approximation.

2.4.4 Drain-induced barrier lowering

For short-channel transistors, source and drain play a role similar to the gate in addition to
their specific functions. For a shorter channel length, the two-dimensional nature of the
electric-field pattern changes the surface potential profile. Field lines emanating from
source and drain terminate at channel charges in addition to the field lines emanating
from the gate. An increase in the drain voltage produces an increase in the surface
potential in the channel and, consequently, a reduction in the potential barrier seen by
the electrons at the source. For this reason, this effect is called drain-induced barrier
lowering (DIBL).

y

S
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ID

VDSsat

Q ′

Le L

VDS

ΔL

D

G

IDsat–

Q ′IS–

Q ′I–

Fig. 2.26 An illustration of the inversion charge density along the channel for a transistor operating in
saturation; ΔL represents the channel-length shortening.
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The inclusion of the DIBL effect in MOSFET models is generally through the thresh-
old voltage. An analytical model of the dependence of the threshold voltage on techno-
logical parameters and bias is shown in [18] as

VT ffi VT;lc � 6tox
d1

2 �bi � VBSð Þ þ VDS½ �exp �πL
4d1

� �
; (2:4:17)

where VT,lc is the long-channel threshold voltage and �bi is the built-in potential of the
source–substrate junction. Equation (2.4.17) predicts the variation in VTwith L, tox, and
bias. d1 represents the depletion depth of a long-channel device for a band bending equal
to 2�F. The dependence of VT on substrate concentration is through d1∝ (NA)

−1/2. Note
that the short-channel effect on the threshold voltage is proportional to the oxide
thickness, a result that is consistent with various models.

In order to emphasize the source–drain symmetry of the MOSFET, we rewrite
expression (2.4.17) as

VT ffi VT;lc � σ �bi þ VSBð Þ þ �bi þ VDBð Þ½ �; (2:4:18)

where σ is the magnitude of the DIBL factor.

2.4.5 Output conductance in saturation

In the design of CMOS analog circuits, the Early voltage (or the output conductance) of a
transistor in saturation is a fundamental parameter since it affects, for example, the accuracy
of current mirrors and the gain of voltage amplifiers. In the circuit-design-oriented
approach, the simplest model of the output conductance assumes it to be proportional
to the drain current and inversely proportional to the Early voltage VA as given below:

gmd ¼ dID
dVD

¼ ID=VA: (2:4:19)

VA is a constant parameter in first-order models such as SPICE1. However, a constant
Early voltage is inadequate to model the output conductance for the simulation of analog
circuits. An improved model of the Early voltage considers it to be proportional to the
channel length and independent of both current level and drain voltage, i.e.

VA ¼ VEL: (2:4:20)

In this case, the output conductance is simply gmd = ID/(VEL), with VE being a
technology parameter. Even though this model of the output conductance is not accurate,
it provides a simple expression to quickly evaluate how the transistor output conductance
is affected by the drain current and the channel length. Approximation (2.4.20) will be
extensively used throughout this book.

A physics-based model of the output conductance in saturation must include velocity-
saturation, CLM, and DIBL effects. Weak avalanche effects and the substrate current-
induced body effect [2], which can be significant, especially when the electric field close
to the drain is high, will not be considered here for the determination of the output
conductance.
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TheMOSFEToutput conductance in saturation can be taken as the limit of the value of
gmd in (A2.3.5a) of Table A2.3.3 when the inversion charge density at the drain end of
the channel becomes equal to −ID/(Wvsat), as given by (2.4.10). Additionally, including
CLM, we arrive at the more complete expression of the output conductance in saturation
given in (A2.3.8) of Appendix A2.3. A very simple interpretation of (A2.3.8) for low to
moderate inversion levels is given in the example that follows.

Example 2.12

Using expression (A2.3.8), find a simplified result for the ratio of the MOSFET output
conductance to the drain current for the cases of low and moderate inversion levels.
Assume that ζID/IS < 1.

Answer

For low-to-moderate inversion levels, the output conductance-to-current ratio is given by

gmd

ID
¼ 2σ

n�t

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ID=IS

p þ 1
þ 1

L� ΔL
dΔL
dVD

:

For the case of weak inversion, the previous expression becomes

gmd

ID
¼ σ

n�t
þ 1

L� ΔL
dΔL
dVD

:

Since in weak inversion the inversion charge is much lower than the depletion charge,
the last term in the previous equation, which corresponds to CLM, is independent of the
inversion charge and, consequently, of the current. Therefore, the output conductance-to-
current ratio is independent of the current level for operation in weak inversion, a
conclusion corroborated by the experimental results shown in Figure 2.27.
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Fig. 2.27 Output conductance-to-current ratio versus drain current for MOSFETs in a 0.75-μm CMOS
technology.
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As shown in Example 2.12, gmd/ID can be written as the sum of the terms corresponding
to each of the physical effects contributing to the variation in the current in saturation, i.e.,

gmd

ID
¼ 1

VA
¼ 1

VADIBL
þ 1

VACLM
: (2:4:21)

When the current level is such that ζID/IS < 1, the two components of the Early voltage
can be approximated by

VADIBL

�t
ffi n

2σ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ID

IS

r
þ 1

� �
; (2:4:22)

VACLM

�t
ffi 1

�t

1

Le

dΔL
dVD

� ��1

¼ Vp

�t

Le

LC
1þ VDS � VDSsat

Vp

� �
: (2:4:23)

Expression (2.4.23) is derived by assuming that the carrier velocity in the saturated
part of the channel is equal to the saturation velocity and that carriers flow within the
depth of the junction [2], [17]. Note that formula (2.4.23) is approximately valid for the
case of high inversion levels. For the case of low and moderate inversion levels, different
results are obtained, e.g. as in [19].

In weak inversion ID/IS< 1; therefore, as previously explained, the Early voltage VA is
independent of the current level. Typically, the DIBL component of the Early voltage can
be neglected for high inversion levels, CLM being the dominant factor in the output
conductance.

In order to verify the consistency of the output conductance model, MOSFETs from a
0.75-μm technology with various channel lengths were subjected to measurements under
several bias conditions. Figure 2.27 shows the variation in the Early voltage, for several
channel lengths, in terms of the normalized drain current. One can conclude that the Early
voltage increases with increasing channel length, is almost independent of the current
level in weak inversion, and increases in moderate and strong inversion.

2.4.6 Gate tunneling currents

For oxide thicknesses below 4 nm, high current leakages through the oxide can occur due
to the quantum-mechanical tunneling of electrons. The gate leakage current can not only
negatively affect the device performance but also significantly increase the standby
power consumption of a chip. For these reasons, a compact model for the gate current
is mandatory for advanced technologies.

For an n-MOS transistor operating in inversion, the intrinsic gate current is due to
electrons tunneling from the inversion layer. The gate current density satisfies the con-
tinuity equation, which is given by

WJG yð Þ ¼ ∂I
∂y

; (2:4:24)
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where I is the channel current. The Ward–Dutton method, which was presented in
Section 2.3.1 to determine the source and drain components of the charging currents, is
also based on the current-continuity equation. Consequently, we can also apply the Ward–
Dutton method to the splitting of the gate current between source and drain [2]. Thus,

IGS ¼ W

ðL
0

1� y

L

	 

JG dy; (2:4:25)

IGD ¼ W

ðL
0

y

L
JG dy: (2:4:26)

The total intrinsic gate current is given by

IG ¼ IGS þ IGD ¼ W

ðL
0

JG dy: (2:4:27)

In accumulation, the intrinsic gate current consists of electrons tunneling from gate to
bulk. Because no channel current is flowing, the calculation of the gate-to-bulk current is
straightforward, being given simply by

IGB ¼ W

ðL
0

JGB dy: (2:4:28)

Overlap currents can be included by considering these regions as specific MOS
structures with their specific flat-band voltage and body factor, see for example [20].
On including all the above components, the gate-current model of MM11 gives an
accurate description of IG, as shown in Figure 2.28.

2.4.7 Bulk current

In addition to the bulk current occasionally resulting from tunneling through the gate oxide,
other mechanisms can create bulk currents. Clearly, the drain–bulk and source–bulk diodes
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Fig. 2.28 (a) The various gate current components in a MOSFET. (b) Measured and modeled gate current as
a function of gate biasVGS forVDS=VSB=0V. IGC= IGS+ IGD is the channel current (adapted from [20]).
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contribute with their reverse currents, but here we will restrict our analysis to the intrinsic
transistor. Two mechanisms, band-to-band tunneling (BBT) under the drain-to-gate over-
lap region, which is called gate-induced drain leakage (GIDL), and impact ionization, can
contribute to the bulk current.

For advanced CMOS technologies, because the supply voltage is of the same order as,
or even lower than, the bandgap of silicon, the carriers are no longer able to attain enough
energy to create electron–hole pairs. Consequently, impact ionization is no longer
important for advanced silicon technologies.

The bulk current for an n-MOS transistor simulated using MM11 [20] is displayed in
Figure 2.29. The GIDL is dominant for negative values of the gate-to-source voltage,
while impact ionization dominates for the conducting transistor.

Appendices

A2.1 Semiconductor charges

Through a process called doping, foreign atoms (impurities) of two types (donors and
acceptors) are introduced into semiconductors in order to modify the carrier densities [2].
Each donor atom can donate one electron to the crystal lattice while each acceptor atom
can accept one electron from the valence band, creating a hole. Donor materials come
from group Vof the periodic table; the most commonly used materials for n-type silicon
are phosphorus and arsenic. Acceptors are elements from group III of the periodic table;
the most common acceptor material is boron. Because the dopant atoms are originally
neutral, donors become positively ionized when donating one electron, whereas accep-
tors become negatively ionized when accepting one electron. Thus, in the general case,
four types of charge are present inside a semiconductor: the fixed positive charge of

10–3

10–5

10–7

10–9

10–11

C
u

rr
en

t 
(A

)

GIDL
impact

ionization

–1.2 –0.6 0 0.6 1.2

VGS (V)

|IB |

|ID |

Fig. 2.29 Measured (symbols) and simulated (lines) drain and bulk currents as a function of VGS at high
drain bias (VDS = 1.2V) (adapted from [20]).
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ionized donors, the fixed negative charge of ionized acceptors, the mobile positive charge
of holes, and the mobile negative charge of electrons. We consider here the case in which
all donors and acceptors are ionized, i.e.

ND ¼ Nþ
D and NA ¼ N�

A ; (A2:1:1)

where Nþ
D

� �
ND and N�

A

� �
NA are the (ionized) donor and acceptor atoms per unit

volume. On this basis, the net positive charge density is given by

ρ ¼ qðND �NA þ p� nÞ: (A2:1:2)

Deep in the bulk of a uniformly doped semiconductor, where charge neutrality holds
and � = 0, the carrier concentrations p0 and n0 at equilibrium are obtained from charge
neutrality,

p0 � n0 þND �NA ¼ 0; (A2:1:3)

and from the law of mass action n0p0 ¼ n2i . On substituting (A2.1.3), (2.1.5), and (2.1.6)
into (A2.1.2) and using the law of mass action, the volumetric charge density becomes
written as

ρ ¼ q p� p0ð Þ � n� n0ð Þ½ � ¼ qp0 ðe�u � 1Þ � n2i
p20

eu � 1ð Þ
" #

: (A2:1:4)

The semiconductor charge can be calculated from Poisson’s equation. For the time
being, we assume that the charge-sheet approximation (CSA) [6] can be used to calculate
the bulk charge density Q0

B. In the CSA, the inversion layer of electrons (in a p-type
substrate) is assumed to be a sheet of negligible thickness at the semiconductor–oxide
interface. Therefore, the voltage drop across the inversion layer can be neglected. Then,
dropping the electron term in (A2.1.4), we write Poisson’s equation as

d2�

dx2
¼ � ρ

εs
ffi � qp0

εs
ðe�u � 1Þ; (A2:1:5)

which has to satisfy the following boundary conditions:

� ¼ 0;
d�

dx
¼ 0 for x ¼ 1: (A2:1:6)

Deep in the interior of the material, both the potential and the electric field decrease to
zero. Using now the definition of the one-dimensional electric field, it directly follows
that dx ¼ �d�=F. The differential equation (A2.1.5) can thus be written as

1

2�t

dF2

du
¼ � qp0

εs
ðe�u � 1Þ: (A2:1:7)

After solving the integral of (A2.1.7) and considering the boundary conditions in
(A2.1.6), we find that

F2 ¼ 2q�tp0
εs

ðe�u þ u� 1Þ ffi 2qNA�t

εs
ðe�u þ u� 1Þ: (A2:1:8)

78 CMOS Analog Design Using All-Region MOSFET Modeling



Since in a p-type substrate p0≫ n0, we have employed the approximation p0ffiNA in
(A2.1.8), the expression which gives the electric field in terms of the normalized local
potential. For a positive field going into the semiconductor, the potential decreases in the
inward direction, and, because the origin of the potential is at infinity, the potential is
positive inside the semiconductor. Consequently, to calculate the electric field, the
appropriate sign of the square root corresponds to F > 0 when u> 0 and F< 0 when
u< 0. Thus, from (A2.1.8), we have

F ¼ sgnðuÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2qNA�t

εs
ðe�u þ u� 1Þ

s
: (A2:1:9)

To calculate the depletion charge in the semiconductor, we enclose the semiconductor
in a rectangular Gaussian box from x = 0+ (very close to the interface but not enclosing
the electron charge) down to deep in the substrate (x→∞). Noting that at x = 0+ the
normalized potential and the electric field are represented as us and Fs, respectively, that
the electric field and the potential are equal to zero deep in the substrate, and that the
components of the electric field in the y- and z-directions are zero, it follows that Gauss’
law for the rectangular box is written as

charge enclosed=unit area ¼ Q0
B ¼ �εsFs

¼ �sgnðusÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2qεsNA�tðe�us þ us � 1Þ

p
: (A2:1:10)

In order to calculate approximately the extension of the depletion layer into the
substrate for the depletion and inversion regimes of operation, we use the depletion
approximation, i.e. we neglect both types of carriers across the depletion width xd. In this
case, Poisson’s equation is solved by dropping the terms corresponding to electrons and
holes but keeping the impurity term of the volume charge density. This is equivalent to
retaining the linear term in parentheses in (A2.1.10) and dropping the exponential and
constant terms. In this case, (A2.1.10) becomes

Q0
B ¼ �εsFs ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2qεsNA�s

p
: (A2:1:11)

Since the depletion charge associated with a width xd of a uniformly doped semicon-
ductor is

Q0
B ¼ �qNAxd; (A2:1:12)

equating (A2.1.11) and (A2.1.12) gives

xd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εs=ðqNAÞ½ ��s

p
: (A2:1:13)

A2.2 Drain- and source-associated inversion charges

The drain- and source-associated charges [2], [15] QD and QS are

QD ¼ W

ðL
0

y

L
Q0

I dy; QS ¼ W

ðL
0

1� y

L

	 

Q0

I dy: (A2:2:1)
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The relationship between the differential channel length and the inversion charge
density, given by (2.3.12), is repeated below:

dy ¼ � μnW
nC0

oxID
Q0

It dQ
0
It; (A2:2:2)

where Q0
It, which is a shifted version of the inversion charge density, is given by

Q0
It ¼ Q0

I � nC0
ox�t: (A2:2:3)

In order to determine the drain and source charges, the coordinate ymust be expressed
in terms of the inversion charge density Q0

I. The integration of (A2.2.2) from the source
(y= 0) to an arbitrary point y of the channel leads to

y ¼ μnW
2nC0

oxID
Q02

F �Q02
It

� �
: (A2:2:4)

The substitution of (A2.2.2), (A2.2.3), and (A2.2.4) into the expression for QD in
(A2.2.1) yields

QD ¼ � μ2nW
3

2L nC0
oxID

� �2
ðQ0

R

Q0
F

Q02
F �Q02

It

� �
Q0

It þ nC0
ox�t

� �
Q0

It dQ
0
It

" #
: (A:2:2:5)

After calculating the integral, we can use

ID ¼ μnW
C0

oxL

Q0
F
2 �Q0

R
2

2n
; (A2:2:6)

which is derived from expressions (2.1.60) and (2.1.61), for the current ID in the
denominator of (A.2.2.5). Next, we remove the common factor Q0

R �Q0
F

� �2
from both

numerator and denominator to finally obtain

QD ¼ WL
6Q03

R þ 12Q0
FQ

02
R þ 8Q02

FQ
0
R þ 4Q03

F

15 Q0
F þQ0

R

� �2 þ n

2
C0

ox�t

" #
: (A2:2:7)

QS may be determined in a similar way, or through QS ¼ QI �QD, or simply by
taking advantage of the source–drain symmetry, as follows:

QS ¼ WL
6Q03

F þ 12Q0
RQ

02
F þ 8Q02

RQ
0
F þ 4Q03

R

15 Q0
F þQ0

R

� �2 þ n

2
C0

ox�t

" #
: (A2:2:8)

On introducing the channel linearity coefficient [14] α,

α ¼ Q0
R

Q0
F

¼ Q0
ID � nC0

ox�t

Q0
IS � nC0

ox�t
¼ q0ID þ 1

q0IS þ 1
(A2:2:9)

the total, the source-, and the drain-associated inversion charges can be written as in
Table A2.2.1.
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A2.3 Summary of n-channel MOSFET equations: UCCM, current, charges,
transconductances, and capacitances including short-channel effects

See Tables A2.3.1–A2.3.5.

A2.4 An alternative low-frequency small-signal model of the MOSFET in
saturation

The low-frequency small-signal drain current in the MOS transistor is

id ¼ �gmsvs þ gmdvd þ gmgvg þ gmbvb; (A2:4:1)

which can alternatively be rewritten [21] as

id ¼ � gms � gmdð Þvs þ gmd vd � vsð Þ þ gmgvg þ gmbvb: (A2:4:2)

Table A2.2.1 Total inversion, source-, and drain-associated inversion charges as functions of the
inversion charge density at source and the channel linearity coefficient α

QI ¼ WL
2

3

1þ αþ α2

1þ α
ðQ0

IS � nC0
ox�tÞ þ nC0

ox�t

� �
(A2:2:10)

QS ¼ WL
6þ 12αþ 8α2 þ 4α3

15 1þ αð Þ2 ðQ0
IS � nC0

ox�tÞ þ n

2
C0

ox�t

" #
(A2:2:11)

QD ¼ WL
4þ 8αþ 12α2 þ 6α3

15 1þ αð Þ2 ðQ0
IS � nC0

ox�tÞ þ n

2
C0

ox�t

" #
(A2:2:12)

Table A2.3.1 The UCCM, pinch-off voltage, threshold voltage, and slope factor

VP � VSðDÞB
�t

¼
�Q0

ISðDÞ
nC0

ox�t
� 1þ ln

�Q0
ISðDÞ

nC0
ox�t

 !
(A2:3:1)

VP ffi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VGB � VFB � �t þ γ2=4þ σ VSB þ VDBð Þ

q
� γ=2

� �2

� 2�F (A2:3:2a)

VP ’ VGB � VT

n
¼ VGB � VT0 � σ VSB þ VDBð Þ½ �

n
(A2:3:2b)

VT ¼ VT0 � σ VSB þ VDBð Þ; VT0 ¼ VFB þ �t þ 2�F þ γ
ffiffiffiffiffiffiffiffi
2�F

p
(A2:3:2c)

n ¼ 1þ γ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VP þ 2�F

p (A2:3:2d)
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Table A2.3.2 The drain current, virtual charges, and channel linearity factor

ID
IS

¼ q0IS þ q0ID þ 2

1þ ζ q0IS � q0ID
� � q0IS � q0ID

� �
(A2:3:3a)

ID
IS

¼ q02VS 1� α2
� �

(A2:3:3b)

q0VSðDÞ ¼
Q0

VSðDÞ
�nC0

ox�t
Q0

VSðDÞ ¼ Q0
ISðDÞ � nC0

ox�t þ ID
Wvsat

(A2:3:4a)

α ¼ Q0
VD

Q0
VS

(A2:3:4b)

Table A2.3.3 Transconductances

gmd

2IS=�t
¼

q0ID 1� ζ ID=ð2ISÞ
q0ID þ 1

� �
þ σ

n
q0IS � q0ID
� �

1� ζ ID=ð2ISÞ
q0IS þ 1
� �

q0ID þ 1
� �

 !

1þ ζ q0IS � q0ID
� � (A2:3:5a)a

gms

2IS=�t
¼

q0IS 1� ζ ID=ð2ISÞ
q0IS þ 1

� �
þ σ

n
q0ID � q0IS
� �

1� ζ ID=ð2ISÞ
q0IS þ 1
� �

q0ID þ 1
� �

 !

1þ ζ q0IS � q0ID
� � (A2:3:5b)a

gm
2IS=�t

ffi gms � gmd

2nIS=�t

¼
q0IS � q0ID
� �

1� 2σ
n

1� ½ζ ID=ð2ISÞ� 1� n=ð2σÞ½ �
q0IS þ 1
� �

q0ID þ 1
� �

 !" #

1þ ζ q0IS � q0ID
� �

ffi
q0IS � q0ID
� �

1� 2σ
n
� ζ ID=ð2ISÞ

q0IS þ 1
� �

q0ID þ 1
� �

" #

1þ ζ q0IS � q0ID
� �

(A2:3:6)

gmb ¼ ðn� 1Þgm (A2:3:7)

gmd ¼ 2IS
�t

σ

n

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ID

IS

r
� 1

� �
1� ζ ID=ð2ISÞffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ID
IS

r
þ ζ ID

2IS

� �
1þ ζ ID

2IS

� �
0
BBB@

1
CCCA

1þ ζ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ID

IS

r
� 1

� � þ ID
L� ΔL

dΔL

dVD
(A2:3:8)b

a For the triode region (CLM not included).
b In saturation.
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In saturation, usually gms≫ gmd; thus the first term in (A2.4.2) gms − gmdffi gms.
On the other hand, the second term in (A2.4.2) represents a current through a conduc-
tance connected between drain and source, which is, in most textbooks, denoted gds.
Therefore, the low-frequency small-signal model of the MOSFET in saturation can be

Table A2.3.4 Transistor charges

QI ¼ WðL� ΔLÞ 2

3

Q02
VS þQ0

VSQ
0
VD þQ02

VD

Q0
VS þQ0

VD

þ nC0
ox�t

� �
� LID

vsat
(A2:3:9)

QD ¼ W L� ΔLð Þ2
L

2

15

3Q03
VD þ 6Q02

VDQ
0
VS þ 4Q0

VDQ
02
VS þ 2Q03

VS

Q0
VS þQ0

VD

� �2 þ nC0
ox�t

2

 !

� LID
2vsat

(A2:3:10)

QS ¼ QI �QD (A2:3:11)

Table A2.3.5 Capacitive coefficients

Cgs ¼ 2

3
WLeC

0
ox

1þ 2α

ð1þ αÞ2
q0IS

1þ q0IS
þ Legms

3nvsat

1� αð Þ2
1þ αð Þ2 (A2:3:12)

Cgd ¼ 2

3
WLeC

0
ox

α2 þ 2α

ð1þ αÞ2
q0ID

1þ q0ID
� Legmd

3nvsat

1� αð Þ2
1þ αð Þ2 (A2:3:13)

CbsðdÞ ¼ n� 1ð ÞCgsðdÞ (A2:3:14)

Cgb ¼ Cbg ¼ n� 1

n
Cox � Cgso � Cgdo � Legmg

3vsat

1� αð Þ2
1þ αð Þ2

 !
(A2:3:15)a

Cds ¼ � 4

15
nC0

oxW
L2
e

L

1þ 3αþ α2

1þ αð Þ3
q0IS

1þ q0IS
� 1

30

gmsL
2
e

vsatL

3αþ 7ð Þ 1� αð Þ2
1þ αð Þ3 (A2:3:16)

Csd ¼ � 4

15
nC0

oxW
L2
e

L

αþ 3α2 þ α3

1þ αð Þ3
q0ID

1þ q0ID
þ 1

30

gmdL
2
e

vsatL

3þ 7αð Þ 1� αð Þ2
1þ αð Þ3 (A2:3:17)

Le ¼ L� ΔL

α ¼ Q0
VD

Q0
VS

¼ Q0
ID � nC0

ox�t þ ID=Wvsat
Q0

IS � nC0
ox�t þ ID=Wvsat

(A2:3:18)

aCgso and Cgdo are the first terms in expressions (A2.3.12) and (A2.3.13), respectively.
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approximately represented as in Figure A2.4.1. In this textbook we have used both small-
signal models, those of Figure 2.17 and Figure A2.4.1, for a MOSFET in saturation, in
spite of the more general use of the latter in most textbooks and technical papers.

Problems

2.1 Considering the relationship between depletion charge and surface potential given in
Appendix A2.1, derive the approximate expression for the depletion capacitance per
unit area for a p-type substrate

C0
b ffi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2qεsNA

p
2
ffiffiffiffiffi
�s

p :

Calculate C0
b at �s = 2�F for NA= 10

15 cm− 3 and NA= 10
17 cm− 3.

2.2 Derive expression (2.1.28) for the inversion capacitance and determine the value
of the surface potential for which C0

ox ¼ C0
i. Comment on the result.

2.3 Derive the unified charge-control model (UCCM) by using the linear relationship
between inversion charge and surface potential in (2.1.55), and imposing equality
between the expression for the drain current (2.1.54) and the Pao–Sah general
current expression (2.1.49).

2.4 Derive expression (2.2.27) for the gate transconductance.
2.5 (a) Derive the expression

W

L
¼ gmg

μC0
ox�t

1ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1
; (P2:5:1)

which gives the aspect ratio of a saturatedMOSFET in terms of its transconductance,
inversion level, and technological parameters. (b) Derive the expression

ID ¼ IWI 1þ W=Lð Þth
W=Lð Þ

� �
;

W

L

� �
th

¼ gmg

2μC0
ox�t

; IWI ¼ ngmg�t (P2:5:2)

G

B

S D

gmgvg

gmsvs

gmbvb

gds

id

Fig. A2.4.1. The low-frequency small-signal model of the MOSFET in saturation.
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for the relationship between current consumption and the aspect ratio of an MOS
transistor for a given gate transconductance. IWI is the minimum current for achieving
the required transconductance and (W/L)th is the aspect ratio for q0I ¼ 2 (if = 8).

2.6 Calculate theW/L ratio, the current consumption and VDSsat for a saturated n-channel
MOSFET having a (gate) transconductance of 1mA/V operating at (a) if =0.01,
(b) if = 1, and (c) if = 100, given that tox=7 nm, n= 1.2, μn =400 cm

2/V per s, and
T=300K. Hint: Use the result of Problem 2.5.

2.7 Show that the total depletion charge can be written as

QB ¼ � n� 1

n
QI þQ0

BaWL;

whereQ0
Ba is the depletion charge for a negligible carrier charge density. Determine

the expression for the gate stored charge from the charge-neutrality condition.
2.8 Find the equivalent circuit of Figure 2.24 from the general small-signal equivalent

circuit of Figure 2.23. Calculate the small-signal current gain id/ig for the circuit of
Figure 2.24 and derive the complete expression for fT. Derive the approximate
expression (2.3.24) for fT. Plot the curves of the approximate and complete expres-
sions for fT normalized with respect to μn�t/(2πL

2) for both n = 4/3 and n = 5/3, and
10−4 < if < 10

4. Comment on the resulting plots.
2.9 Consider the box-shaped resistor of Figure P2.9. Here n0 = 10

15 cm−3, μn= 500 cm
2/

V per s, L = 100 μm, and A= 10 μm2. Calculate the current I for a voltage difference
of 1V between 0 and L. If the saturation velocity of the carriers is vsat = 100 μm/ns,
what is the maximum current through the resistor?

2.10 Show that for a saturated MOSFET operating in weak inversion the diffusion-
related velocity can be written as

velocitydiff ¼
μs�t

L

Q0
Ið0Þ �Q0

IðLÞ
Q0

IðyÞ
and interpret the short-channel parameter ζ defined in (2.4.9). Determine the
channel length for which the diffusion-related velocity at the source of a saturated
transistor operating in weak inversion equals the saturation velocity of the carriers.
Consider μn = 400 cm

2/V per s, vsat = 10
7 cm/s, and T= 300K. Speculate on other

properties of this future “high-current weak-inversion only” technology.
2.11. Derive equation (2.4.18). Express σ in terms of the parameters of (2.4.17).

0

n0
I

L

A

Fig. P2.9 A box-shaped semiconductor resistor.
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2.12. Assume that the gate current in a MOSFET is proportional to the gate area WL. If
the ratio IG/ID= 10

−4 for a minimum-sized device, calculate the channel length of
the transistor for which IG = ID.

2.13. Consider that the moderate-inversion region is characterized by 0.22 ≤ q0I ≤ 20, as
determined in Example 2.5. (a) What is the normalized forward current range of a
MOSFET for which 0.22 ≤ q0IS ≤ 20? (b) What is the corresponding gate-voltage
variation for VS= 0? Assume that n = 1.25. Note that the moderate-inversion range
extends over almost three decades of current when moderate inversion is defined as
in Example 2.5.
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3 CMOS technology, components,
and layout techniques

This chapter begins with a rapid overview of CMOS technology for circuit designers,
including the description of a simplified deep-submicron CMOS structure and its
process flow as well as the main parameters of some representative processes. The
devices available in CMOS processes, including resistors, capacitors, inductors, and
bipolar transistors, are then reviewed. The main electrical parameters of the passive
devices are presented. Some design issues related to the use of sub-wavelength optical
lithography are addressed in the introduction to the layout sections. Finally, layout
topics, including design rules and layout for manufacturability, for matching, and for
transistor associations, are presented.

3.1 An overview of CMOS technology

MOS integrated circuits (ICs) have been manufactured for volume delivery ever since
1970. Taking advantage of the scalability of the MOS transistors, micron technologies
were developed during the 1980s and deep-submicron technologies appeared in the
1990s. In this chapter we will briefly review some deep-submicron processes that are
currently (2009) employed for analog design.

3.1.1 Basic process steps in monolithic IC fabrication

Monolithic ICs are fabricated [1]–[5] on high-quality monocrystalline silicon substrates
called wafers, with diameters as large as 300mm and thicknesses up to 1250μm. The
fabrication process enables the achievement of appropriate geometries in the semiconductor
and in the insulating and conducting layers deposited on the semiconductor substrate. The
fabrication process consists of a series of elementary steps that allows the patterning of the
semiconductor substrate and themodification of its electrical properties by selective doping
as well as the deposition, removal, and patterning of conducting and insulating layers.

The distinctive property of silicon compared with other semiconductors is that the
thermal oxidation of silicon produces a high-quality electrical insulator that also serves as
a barrier to the diffusion of impurities in silicon. Thermal oxidation is a high-temperature
process (900–1200 °C) that is employed repeatedly during the fabrication of silicon ICs.

The other fabrication steps can be classified into four groups: (i) the lithographic
processes that allow the patterning of the different layers; (ii) semiconductor doping;



(iii) deposition; and (iv) removal processes. We will briefly discuss photolithography as
an introduction to the section on layout.

Ion implantation is the preferred doping process. Impurities are introduced into the
semiconductor by bombarding the wafer with high-energy donor and acceptor ions in a
high-voltage particle accelerator (ion implanter). Ion implantation is followed by thermal
annealing in furnaces or by rapid thermal annealing (RTA) to activate the implanted dopants.

Deposition processes include physical vapor deposition (PVD), chemical vapor
deposition (CVD), and epitaxy. In the latter, a crystalline silicon layer is grown on the
surface of a wafer, most commonly from a vapor phase.

Metal films can be deposited by evaporating metal under vacuum (PVD), and metals
and insulators can be deposited by sputtering, in which a target bombarded with energetic
ions loses atoms that are deposited on the wafer.

Silicon nitride (Si3N4), silicon dioxide (SiO2), polysilicon, and metals can be depo-
sited by CVD, in which the material deposited on the wafer results from a chemical
reaction inside the gaseous mixture surrounding the wafer. Removal processes include
chemical (wet) etching, reactive-ion etching (RIE), and chemical–mechanical polishing
(CMP), which is widely employed to obtain a flat surface on the wafer before photo-
lithography, and allows the fabrication of several interconnection layers.

3.1.2 Generic deep-submicron CMOS process flow

3.1.2.1 Transistor fabrication
The transistor process flow starts with a p-type substrate or with p− epitaxial silicon on a p+

substrate. The p- and n-channel devices are fabricated in an n-well and in the lightly doped
p-region, respectively, formed in the epitaxial layer. The advantage of a lightly doped
silicon layer, a few microns in depth, grown on a heavily doped substrate (p+/p− epi) is the
reduction of series resistances because of the heavy doping of the bulk. The use of a thin
epitaxial layer, which allows close proximity of the p+ substrate to the surface, is the
key factor for suppression of latchup [6], a phenomenon described later in this chapter.

The first fabrication steps are oxide growth and CVD of nitride. Figure 3.1(a) shows
the wafer after a first lithographic step in which the active (thin oxide) areas are covered
by a photoresist, which protects them from the RIE that carves the shallow trenches. After
the removal of the photoresist and thick oxide deposition followed by CMP planariza-
tion, the cross section of the structure appears as in Fig. 3.1(b) with the shallow trenches
filledwithCVDoxide. Typical trench dimensions are 140 nmwidth and 400 nmdepth for a
90 nm process. Figure 3.1(c) shows the structure after n-well lithography, deep phosphor-
ous and shallow arsenic implantation, and p-well lithography and boron implantation.
Figure 3.1(d) shows the structure after gate oxide growth, polysilicon deposition, litho-
graphy, and RIE of the polysilicon gates. The gate oxide can be formed by more than one
layer, for example a few atomic layers of SiO2 followed by SiON (a gate stack). The
addition of nitrogen is done to increase the dielectric constant of the insulator.

Following n+ shallow source–drain-extension (SDE) lithography and implantation and
p+ shallow SDE lithography and implantation, the structure appears as in Fig. 3.1(e). Halo
implants are used to give improved short-channel characteristics for processes below 250nm.
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The spacer formation results from oxide or nitride deposition (CVD) and RIE. Since
the oxide along the edges of the gates is thicker than elsewhere, the etching of the entire
wafer results in oxide remaining around the edges of the gates, constituting the spacers, as
shown in Fig. 3.1(f).
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Fig. 3.1 Simplified deep-submicron CMOS process flow (adapted from [1]).
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After n+ source–drain lithography and implantation and p+ source–drain lithography
and implantation, the structure appears as in Fig. 3.1(g). As seen in that figure, the source
and drain are self-aligned with the spacers. It should be noted that the n+ (p+) source/drain
implant also dopes the n+ (p+) polysilicon gate.

A refractory (high-melting-temperature) metal, such as tantalum, molybdenum, tita-
nium, or cobalt, is then deposited over the entire wafer. Silicides are formed in the regions
where the metal has contact with silicon or polysilicon. The metal over the oxide regions
is then removed with a selective etch that does not remove the silicided regions.

As a result, the silicide is self-aligned with the gates and the source and drain regions
(Figure 3.2). Self-aligned silicidation is called salicidation.

3.1.2.2 MOSFET structure in deep-submicron processes
Figure 3.2 illustrates the structure of the n- and p-channel MOS transistors in a generic
deep-submicron CMOS process [4]–[6], [8]–[10]. In fact, this figure is a simplified
representation of the structure of the transistors in the 250-, 180-, 130-, 90-, and
65-nm-technology nodes. The four main improvements of the technology illustrated in
Figure 3.2, compared with older processes, are the following. Firstly, the devices are
isolated by shallow trench isolation (STI) instead of by local oxidation of silicon
(LOCOS). For the 250-nm node the two isolation approaches are used, whereas at or
below 180 nm STI is the adopted solution. Secondly, complementary doped polysilicon
gates (n+ poly for the n-channel transistor and p+ poly for the p-channel transistor) are
used to form surface-channel n- and p-MOSFETs. Thirdly, shallow source and drain
extension regions are used to reduce short-channel effects. Finally, sidewall oxide
spacers allow self-aligned silicided sources, drains, and gates (TiSi2, CoSi2, NiSi) to
give reduced effective sheet resistance of these layers.

TiSi2 Si3N4

STI

p+

p+p+n+

n+

n+

p-well n-well

Fig. 3.2 A schematic cross section of transistors in a deep-submicron CMOS process (adapted from [7]).
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deep n-well

n-wellp-well

n+ n+ p+ p+

Fig. 3.3 A schematic cross section of transistors in a triple-well process.
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The front-end of the line process that builds the transistor structures shown in
Figure 3.1 uses six or seven masking levels. In some fabrication lines the twin-well
process can be upgraded to a triple-well process, as seen in Figure 3.3, with the addition
of a simple mask. The p-MOSFET is located in the (conventional) n-well, while the
n-MOSFET is in the p-well located inside the deep n-well. Triple-well processes allow
better noise isolation for memories and for mixed-signal circuits.

3.1.2.3 Interconnections
Aluminum is used in conventional metallization and tungsten is used as a plug to fill
contact holes; CMP has enabled processes to include the formation of six or seven
interconnection layers. Processes with several metallization levels use thicker and
wider metals on going from the lower to the upper levels, as indicated in Table 3.1. To
reduce the RC time constants of the interconnection lines, the use of low-resistivity layers
and low-dielectric-constant (k) isolation layers has been adopted. The dielectric constant
of silicon dioxide is k= 3.9. Other oxides and polymers offer dielectric constants as low
as 2. Copper interconnects and low-k dielectrics are now popular. In the dual-damascene
technique, a metallization level and a via are formed at the same time.

3.1.3 Main parameters in 350-, 180-, and 90-nm processes

Tables 3.2–3.4 show the main electrical parameters for three different technology nodes,
0.35 μm, 180 nm, and 90 nm [7]–[21]. It is worth noting that the areas of the six-transistor
static random-access memory (RAM) cell are 20.5, 5.6, and 1 μm2 for the 350-, 180-, and
90-nm-technology nodes, respectively [10], [7], [17].

Table 3.2 Main parameters for the 0.35-μm CMOS technology node [10]

n-MOS p-MOS

Supply voltage 3.3V 3.3V
Thin oxide 7 nm 7 nm
Lgate 0.29 μm 0.31 μm
VT 0.50V − 0.65V
IDsat (1.8V) 540 μA/μm 300 μA/μm
Ioff 0.5 pA/μm 0.5 pA/μm
Silicide (S, D, and poly) 8Ω/sq 8Ω/sq

Table 3.1 Layer pitch and thickness for a 180-nm CMOS process [7]

Layer Pitch (nm) Thickness (nm)

Isolation 520 530
Polysilicon 480 250
Metal 1 500 480
Metal 2, 3 640 700
Metal 4 1080 1080
Metal 5 1600 1600
Metal 6 1720 1720
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For the 180-nm node and below, halo implants of boron and arsenic are used for p-MOS
and n-MOS transistors, respectively, to give improved short-channel characteristics.

The 90-nm node offers high-voltage analog and input/output (I/O) transistors with
thicker gate oxide. In this node, strained silicon obtained using epitaxial SiGe to strain the
silicon channel is employed to increase carrier mobility and, in turn, the drive currents of
both n- and p-channel transistors.

3.2 Devices in CMOS technology

Analog circuits often require precision passive elements such as capacitors, resistors,
and, sometimes, inductors. In analog processes, some extra steps allow the fabrication of
these components, but in some cases an analog circuit must be built with the parasitic
components available in a standard CMOS process. In this section we will review the
main passive components available in analog and digital processes.

Bipolar transistors have well-known advantages compared with MOS transistors,
mainly higher conductance at high currents, lower 1/f noise, better matching, and
base–emitter voltages (VBE) dependent on the semiconductor bandgap voltage. For
these reasons bipolar transistors are sometimes used in analog MOS circuits, and we
will review their availability in standard CMOS processes. The case of BiCMOS

Table 3.3 Main parameters for the six-metal-layer 180-nm CMOS technology node [7]

n-MOS p-MOS

Supply voltage 1.3–1.5V 1.3–1.5V
Thin oxide 3 nm 3 nm
Lgate 130 nm 150 nm
VT 0.3V (130 nm) − 0.24V (150 nm)
IDsat (1.5V) 0.94mA/μm 0.42mA/μm
Ioff 3 nA/μm 3nA/μm
gmsat 860mS/mm 430mS/mm
Cj (0V) 0.65 fF/μm2 0.95 fF/μm2

Silicide (S, D, and poly) 3–5Ω/sq 3–5Ω/sq

Table 3.4 Main parameters for the seven-metal-layer 90-nm CMOS technology node [20]

Logic (low power) Analog I/O

Parameter n-MOS p-MOS n-MOS p-MOS n-MOS p-MOS

Supply voltage (V) 1.2 1.8 2.5
Drawn gate (nm) 90 260 360
tox (nm)a 1.5 5.0 5.0
VT (mV) 420 −400 378 −338 240 −230
IDsat (mA/μm) 1.0 0.5 0.47 0.25 0.64 0.32
Ioff (nA/μm) 15 6 2.45 0.6 3 × 10−2 1.6 × 10−2

a Physical gate oxide thickness.
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technologies [15], [20] with dedicated (heterostructure) bipolar transistors is outside
of the scope of this book.

3.2.1 Resistors

Here, we are mostly interested in the resistance of conducting and semiconducting layers,
usually with an (idealized) rectangular shape [22]–[25]. The resistance R of a uniform
sample of rectangular geometry of length L, width W, and thickness h, as shown in
Figure 3.4, is given by

R ¼ V

I
¼ FL

hWqnv
¼ L

hWqnμ
; (3:2:1)

whereVand I are the potential drop and the current in the sample, respectively,F is the electric
field, q the electronic charge, n the carrier density, v the velocity, and μ the carrier mobility.

The sheet resistance RSH of the (rectangular) layer is defined by

R ¼ L

W

1

hqμn

� �
¼ L

W
RSH: (3:2:2)

It is common to give the units of the sheet resistance in ohms per square (Ω/sq) instead
of simply ohms, to emphasize that the sheet resistance is equal to the resistance of a
square (W=L) piece of material. A resistor with L/W = 10 can be viewed as the series
association of ten square resistors, and a resistor with L/W = 1/10 as the parallel associa-
tion of ten square resistors.

The sheet resistance can be written in terms of the resistivity ρ of the conductor as

R�1
SH ¼ qμnh ¼ h

ρ
: (3:2:3)

Example 3.1

Using the data in Table 3.5, find the sheet resistance of a copper layer of depth 1000 nm.

Answer

Using (3.2.3), we find that

RSH ¼ ρ
h
¼ 1:7� 10�6 Ω cm

10�4 cm
¼ 17mΩ=sq:

h L

W

Fig. 3.4 An idealized rectangular resistor.
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It must be observed that the resistivity of a thin metal film is usually considerably
higher than that of the bulk material due to interface effects. Consequently, the above
value is only a first-order estimate for the sheet resistance.

Because of the dependence of the sheet resistance of a thin film on the fabrication
process (and also because of the variation in the dimensions due to photolithography
inaccuracies), the absolute values of resistors are poorly controlled in IC processes.
Worst-case variations of ±25% of the typical value of a sheet resistance are not uncom-
mon. For resistors with minimum dimensions well over the minimum dimensions of
the process, the variations in the resistance are due essentially to the sheet-resistance
tolerances. For narrow-geometry resistors, for example, the width tolerance must be
accounted for to calculate the variation in the resistance. Considering (statistically)
independent variation in the variables, it follows immediately from (3.2.2) that

ΔR
R

� �2

¼ ΔRSH

RSH

� �2

þ ΔW
W

� �2

; (3:2:4)

where Δ represents the variation in a parameter.
The definitions above are valid for rectangular uniform samples. As a first-order

approximation, the hypothesis of a uniform sample in the width and length direction is
usually true, but this is not the case for the depth direction. For semiconductor layers, in
most cases the doping (and carrier) density varies along the depth direction because the
impurities are introduced from the surface of the sample. Fortunately, the definition of
sheet resistance can be easily generalized for a non-uniform (in the depth direction)
carrier concentration as

R�1
SH ¼ q

Z h

0

μn dx: (3:2:5)

The limitation of the use of the resistance formula for the rectangular geometry of the
sample can also easily be overcome. For a non-rectangular geometry, an equivalent L/W
can be defined and the resistance of the sample is simply given by

R ¼ L

W

� �
eq

RSH: (3:2:6)

For the serpentine resistor shown in Figure 3.5, the equivalent L/W is calculated
considering that each corner square at a bend contributes approximately half (0.56) of
a square [3] due to current crowding in the region of the bend. Readers interested in the
effect of layout on the resistance value can find further information in [24]. In summary,

Table 3.5 Resistivities and temperature coefficients of resistivity (TCRs) of some metals

Metal (bulk) Resistivity at 20 °C (Ω cm) TCR (ppm/°C)

Aluminum 2.8 × 10− 6 3800
Copper 1.7 × 10− 6 4000
Gold 2.4 × 10− 6 3700
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sheet resistance is universally used to characterize conducting layers in ICs because the
resistance of any metal or semiconductor resistor, even with non-rectangular geometries,
can very easily be determined from (3.2.6).

For most metals, the resistivity increases with temperature because of the decrease in
carrier mobility with temperature. This variation is characterized by the (linear) tempera-
ture coefficient of resistivity given by

TCR ¼ dρ=ρð Þ=dTjT¼Ta
; (3:2:7)

which is usually given in parts per million (ppm) per degree Celsius (°C). Ta is room
temperature.

Example 3.2

Using the data in Table 3.5, find the percentage variation in the resistivity of copper for a
10 °C increase in temperature.

Answer

Using (3.2.7) we find that

Δρ
ρ

¼ TCR � ΔT ¼ 4� 10�3=oC� 10 oC ! Δρ
ρ

¼ 4%:

Metal layers are available for interconnection and metal resistors from these layers
usually have resistances in the range from tens of mΩ to several ohms; thus, their main
applications are in current sensing and short-circuit protection. In some analog processes,
thin-film sputtered metal resistors with high sheet resistance are available [20], but in
general the best-quality resistors in CMOS processes are those made of polysilicon.

3.2.1.1 Polysilicon resistors
In deep-submicron processes the gate polysilicon is silicided [26]–[28], which results in a
sheet resistance of the order of 2Ω/sq, which is too low for the implementation of most
resistors. In processes involving a silicide block mask, the n+ and p+ (non-silicided)

0.56 squares

0.56 squares

Fig 3.5 Top view of a serpentine resistor.
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polysilicon gate layers, with sheet resistance usually above 100Ω/sq, as shown in
Table 3.6, are available to implement precision resistors.

The simplified structure of a polysilicon resistor in a deep-submicron CMOS process is
shown in Figure 3.6. As seen in this figure, the silicide block mask excludes the ends of
the resistor where the contacts are located.

As shown in Figure 3.6, the total resistance R can be written as

R ¼ RC þ Rsilicide þ Rinterface þ RSHpoly
L

Wþ ΔW
; (3:2:8)

Table 3.6 Summary of properties of integrated resistors in CMOS technology

Resistor type
Sheet resistance
(Ω/sq)

Temperature
coefficient (ppm/°C)

Voltage coefficient
(ppm/V)

n+-Polysilicon 100 −800 50
p+-Polysilicon 200 200 50
n+/p+-Polysilicon (silicided) 5
n+-Diffusion 50 1500 500
p+-Diffusion 100 1500 500
n-Well 1000 2500 10000

The values of the sheet resistance and the temperature and voltage coefficients are only indicative.
For a specific process the reader should consult the foundry documentation.
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Fig 3.6 (a) Simplified structure and (b) dc equivalent circuit of a polysilicon resistor (adapted from [27]).
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where RC and Rsilicide are the effective contact and silicide resistances, RSHpoly is the sheet
resistance of the polysilicon, and L,W, and ΔW are the polysilicon resistor length, width,
and width correction, respectively. In general, ΔL≪ L and the length correction is,
therefore, negligible. Since the resistor is located on the shallow-trench isolation, the
parasitic capacitance with respect to the substrate is low. Figure 3.7 shows two equivalent
circuits for polysilicon resistors, including the parasitic capacitances [23].

The electrical properties of polysilicon can be easily described considering the resis-
tance of a sample as being the series association of grains with bulk-silicon properties
plus grain-boundary resistances. For resistors with polysilicon of large grain size and
small boundary effects, the resistance and TCR are similar to those of equivalently doped
monocrystalline silicon resistors. On the other hand, films with small grain size, larger
boundaries, and/or higher trap densities can exhibit resistivities an order of magnitude
higher than that of the equivalently doped monocrystalline silicon [24].

Grain-boundary resistances are highly non-linear, because of the transport mechan-
isms involved, including carrier hopping between traps, and crossing or tunneling
through potential barriers. The non-linearity of the polysilicon film is dependent on the
relative values of the grain and grain-boundary resistances and is given by the voltage
coefficient in Table 3.6. To increase the linearity of the resistor, its length should be
increased, with a corresponding decrease in the inner electric field.

In addition, since the grain-boundary resistances can have strong negative TCR
because more carriers are available at high temperature to cross the potential barriers at
grain boundaries, films for which the resistance is dominated by the grain boundary
resistances have negative TCR. Polysilicon films with zero TCR can be obtained (but are
not available in a standard process) for doping levels around 1020 cm−3.

3.2.1.2 Implanted and diffused resistors
The best option to fabricate a large resistor in a standard CMOS process is to use the
n-well, which can have a sheet resistance of 1 kΩ/sq or even higher. The main drawback
of the well resistor is that it is highly non-linear. Well resistors and other implanted/
diffused resistors are, in fact, junction field-effect transistors (JFETs), and they must be
modeled as such. Silicon foundries furnish the JFET parameters to model resistor wells in
circuit simulators.

To develop a simple model for an n-well resistor, let us consider that the well–substrate
junction is a one-sided step junction with

ND � NA: (3:2:9)

Substrate Substrate

C/2 C/4 C/2 C/4

R R/2 R/2

C/2

Fig. 3.7 Single-π and double-π equivalent circuits for a polysilicon resistor [23]
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Considering charge neutrality (see Figure 3.8) in the depletion region represented by
the region between the dotted lines, we can write

NDdn ¼ NAdp; (3:2:10)

which gives the following results for the depletion widths:

dp ’
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εs
qNA

�bi þ Vð Þ
s

(3:2:11)

and

dn ’ NA

ND

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εs
qNA

�bi þ Vð Þ
s

; (3:2:12)

where Va ≤V ≤Vb is the voltage measured with respect to the substrate and �bi is the built-
in potential. The voltage drop across a channel element of length dy is

dV ¼ IR dR ¼ IR dy

W dj � dn
� �

qμnND

; (3:2:13)

where dj is the metallurgical junction depth and W is the resistor width. Integrating
(3.2.13) between Va and Vb, the voltages applied to the resistor terminals, results in the
standard expression for the current in a JFET [29], which is given by

IR ¼ G0 Vb � Va � 2

3

NA

ND

1

dj

ffiffiffiffiffiffiffiffiffi
2εs
qNA

s
Vb þ �bið Þ3=2 � Va þ �bið Þ3=2

h i( )
; (3:2:14)

where

G0 ¼ WdjqμnND

L
(3:2:15)

is the conductance of the well layer, assuming that the depletion depth dn= 0.

dp

VbVa
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NA

ND

NA<< ND

dV

dj

Fig. 3.8 Cross section of an implanted/diffused resistor.
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A more elaborate model also considers the lateral depletion regions of the well [30].
A complete model of the resistor should include the (normally reverse-biased) resistor–
substrate junction, as shown in Figure 3.9. As is clear from Figures 3.8 and 3.9, the well
resistor is a three-terminal device and, for this reason, two voltage coefficients characte-
rize the non-linearity of the resistor [31] as given below:

R ¼ R0 1þ VCRðVb � VaÞ þ BCR
Vb þ Va

2

� �� �
; (3:2:16)

where VCR and BCR are the voltage coefficients for the differential and common-mode
voltages, respectively.

For implanted/diffused resistors, the increase in the sheet resistance is obtained by
decreasing the doping and/or the depth of the layer. In either case, the non-linearity of the
resistor increases, because the effect of the depletion layer modulation of the resistor
depth (width) is increased. In analytical terms, from (3.2.14) it follows that

VCR ðBCRÞ / dpNA

djND
: (3:2:17)

Finally, concerning the temperature coefficient of implanted/diffused resistors, an
analogous tradeoff between sheet resistance and linearity exists. Reducing the doping
of the layer increases the variation of mobility with temperature [25], [32] and, conse-
quently, the temperature coefficient of the resistor.

3.2.1.3 The MOS transistor as a resistor
MOS transistors can be biased either in the ohmic or in the saturation region to act as
resistors. MOS transistors in the saturation region emulate large resistors, but it is difficult
to predict their resistance values accurately. The MOSFET in the triode region acts as a
voltage-controlled resistor, i.e. the (non-linear) resistance between source and drain is
controlled by the gate voltage. The value of the ac resistance R can be calculated at
VDS= 0 using the universal transconductance-to-current ratio, which gives

1

R

				
VDS¼0

¼ dID
dVD

				
VDS¼0

¼ �dID
dVS

				
VDS¼0

¼ gms ¼ 2IS
�t

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1
� �

: (3:2:18)

VbVa

Substrate (or well)

Cj (Vb)

IR (Va,Vb)

Cj (Va)

Fig. 3.9 The equivalent circuit for an implanted/diffused resistor. IR (Va, Vb) is given by (3.2.14).
Assuming that the junction area is WL, the junction capacitances are given by
CjðVÞ ¼ ðWL=2Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

qεsNA=½2ð�bi þ VÞ�p
.
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The value of the inversion level if is dependent on the values of the source and gate
voltages according to the unified current-control model (UICM). The value of the
resistance can be controlled by the inversion level at the source, which, in turn, can be
controlled by the gate voltage. MOS transistors, however, are inherently non-linear
resistors. The non-linearities of the MOS transistor operating as a resistor, as well as
the capacitive effects that limit its operation at high frequencies, will be analyzed in depth
in the section of Chapter 9 on MOSFET-C filters, the MOS counterpart of active
RC-filters.

Example 3.3

Verify that, in strong inversion, the equivalent resistance between source and drain of an
MOS transistor at VDS= 0 is given by

1

R

				
VDS¼0

¼ gmsðdÞ ¼ μC0
oxn

W

L

VG � VT0

n
� VQ

� �
;

where VQ is the dc potential at the source.

Answer

In strong inversion, the drain current is given by

ID ¼ μC0
oxn

W

2L

VG � VT0

n
� VS

� �2

� VG � VT0

n
� VD

� �2
" #

:

The drain transconductance for VD=VS=VQ is

gmd ¼ dID
dVD

				
VDS¼0

¼ 1

R

					
VDS¼0

¼ μC0
oxn

W

L

VG � VT0

n
� VQ

� �
:

The MOSFET conductance in strong inversion is linearly dependent on the gate
voltage, and is also dependent on technological parameters, namely mobility, oxide
capacitance, and threshold voltage. On the other hand, in weak inversion the conductance
is an exponential function of the gate voltage.

3.2.2 Capacitors

Many analog circuits require high-quality capacitors, which are characterized by high
specific capacitance, uniformity, low voltage, and low temperature coefficients. Analog
processes offer options with the additional steps necessary in order to obtain compo-
nents that meet these high-quality requirements. The metal–insulator–metal (MIM) and
double-polysilicon options are the most frequently used for capacitors. In digital
CMOS processes, capacitors are available only as parasitic elements of transistors or
interconnections, but their performance tradeoffs are well known [33]. In most cases,
the capacitors used in IC design have the parallel-plate structure, and use silicon oxide
as the insulator.
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3.2.2.1 Metal–insulator–metal (MIM) capacitors
We begin this section considering an idealized MIM capacitor and then analyze lateral
flux, metal–(heavily doped) semiconductor, and transistor-gate capacitors.

Neglecting the fringing field in the parallel-plate capacitor shown in Figure 3.10, the
voltage drop V is related to the stored charge Q by

V ¼ Ftox ¼ Q0

εox
tox ¼ Q

Aεox
tox ¼ Q

C
; (3:2:19)

where F is the electric field in the insulator, tox the dielectric thickness, Q′ the charge
density per unit area, A the plate area, εox the permittivity of the insulator, and C the
capacitance given by

C ¼ AC0 ¼ A
εox
tox

: (3:2:20)

As is clear from Figure 3.11, which illustrates an integrated parallel-plate capacitor, if
we neglect the fringing field the capacitance is given by (3.2.20), with A being the
overlapping area of the two plates. Since conductors are separated from adjacent con-
ductors by dielectrics, parasitic capacitances exist between both the top plate and the
bottom plate and the substrate (or well). Clearly, because of the geometry and proximity

Gaussian
surface 

+Q 

–Q 

tox

Fig. 3.10 An idealized parallel-plate capacitor showing the application of Gauss’ law.

Bottom plate 

Top plate 
c

d

c

Top plate parasitic
capacitor

Substrate (or well)

Bottom plate
parasitic capacitor

d

(a) (b) 

Desired
capacitor

Fig. 3.11 An integrated parallel-plate capacitor: (a) simplified structure and (b) equivalent circuit.
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to the substrate, the bottom-plate capacitance is higher than that of the top plate, but we
must consider that interconnection capacitances are added in parallel with the top- and
bottom-plate capacitances. The parasitic capacitances play the role of permanent ac
connections between the capacitor terminals and the substrate (or well); thus, “noise”
from the substrate (or well) is coupled to the capacitor and “signal” from the capacitor is
coupled to the substrate (or well).

The advantage of integrated capacitors as precision analog components, compared
with resistors, is their higher thermal stability. Their temperature coefficient (TCC) is
given by

TCC ¼ 1

C

dC

dT
¼ 1

A

dA

dT
� 1

tox

dtox
dT

þ 1

εox

dεox
dT

ffi 1

εox

dεox
dT

: (3:2:21)

Because the first and second terms, which are associated with thermal expansion, are
relatively low [34], the TCC is dominated by the temperature coefficient of the dielectric
constant of the silicon oxide, which is around 20 ppm/°C [34].

When no dedicated thin oxide is available for metal–metal capacitors, the available
metal interconnection layers can be used to implement linear capacitors. The capacitance
per unit area can be increased by placing capacitors between interconnecting layers and
connecting them in parallel, as shown in Figure 3.12(a). In advanced technologies the
minimum separation between metal strips is less than the spacing between metal layers;
consequently, the lateral electric field is generally stronger than the vertical field.
A simple structure of a capacitor that exploits this idea is shown in Figure 3.12(b),
where the two terminals of the capacitor are metal lines from the same interconnecting

(a)

Substrate 

C1

C2

C3

Cparasitic

C = C1+ C2+ C3

Metal 1

Metal 2

Metal 3 

Metal 4 
Top view

Cross section

(b)

Fig. 3.12 Metal–oxide–metal (MOM) integrated capacitors: (a) vertical parallel-plate structure and (b) a
lateral-flux capacitor.
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layer. Capacitive structures with high capacitance per unit area using combinations of
vertical and horizontal capacitors have been proposed [35], [36].

3.2.2.2 Metal–oxide–semiconductor (MOS) capacitors
Since the thermal (silicon) gate oxide is the thinnest available insulator in the IC
structure, MOS capacitors have the highest capacitance per unit area in MOS technology.
In this section we start by analyzing the voltage dependence of the general MOS structure
and then consider the limit case of practical relevance of a highly doped semiconductor,
which gives a highly linear capacitor. Finally, the temperature coefficient of MOS
capacitances is calculated.

The total MOS capacitance (per unit area) is given by the series association of the
oxide and semiconductor capacitances (per unit area) as

C0
gb ¼

1

1
C0

c
þ 1
C0

ox

: (3:2:22)

To calculate the voltage coefficient of the capacitance (VCC),

VCC ¼ 1

C0
gb

dC0
gb

dVG
; (3:2:23)

it is convenient to calculate the derivative of the total capacitance as

dC0
gb

dVG
¼ dC0

gb

dC0
c

dC0
c

d�s

d�s

dVG
; (3:2:24)

where the first term is readily obtained from (3.2.22) and the third term is

d�s

dVG
¼ C0

ox

C0
ox þ C0

c

; (3:2:25)

due to the capacitive divider associated with the gate, channel, and substrate. Using
(3.2.22) through (3.2.25) yields

VCC ¼ C02
ox

C0
ox þ C0

c

� �2 1

C0
c

dC0
c

d�s
: (3:2:26)

The expression for the semiconductor capacitance given in Chapter 2, which is valid
from accumulation to weak inversion, is

C0
c ¼ sgnðusÞ qp0 1� e�usð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2q�tp0
εs

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðe�us þ us � 1Þp : (3:2:27)

Developing (3.2.27) to first order around theflat-band condition, i.e. us=0 (Problem 3.2),
gives

C0
c ffi C0

fb 1� 1

3
us

� �
; (3:2:28)
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where

C0
fb ¼

ffiffiffiffiffiffiffiffiffiffiffi
qεsp0
�t

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
q2εsp0
kT

s
(3:2:29)

is the flat-band capacitance.
Finally, from (3.2.26), (3.2.28), and (3.2.29) it follows that

VCC ffi � C02
ox

3qεsNA
: (3:2:30)

Equation (3.2.30) gives VCC at flat band if we consider thatC0
c � C0

ox, which is valid
for heavily doped semiconductors. The VCC values at flat band are similar to those for
highly doped substrates at the bias-voltage values which are usually applied, these being
typically around 100 ppm/V (Problem 3.4).

The implementation of MOS capacitors with a heavily doped semiconductor
(Figure 3.13(a)) in a self-aligned MOS process requires an extra mask, since in a conven-
tional process the heavily doped source and drain implants are masked by the silicon gate
structure.

Another capacitor structure sometimes available in CMOS processes is the highly
linear poly-to-poly capacitor illustrated in Figure 3.13(b) (in Problem 3.5, the analysis of
the dependence of the capacitance on the gate voltage is extended to these poly–poly
capacitors), which is often used in switched-capacitor filters.

The temperature coefficient of the MOS capacitance is defined as

TCC ¼ 1

Cgb

dCgb

dT
¼ C0

ox þ C0
c

AC0
oxC

0
c

d

dT

AC0
oxC

0
c

C0
ox þ C0

c

� �
; (3:2:31)

where A is the capacitor area. Considering that C0
c � C0

ox, it can be shown that [34]

TCC ¼ 1

A

dA

dT
� 1

tox

dtox
dT

� �
þ C0

ox

C02
c

dC0
c

dT
þ 1

εox

dεox
dT

ffi 1

εox

dεox
dT

: (3:2:32)

(a) (b)

Substrate Substrate

Diffusion

Metal

Poly Poly I

Poly II

Metal

LOCOS
LOCOS

Fig. 3.13 (a) Poly–semiconductor and (b) poly–poly capacitors (adapted from [37]).
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Since the terms in square brackets, which correspond to the thermal expansion and
thermal coefficient of the semiconductor capacitance, respectively, can be neglected [34],
the TCC is dominated by the thermal coefficient of the dielectric constant, which is very
low, of the order of 20 ppm/°C.

3.2.2.3 MOSFET gate capacitors
For reasons of cost, it is highly desirable to implement the analog part of a mainly digital
system on a chip with standard VLSI processes. One way to avoid the need for non-
standard processes to implement linear capacitors is to use the MOSFET gate structure,
which is the intrinsic element of any MOS technology. Compared with double-poly
capacitors, thin-oxide capacitors present a larger capacitance per unit area and have better
matching properties [38].

The thin-oxide capacitive structures available in a p-well CMOS technology are
summarized in Figure 3.14. The first two, Figures 3.14(a) and (b), must operate in
accumulation, whereas the last two can be biased in either accumulation or strong
inversion. The device in Figure 3.14(a) can act as a floating capacitor, but the one in
Figure 3.14(b) is an ac grounded capacitor since the n substrate is connected to the power
supply. The device in Figure 3.14(c) can be shielded from substrate noise by applying
a fixed potential to the well, whereas the one in Figure 3.14(d) can act as a floating
capacitor when biased in strong inversion.

The MOS gate capacitor is a highly non-linear device, but, by properly biasing this
structure, in either accumulation or strong inversion, capacitors presenting weak non-
linearities can be obtained. The experimental and theoretical C–V characteristics of a test
capacitor in a 2-μm n-well CMOS technology are shown in Figure 3.15 [33]. When the
capacitor is constrained to operate in either strong inversion (VGB < −1V) or accumula-
tion (VGB > 1V), the capacitance is almost insensitive to the gate voltage.

The model of the MOS transistor with VDS= 0, which is valid for low- and medium-
frequency operation, is shown in Figure 3.16. The approximate expressions for the
intrinsic gate capacitance are as follows. In strong inversion

B G B

p
p

p

(a)

(c) (d)

(b)n

p
n

n n p p p n
n

S G S B S G S B

n
n

B G B

n

Fig. 3.14 (a)–(d) Gate capacitors in a p-well CMOS technology (adapted from [33]).
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Cgs ¼ Cgd ffi 1

2
Cox;

Cgb ffi 0; (3:2:33)

whereas in accumulation

Cgs ¼ Cgd ffi 0;

Cgb ffi Cox;
(3:2:34)

where Cox is the thin-oxide intrinsic capacitance. The capacitances Cbs and Cbd are non-
linear and dependent on VBS. For an actual device, the overlap capacitances are in parallel

B G S

n p

n p

C
g
/C

o
x

VGB (V)

1

0.8
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0.4

0.2

0
–10 –5 0 5 10

Fig. 3.15 A test capacitor in an n-well CMOS technology and its corresponding gate capacitance for VBS = 0.
Solid and dotted lines represent experiment and theory, respectively (adapted from [33]).

Cgs Cgd

Cbd

Cgb

Cbs

S

G

B

D

Fig. 3.16 Intrinsic capacitances of the MOS transistor at VDS= 0. For operation as a weakly non-linear
capacitor, the gate is the top plate whereas either the source for strong-inversion operation
or the bulk for accumulation can be the bottom plate (adapted from [33]).
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with Cgs and Cgd, while the junction capacitances are in parallel with Cbs and Cbd. A third
junction parasitic capacitance (well-to-substrate) must be considered if the device is
inside a well. In order to obtain a nearly voltage-independent capacitance, a voltage bias
must be applied to the gate terminal to keep the structure in either accumulation or strong
inversion. This is easy to carry out for grounded or virtually grounded capacitors, as will
be shown in Chapter 9 for typical OTA-C systems and in Chapter 10 for SC filters.

To calculate the voltage coefficient of the MOS gate capacitance in accumulation, we
approximate the semiconductor charge by retaining the dominant exponential term [33]
only, which gives

�Q0
C ffi �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2q�tεsp0

p
e�us=2: (3:2:35)

Consequently, the semiconductor capacitance is given by

C0
c ¼ � dQ0

C

d�s
¼ Q0

C

2�t
¼ �C0

ox VG � VFB � �sð Þ
2�t

: (3:2:36)

The total gate capacitance (per unit area), which is the series association of the oxide
and semiconductor capacitances (per unit area), is given by

C0
gb ¼ C0

ox 1� 2�t

2�t þ VFB � VG þ �s

� �
ffi C0

ox 1� 2�t

2�t þ VFB � VG

� �
; (3:2:37)

which is valid for

VFB � VG � 2�t: (3:2:38)

Since (3.2.37) is valid in accumulation, we consider that �sffi 0. The voltage coeffi-
cient of the MOS gate capacitance in accumulation thus follows directly from (3.2.37)
(Problem 3.4), resulting in

VCC ¼ � 2�t

VFB � VGð Þ2 : (3:2:39)

In inversion, a similar expression (Problem 3.4) holds:

VCC ¼ 2�t

VG � VTð Þ2 : (3:2:40)

It should be observed that, even when biased in accumulation or in strong inversion,
gate capacitors with thin oxide present non-negligible non-linearities, as shown in the
example that follows.

Example 3.4

Determine the voltage capacitance coefficient for a MOSFET capacitor in strong inver-
sion with a gate-to-source voltage of 2.5 V. The threshold voltage is 0.6V.

Answer

Using (3.2.40) we find that

108 CMOS Analog Design Using All-Region MOSFET Modeling



VCC ¼ 2�t

VG � VTð Þ2 ¼
2� 26� 10�3

2:5� 0:6ð Þ2 ¼ 14:4� 10�3 V�1

or 14.4 kppm/V.

So far, the gate capacitor has been modeled as a lumped element. For high-frequency
operation, the distributed nature of the gate capacitor must be taken into account, since
neither the channel nor the gate resistance is zero. In the following analysis, we assume that
the gate resistance is significantly lower than the channel resistance; thus, to model the gate
capacitor we assume that the gate area is equipotential. Under small-signal operation the gate
structure can bemodeled as a uniformly distributedRC transmission line. For a gate structure
in which the drain is open, the equivalent impedance between gate and source is [39]

ZðsÞ ¼ Rtffiffiffiffi
sτ

p coth
ffiffiffiffi
sτ

p
; (3:2:41)

where s is the complex frequency, Rt=RSHL/W (RSH is the channel sheet resistance, and
Wand L are the channel width and length, respectively) is the total channel resistance, and
τ =RtCt, with Ct ¼ C0

oxWL the total gate capacitance. For the gate structure shown in
Figure 3.14(c), expression (3.2.41) for the gate impedance still holds, but with τ=RtCt / 4,
since the drain and source terminals are short-circuited. If the operating frequency is
much lower than l/τ, the transmission-line nature of the gate structure in Figure 3.l4(c)
can be modeled with the approximate impedance parameter

ZðsÞ ffi 1

sCt
þ 1

12
Rt: (3:2:42)

Consequently, for frequencies under, say, 0.2/τ, the MOSFET gate structure acts as a
capacitor with a quality factor given by

Q ffi 12

L2ωRSHC
0
ox

: (3:2:43)

Therefore, for high-frequency operation, short-channel capacitors are required in order
to avoid an excessive phase shift due to their parasitic resistance.

It is worth making a final comment about the use of the MOS capacitor (in either
inversion or accumulation) as a varactor (variable reactor) in electronically tuned circuits,
the most common application being the voltage controlled oscillator (VCO). Varactors
suitable for operation in the range 300MHz–3GHz with quality factors over 100 in
0.5-μm CMOS technology have been presented [40].

To conclude this subsection, Table 3.7 summarizes some relevant data on capacitors
integrated in CMOS technologies.

3.2.3 Inductors

Inductors are the least attractive passive devices in IC technologies. Integrated inductors
are implemented either as bond wires or as planar spirals [41]. The former have very
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constrained values and are very sensitive to production fluctuations [41]. Thus, the most
commonly used structure for inductors is the planar spiral, one example of which is
shown in Figure 3.17.

The spiral inductor is commonly implemented in the topmost metal layer because this
gives two advantages. The topmost layer is usually the thickest and, therefore, the one
with the lowest sheet resistance. It is at the greatest distance from the substrate, thus
presenting the lowest parasitic capacitance to the substrate. The underpass connection to

Table 3.7 Summary of capacitor properties in CMOS technology

Capacitor type
Capacitance per
unit area (aF/μm2)

Temperature coefficient
(ppm/°C)

Voltage coefficient
(ppm/V)

MOM 150 20 10
MOM (combined lateral and vertical
structure)

200 20 10

MOS gate (biased) 5000 200 10000
MOS (heavily doped Si option) 1000 20 10
MIM (thin-oxide option) 1000 20 10
Poly–poly 1000 20 10

The values of capacitance per unit area and the temperature and voltage coefficients are only indicative.
For a specific process, the reader should consult the foundry documentation.

Metal 2 Metal 1

Metal 1

Via

Metal 2

Dielectric

(a)

(b)

A

Spacing
Width

A′

p-Si

Passivation Via

Fig. 3.17 (a) Cross section and (b) top view of a planar spiral inductor (adapted from [42]).
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the center of the spiral is built in a lower metal level, and the interconnection between the
two layers is generally through several vias to reduce the series resistance. The equivalent
circuit of the inductor is shown in Figure 3.18. Ls and Rs represent the inductance and
series resistance of the spiral and the underpass. The overlap between the spiral and the
underpass originates a capacitive coupling between the two terminals of the inductor,
which is represented by Cs. The oxide capacitance between the spiral and the silicon
substrate is represented by Co. Finally, Rsi and Csi model the silicon substrate.

The inductance of a spiral inductor is a complicated function of its geometry, and
numerous publications have presented approximation methods [35], [41] to avoid the
need for numerical (tridimensional) magnetic field solvers. Here, we will review first-
order estimation formulas only.

For a simple circular loop, the exact expression for the inductance is given in terms of
elliptic integrals. If the wire radius a is much smaller than the loop radius r (a≪ r), the
inductance L of the loop [43] is given by

L ¼ μ0r ln
8r

a

� �
� 2

� �
; (3:2:44)

where μ0 = 4π × 10
−7 H/m is the vacuum permeability. For an ideal planar circular coil of

n turns with a circular cross section of radius a, the inductance is given by (3.2.44)
multiplied by n2, i.e.

L ¼ n2μ0r ln
8r

a

� �
� 2

� �
: (3:2:45)

A very simple estimate of the inductance of a spiral inductor is given [35] by

L � n2μ0r; (3:2:46)

which corresponds to a planar circular inductor with r/affi 2.5.

Example 3.5

Give a rough estimate of the inductance of a five-turn spiral inductor with an average
radius of 50 μm.

Cs

Co Co

RsLs

Rsi RsiCsi Csi

Fig. 3.18 A lumped inductor model (adapted from [41]).
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Answer

A rough approximation of the inductance is, from (3.2.46),

L � n2μ0r ¼ 52 � 4π � 10�7 � 50� 10�6 ffi 1:6 nH:

Spiral inductors are very expensive in silicon real estate and, for this reason, values of
on-chip inductances are commonly under 10 nH [35].

For the design of an inductor one must consider the effects of the parasitic components
shown in Figure 3.18. Because of the parasitic capacitances the spiral inductor has a self-
resonance frequency, which gives an upper boundary to its useful frequency range. The
calculation of the quality factor Q of the inductor is involved because not only losses in
the series resistances and contacts but also those associated with the induced (eddy)
currents in the substrate must be considered. The interested reader can refer to [35] and
the references therein for more details on inductor modeling.

3.2.4 Bipolar transistors

The bipolar junction transistor (BJT) has several advantages over the MOS transistor for
analog applications, the two most important being that it brings less 1/f noise and has
better matching characteristics. Additionally, the BJT offers exponential current–voltage
characteristics at higher current densities than the MOSFETand can be used for bandgap
references. BiCMOS technologies were developed to combine the best characteristics of
MOSFETs and BJTs, but they are not always available, their cost can be high, and the
MOS transistor performance in the BiCMOS process is inferior to that in the CMOS
process. For these reasons, whenever a BJT is required, it is highly desirable to use the
parasitic BJTs in a conventional CMOS process since they are always available at no
extra cost.

As seen in Figure 3.19, the p-MOS transistor inside the n-well has three associated
parasitic bipolar devices, consisting of one lateral and two vertical p–n–p structures. The

Gate
Source

(Emitter)
Drain

(Collector)

M1

QIatp+ p+

Qver Qver

n-well

p-substrate

p+ n+

Well
(Base)Substrate

Fig. 3.19 Cross section of a bipolar lateral device in CMOS technology (adapted from [44]).
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use of the vertical transistors is limited since their collectors are at the substrate; thus, they
are suitable only for common-collector topologies. Lateral devices have received much
more attention for building analog circuits, such as bandgap references, accurate current
mirrors, and low-noise amplifiers [45]. To conveniently operate a parasitic bipolar
device, the MOS transistor must remain off, and thus a sufficiently positive (for a
transistor inside the n-well) gate-to-well voltage must be applied.

The carrier flow for a lateral bipolar transistor operating in the forward active region
(emitter–base junction forward biased and collector–base junction reverse biased) is
shown in Figure 3.20. The holes injected by the emitter into the base (n-well) diffuse
to the lateral collector as desired; however, they also diffuse to the p-substrate, because
there is no n+ buried layer that would prevent hole injection into the substrate. Thus, the
lateral and vertical transistors operate in conjunction, the emitter current IE being split
into a lateral collector current IC, a substrate collector current IS, and a base current IB. As
a consequence, neither of the common-base current gains αlat = IC/IE and αvert= IS/IE
is close to the ideal value of unity. On the other hand, due to the high emitter efficiency
and reduced recombination in the base region, both the common-emitter current gains,
βlat = IC/IB and βvert= IS/IB, are usually sufficiently large for circuit applications. For
common-collector topologies, the lateral and vertical (substrate) collectors can be con-
nected, but for the other cases the lateral device current has to be higher than that of the
vertical device. To maximize the ratio IC/IS, the emitter area must be minimized and
the lateral collector must surround the emitter area, because in this way the efficiency
of the vertical collector is reduced and that of the lateral collector is maximized.
Additionally, the channel length of the MOSFET, which corresponds to the base width
of the lateral transistor, must be set at its minimum value in order to increase the lateral
BJT performance.

If a triple-well CMOS process is available, it offers the additional advantage of a
vertical parasitic n–p–n BJT, as shown in Figure 3.21. Compared with the lateral p–n–p
transistor, the vertical n–p–n transistor has the advantages of better uniformity, higher
drive capability, and characteristics that are closer to the ideal ones. It should be observed

GateSource
(Emitter)

Drain
(Collector)

p+

IS IE IC IB

p+ p+

n-well

p-substrate

n+

Well
(Base)Substrate

Fig. 3.20 Flow of carriers in the CMOS-compatible BJT (adapted from [44]).
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that, although lateral BJTs have been used mainly in low-frequency applications, para-
sitic vertical n–p–n BJTs are currently being used in RF mixers for the operating-
frequency range 1–2GHz in a 0.18-μm technology [46].

3.3 Latchup

CMOS circuits can develop a low-resistance path between the power rails, which can
cause catastrophic meltdown. This phenomenon, called latchup, occurs when the para-
sitic bipolar transistors inherent to the conventional CMOS process turn on. The parasitic
bipolar transistors are shown in Figure 3.22, where only the source (or drain) of an n-
channel and the source (or drain) of a p-channel MOSFET are shown. The two parasitic
BJTs are a lateral n–p–n and a vertical p–n–p transistor. The parasitic resistances in the
bulk and well regions are also indicated in Figure 3.22. The equivalent circuit of the two
cross-coupled transistors is shown in Figure 3.22(b). This n–p–n–p structure constitutes a
bistable silicon-controlled rectifier (SCR) or a thyristor. In normal operation the two
bipolar transistors are off, but the structure can turn on if, for example, a large enough
transient current causes a voltage drop across Rnwell that turns on the p–n–p BJT. The
collector current of the p–n–p transistor, which flows through Rsub, can turn on the n–p–n
transistor. The collector current of the n–p–n transistor lowers the base voltage of the
p–n–p transistor, creating a positive feedback that can lead to a runaway process, known
as the latchup of the structure. The value of the current between the power rails is limited
only by the parasitic resistances. Latchup results in the failure of the circuit, which
remains until the power is removed or can even cause the destruction of the chip. It
should be noted that there is a parasitic n–p–n–p structure for each pair of n-channel and
p-channel transistors, thus causing a chip to be very susceptible to latchup if measures to
avoid it are not taken. Latchup is minimized by a combination of technology and design
techniques. The use of a lightly doped epitaxial layer over a heavily doped substrate
reduces the substrate parasitic resistances, making the turning on of the n–p–n BJTs less
likely. The foundries furnish specific design rules to minimize latchup, including rules
(of maximum spacing) for well and substrate contacts, and placement rules for the

PMOS NMOS n–p–n BJT

n-well

p+ p+ n+ n+ n+ n+ n+ n+p+ p+ p+

n-well n-wellp-well

Deep n-wellDeep n-well

p-substrate

p-well p-well

n-well
contactS G D

p-well
contactS G D C B E B C

Fig. 3.21 Cross section of the triple-well CMOS technology (adapted from [46]).
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transistors (avoiding intertwining of n-channel and p-channel MOSFETs). Input and
output structures are the most prone to latchup because external voltages can ring above
VDD or below ground, forward biasing the base–emitter junctions and turning on the
parasitic BJTs. Specific rules for the I/O, such as the use of guard rings as well as pre-
designed I/O cells resistant to latchup, are furnished by the foundry.

3.4 Analog layout issues

3.4.1 Optical lithography

Photolithography is the process that allows the transfer of a pattern from a mask to the
surface of the silicon wafer [4], [48]–[51]. Photolithography is currently a very sophis-
ticated and costly technique, but the basic processing steps, illustrated in Figure 3.23,
have remained the same since the development of the planar technology. Photoresist, a
light-sensitive viscous liquid polymer, is applied to the top surface of the wafers. The
wafers are then exposed to ultraviolet light through a mask (or reticle) that contains the
geometric pattern to be transferred to the wafer. In current systems the reticle geometry is
in large scale (e.g. 5× or 10×) and a reduction lens system projects the image of the reticle
onto the photoresist. Before exposure, each mask following the first must be precisely
aligned with the wafer. The alignment of each new mask level to one of the previous
levels is achieved through the use of alignment marks on the wafer and mask.

For positive photoresists, the ultraviolet light breaks bonds, making the exposed regions
more soluble in the developer. For negative photoresists, the exposed regions are less
soluble because they polymerize under illumination. Finally, depending on the type of
photoresist, a positive or negative image relative to the mask pattern is obtained after
developing the photoresist. After hardening of the photoresist, the wafer can be etched to
transfer the geometric pattern of the photoresist onto the underlying layer on the wafer.

VDD VSS

VDD

n-well

n+ p+ n+ p+

Rwell Rsub

Qnpn

Rwell

VEB

VBE

Qpnp

Rsub

+

+

–

–

VSS

(b)

Qpnp

Qnpn

(a)

p-substrate

Fig. 3.22 Parasitic bipolar transistors in CMOS technology, which may lead to latchup: (a) cross section
of the CMOS structure and (b) the equivalent circuit of the parasitic bipolar transistors and resistors
(adapted from [47]).
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As summarized in Table 3.8, there are only a few available wavelengths for lithogra-
phy and the scaling of the wavelength of the light sources has not followed the scaling of
the minimum dimensions of transistors. In the middle of the 1990s, the minimum
dimensions of chip features approached the light wavelength used for lithography,
requiring new techniques, known generically as resolution-enhancement techniques
(RETs), to maintain control over the minimum dimensions, which are shorter than the
wavelength. It should be noted that for the 90 (45) nm process node the critical dimension
is slightly above one half (quarter) of the wavelength of the ArF laser, which is the
shortest available.

The first RET was optical proximity correction (OPC), illustrated in Figure 3.24. In
OPC, predictable distortions in the printed geometry are corrected by applying an inverse

Table 3.8 Wavelengths used for optical lithography [49]

Source Wavelength (nm) Intended resolution (nm) Year of introduction

G-linea 436 1000
I-linea 365 500 1984
KrF laser 248 250 1989
ArF laser 193 100 2001
F2 laser 157 65 Noneb

a Filtered spectral components of high-pressure Hg or Hg–rare-gas discharge lamps.
bThe technology was abandoned.

Wafer

Mask

Photoresist

Ultraviolet light

Fig. 3.23 A simplified representation of the basic steps of photolithography.

DESIGN MASK WITH OPC RESULT ON WAFER

Fig. 3.24 Optical proximity correction (OPC) counteracts lithography distortions (adapted from [48]).
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distortion to the mask geometry. Corner rounding, for example, is compensated for by
adding additional shapes (serifs) to outer corners or removing shapes from inner corners.
The first generation of OPC was rule-based. The OPC rules were developed on the
basis of simulation and experimental results. More advanced OPC algorithms are also
available.

Another technique to enhance the printing of sub-wavelength geometries is the use of
scatter bars, also called sub-resolution assist features (SRAFs), illustrated in Figure 3.25.
These are narrow lines placed on the mask to enhance the image of adjacent figures. The
resolution of the small geometry is enhanced by additional light interference produced by the
surrounding scatter bars. The scatter bars themselves should not be printed on thewafer and,
therefore, they must be smaller than the resolution limit of the lithography [48]. There must
be space available around a geometry for it to be surrounded by scatter bars. As illustrated in
Figure 3.26, layouts must avoid space widths that preclude the use of SRAFs.

One of the main techniques of sub-wavelength lithography is the use of a phase-shift
mask (PSM), a technique invented in 1982. Interference is used beneficially in photo-
lithography to improve image resolution. In alternating PSMs, the thickness of the clear
region on the mask is modulated. The clear patterns have recessed and unrecessed areas.
In the recessed areas the thickness is adjusted such that the phase of transmitted light
shifts 180° relative to light in the unrecessed areas. Interference between the light waves

Fig. 3.25 Optical proximity correction (OPC) and SRAFs applied to a layout (adapted from [51]).

No room to place
an effective assist

feature

Optimum assist
feature locations are
too close together

Fig. 3.26 Layout space widths to be avoided in the use of assist features (adapted from [48]).
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coming from adjacent regions creates a notch in the light intensity that allows a resolution
appropriate for very fine lines. The phase assignment for the different regions presents
some challenges, which are discussed in the literature [4], [48], [51]. The combination of
PSM and OPC is illustrated in Figure 3.27.

3.4.1.1 Design for manufacturability
Deep-submicron manufacturability is a big issue and in this regard there is a strong focus
on best practices for layout. A brief summary follows.

Design for manufacturability (DFM) [4] is strongly dependent on circuit layouts
because of the dependence of the critical dimensions (CDs), such as poly width, on the
poly density and pitch. If the transistors are all oriented in the same direction, correction
of the CDs using RET is much easier. On the other hand, the simpler the shape of a
polygon, the simpler the OPC. Limiting the degrees of freedom in a layout, such as
requiring all transistors to be oriented in the same direction, can considerably improve
process control and optimization.

The use of multiple contacts and vias also has a major impact on yield. Design
uniformity and the use of folded devices improve matching, which is desirable in
many analog, and even digital, circuits.

In Section 3.4.3 onMOSFET layout, we will develop analog layout techniques that are
compatible with the best practices for DFM.

3.4.2 Mask layout and design rules

The patterns of the different layers constituting the integrated circuit are provided by
the designer for the manufacturer (foundry) as a set of binary masks (dark, transparent),

Digitized layout

PSM

OPC

PSM

0°0°

180°

No print

180°

Fig. 3.27 Combination of OPC and PSM for 65-nm technology (adapted from [51]).
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such that each mask determines the regions in which the corresponding layer is built
[52]–[57]. Besides the masks furnished by the designer, other masks dependent on the
designed masks, which are necessary for the processing, are generated by the manufac-
turer. The basic set of masks for a standard CMOS process (Figure 3.28) is the following.

(1) Wells are deep diffusions on which MOSFETs are built. In the basic CMOS process,
the doping of the wells is the opposite to that of the substrate. Twin-well processes
provide a well for each type of transistor, and triple-well technologies enable local
bias for n- and p-wells, as explained in Section 3.1.2.2.

(2) The active regions are those which do not have a thick (field) oxide layer over them.
Active regions are the source and drain of the transistors and the contact regions of the
substrate and wells. The intersection of the active region with the (poly) gate region
defines the intrinsicMOS transistor. The type of doping that an active region receives is
determined by using a select mask or two active masks, n+ active and p+ active.

(3) Polysilicon, or simply poly, is the layer from which the gates of the transistors are
built. If a silicide blocking mask is available, polysilicon can also be used to
implement high-resistivity resistors.

(4) Various metal layers are available for interconnection.
(5) Contacts are holes in the insulation layer that allow the metal-1 layer to connect the

active and poly regions under it.
(6) Via 1 connects metal 1 with metal 2, via 2 connects metal 2 with metal 3, etc.
(7) A thick insulator layer protects the entire circuit except the regions where electrical

connections with the outside, the so-called bonding pads, are needed. The passiva-
tion or overglass mask defines the cuts in the overglass for bonding-pad positioning.
The non-idealities of a technology are taken into account as a series of geometric

restrictions that must be obeyed in the design of a layout and are called design rules.

IN

GND VDDOUT
TiSi2

n+

n+ n+

p+

p+
STI

p-well n-well

p+

Si3N4

Fig. 3.28 Mask layout and cross section of a CMOS inverter (adapted from [7]). The n-well and p-well
contacts are not shown. Dashed lines represent metal connections.
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The design rules are related to the process steps involved in CMOS fabrication,
including lithography, etching, implantation, and diffusion. Some of the physical
phenomena that are at the origin of the design rules are mask (mis)alignment, optical
resolution, etching undercut, and lateral diffusion.

Most of the design rules fall into one of the following four categories (see Figure 3.29).

Minimum element
width (Wmin)

The width and length of the pattern drawn on a mask must
exceed minimum values as a consequence of the lithography
and process characteristics. Geometries with minimum dimen-
sions under the allowed limits could present catastrophic fail-
ures, such as open circuits, or, alternatively, strong fluctuations
in electrical parameters, such as resistance, which can be con-
sidered as parametric failures.

Minimum spacing
(ΔWmin)

To avoid shorts, geometries on the same mask, or in some cases
on different masks, must be separated by a minimum spacing.

Minimum enclosure
(Wen-min)

Two layers to be connected must overlap even in the worst case
of misalignment. A contact between two layers, which must
remain within the two layers, is one example of the minimum-
enclosure rule. A transistor within a well is another example of
this rule.

Minimum extension
(Wext-min)

The polysilicon gate must extend beyond the edge of the active
area. In this case the rule avoids the possibility that, due to mask
misalignments and other effects, a source/drain diffusion
bypasses the gate region of the transistor making the transistor
unable to cut off.

In some cases, such as for contacts, the design rule can establish mandatory fixed
dimensions.

Another kind of design rule is related to reliability issues and/or to failure mechanisms;
the interested reader should consult the design kit of the specific process. Since design
rules apply to every mask level and also to the relation between different layers, and their
number is quite large, well over 100 layout rules are specified in design kits of modern
CMOS processes.

Because of the importance of complying with design rules, a specific computer tool,
the design-rule checker, is included in computer packages for layout generation.

(a) (b) (c) (d)

ΔWmin

Wext-min

Wen-min

Wmin

Fig. 3.29 The four main types of design rule: (a) minimum width, (b) minimum spacing, (c) minimum
enclosure, and (d) minimum extension.
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3.4.3 MOSFET layout

A typical layout of a transistor, which is neither wide nor of minimum width, is shown in
Figure 3.30 [54]–[59]. The active-area regions not protected by the polysilicon gate
become the source and drain regions; the channel is the region under the gate. The
polysilicon gate must extend beyond the edge of the active area according to a design
rule. In Figure 3.30 only the source/drain contacts are shown; the substrate and gate
contacts are not indicated. The use of multiple contacts, as shown in Figure 3.30, is
typical in MOSFET layouts, and there are several reasons for this. Multiple contacts
reduce series resistance and increase yield (the failure of one contact is not catastrophic),
and the alternative of large-area contacts is usually not available, since the process is
optimized for minimum-area contacts.

Layout styles aimed at both improving the matched behavior between (ideally iden-
tical) devices and reducing parasitic capacitances will be presented next.

3.4.3.1 Layout for matching
Analog circuits such as current mirrors and differential pairs rely on the concept of
matched behavior between identically designed devices. Time-independent variations
between identically designed transistors, called mismatch, affect the performance of most
analog (and even digital) MOS circuits. Small MOSFET dimensions and reduced supply
voltage make matching limitations even more important. Mismatch results from either
systematic or stochastic (random) effects [61], [62]. Systematic effects originate from
either poor layout or uncontrollable variation during IC fabrication. Systematic mismatch
can originate from equipment-induced non-uniformities such as temperature gradients
and differences in photomask size across the wafer. Systematic effects are important for
large distances, but appropriate layout techniques can minimize them. Randommismatch
refers to local variation in parameters such as doping concentration, mobility, oxide
thickness, and polysilicon granularity. Random mismatch, which is dominant compared
with systematic mismatch for short distances (that is, distances of the same order as the
transistor size as opposed to the die size), will be covered in Chapter 4.

Matching of critical devices may be improved by following the rules summarized in
Table 3.9, which are aimed at minimizing systematic mismatch. To reduce random
mismatch the devices should be sized adequately to account for the spatial averages of
the fluctuating quantities. A statistical model relating the standard deviation of the drain

S

G

D

Active area

Contact

Metal

Polysilicon gate 

Fig. 3.30 Typical layout of a transistor (the substrate contact is not shown).
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current to transistor size is developed in Chapter 4. Here, we will address only the
reduction of systematic mismatches.

The above rules are applicable to all IC technologies, but the quantitative importance
of each rule depends on the process under consideration.

Some of the rules are self-evident, but a few comments are worthy of note.

(1) Devices to be matched must have the same structure, that is, a polysilicon resistor
cannot be matched with a well resistor.

(2) Theymust have the same shape and size. For example, matched transistors must have
not simply the same aspect ratio W/L, but also the same channel length L and the
same channel width W.

(3) Matched devices must have the same orientation for the current flow in order to avoid
the effect of non-isotropy of the substrate, including mechanical-stress-induced
anisotropies. The current flow must be parallel and in the same direction to avoid
the effect of non-symmetry between contacts, as illustrated in Figure 3.31.

(4) Matched devices should have the same surroundings in order to avoid there being
different edge effects on the (ideally) matched devices during the etching or implan-
tation processes. Dummy devices should be placed on either side of matched devices,
as indicated in Figure 3.32. Unconnected dummies are prone to accumulate electro-
static charge since they are electrically unconnected. Connection of dummies to
ground or a low-impedance node eliminates the possibility of electrostatic modula-
tion of adjacent resistors [24].

Table 3.9 Rules for minimizing systematic mismatch
of integrated devices [60]

Rule no. Rule

1 Same structure
2 Same shape, same size
3 Same orientation
4 Same surroundings
5 Minimum distance
6 Common-centroid geometries
7 Same temperature

Source/drain implant

Shaded
region Asymmetry 

Fig. 3.31 Diagonal shift in the source/drain regions of a transistor due to a tilted implant (adapted from [59]).
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(5) Minimizing the distance between devices reduces the effects of variation in para-
meters due to global mismatch.

(6) Common-centroid geometries, examples of which are illustrated in Figure 3.33,
ideally cancel out the effect of constant gradients of parameters.

(7) Since the semiconductor device characteristics are strongly dependent on tempera-
ture, matched devices must be placed on the same isotherm. If the chip layout has

Unconnected dummy 

Unconnected dummy 

Conn. dummy 

Conn. dummy 

(a) (b) 

Fig. 3.32 Improvement of matching by the addition of dummy devices for the layout of two resistors with
a resistance ratio of 2 : 1: (a) unconnected dummy resistors and (b) connected dummy resistors
(adapted from [24] and [58]).

(a)

Cox Cox + ΔCox Cox + 2ΔCox Cox + 3ΔCox

A B

AB

A B B A
(b)

Fig. 3.33 Mock layouts of some possible common-centroid geometries for improved matching (adapted
from [59]). Transistors with the same label are connected in parallel. It can be shown that, under
certain conditions, IDA = IDB (Problem 3.7).
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some symmetry with respect to the most dissipative devices, the isotherm location
can be derived from symmetry considerations.

It is important to observe that device contacts must be considered when complying
with rules (1) and (2), namely that devices be of the same structure and shape, and that the
interconnections must be considered in relation to rule (4), concerning the need for
matched devices to have the same surroundings.

In the next section, a very regular layout style that can easily comply with the matching
rules indicated previously will be presented.

3.4.3.2 Folded layout
Folding theMOSFET (the transistor is split into two parallel connected pieces), as shown
in Figure 3.34, potentially halves the source/drain diffusion areas because of the sharing
of the diffusion strips by two subdevices [53], [58]. Consequently, the junction capaci-
tances and leakage currents are also reduced, potentially being halved. As shown in
Figure 3.34, use of an even number of folds places either the drain or source at both ends.
Use of an odd number of folds places the drain at one end and the source at the other. An
additional advantage of the use of an even number of folds is that the series resistance of
the source or drain is insensitive to contact-mask misalignment.

As shown in Figure 3.35(a), a folded layout is very convenient for a differential pair.
The inclusion of a third device, as shown in Figure 3.35(b), maintains symmetric
surroundings in the layout of the differential pair.

A further reduction in the source/drain areas can be obtained by sharing them on the four
sides. The resulting waffle-shaped layout [52], [56] is seldom used because of the non-
rectangular shape of the channel, whichmakes it difficult to control the equivalent aspect ratio.

S

G

S

S

G
G

D

D

D

(a)

(b) (c)

W/2

W/2 W/3

Fig. 3.34 (a) A transistor with an even number of folds. (b)Mock layout of the transistor with an even number
of folds. (c) Mock layout of the transistor with an odd number of folds.
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3.4.3.3 Interdigitated layout
Mismatch between folded transistors can be minimized using the interdigitated layouts of
Figures 3.36 and 3.37 [53]. The simultaneous use of folded and interdigitated arrays
allows a compact and symmetric layout to be achieved, which improves both speed and
matching. With regard to matching, folded layouts obey rules (1) and (2) from Table 3.9
and interdigitated layouts additionally obey rules (3), (4), and (5). Rule (6) for obtaining a
common-centroid differential pair can be satisfied using the layout of Figure 3.37.

3.4.3.4 Series association of transistors
In this section we demonstrate that the series association of two transistors is dc-equivalent
to a single transistor. The gate and bulk terminals are common to both transistors, as shown
in Figure 3.38. In the triode region, using the gradual-channel approximation, the drain
current of an MOS transistor can be written as

ID ¼ W

L
gðVG;VSÞ � gðVG;VDÞ½ �; (3:4:1)

where all voltages are referred to the substrate, emphasizing the symmetry between source
and drain.Wand L are the channel width and length and g(VG,V) is a function that describes
the dc behavior of the MOSFET, including the body effect and mobility reduction.
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Fig. 3.35 (a) A differential pair with folded layout. (b) A third device is added without degrading the
symmetry of the layout.
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Fig. 3.36 A differential pair. (a) A simplified schematic diagram. (b) A schematic diagram of a case with
an even number of folds. (c) Mock layout of an interdigitated even number of folds. (d) A schematic
diagram of a case with an odd number of folds. (e) Mock layout of an interdigitated odd number
of folds. Compared with the differential pair in (c), the one in (e) has a fold of transistor BEC
added on the left and a fold of transistor ADC added on the right.
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Fig. 3.37 Common-centroid layout of a differential pair.
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Assuming that VD is such thatMD is biased in the triode region, from the equality of the
drain currents of MS and MD in Figure 3.38 it follows that

gðVG;VXÞ ¼ W=Lð ÞS gðVG;VSÞ þ W=Lð ÞD gðVG;VDÞ
W=Lð ÞS þ W=Lð ÞD

: (3:4:2)

From (3.4.1) and (3.4.2), the drain current of the series association of transistors is

ID ¼ W

L

� �
eq

gðVG;VSÞ � gðVG;VDÞ½ �; (3:4:3)

where

W

L

� �
eq

¼ W=Lð ÞS W=Lð ÞD
W=Lð ÞS þ W=Lð ÞS

(3:4:4)

The case WD>WS has applications for high-gain and high-frequency circuits [63];
here we will emphasize the simple case WD=WS, for which (3.4.4) reduces to

Leq ¼ LS þ LD: (3:4:5)

It is worth emphasizing that the equivalence of a series association of transistors
with the same width and a single transistor with the combined length given by (3.4.5)
is valid considering the body effect, mobility degradation, and even velocity saturation
(Problem 3.10).

Combining the series and parallel associations of transistors allows us to implement
compact layouts for equivalent transistors having very different aspect ratios but high
accuracy in current ratios [64]. As an example, the case of a current mirror exhibiting a
current attenuation factor of 16 is shown in Figure 3.39. The input transistor is the parallel
association of four unit transistors and the output transistor is the series association of
four unit transistors. As shown in Figure 3.39, the layout can be very compact. Improved
matching is possible, using interdigitated transistors, but at the price of a more cumber-
some layout.

The layout techniques presented in the previous sections comply with the best
practices of design for manufacturability summarized in Section 3.4.1.1. A detailed
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Fig. 3.38 Series association of transistors.
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coverage of layout issues extends over entire books [24] and courses [52], [53], [65], to
which the interested reader is referred.

Problems

3.1 Determine the voltage coefficients VCR and BCR defined in (3.2.16) for an
implanted resistor for which the current–voltage relation is given by (3.2.14).
Calculate the numerical values of VCR and BCR for the case NA= 10

16 cm− 3,
ND= 10

18 cm− 3, dj= 100 nm, and (Va+Vb)/ 2 = 1V.
3.2 Derive expressions (3.2.28) and (3.2.30).
3.3 Derive expression (3.2.32).
3.4 Derive the general expression for the voltage coefficient VCC of an MOS capacitor

[34], [37]:

VCC ¼ C02
ox

εsqND

e2us � 2use
us � 1

eus � 1ð Þ3 ;

where us=�s/(kT/q) is the normalized surface potential and ND is the donor concentra-
tion. Determine the asymptotic limits of VCC for a heavily inverted/accumulated
semiconductor. Plot VCC(flat band), VCC(VG = −10V), and VCC(VG = 10V)
versus ND for (a) 1017 cm−3 ≤ND ≤ 10

19 cm−3 with tox = 20Å and (b) 20Å ≤ tox ≤
200Å, applying the following scaling rule:

ND cm�3
� � ¼ 1016 200=tox ðA	 Þ
 �2

:

3.5 As shown in Figure P3.5, the capacitance of a poly-to-poly capacitor can be
considered as the series association of the two space-charge capacitances and an
oxide capacitance, i.e.

Iin

(b)

Iout

Iout

Iin

(a)

Fig. 3.39 A current mirror with an attenuation factor of 16: (a) schematic diagram and (b) mock layout.
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1

Ct
¼ 1

Cox
þ 1

Cs1
þ 1

Cs2
:

Neglecting �s1 when calculating �s2 and vice versa, show that VCC=VCC1−
VCC2 [34]. Calculate VCC(−10V), VCC(0V), and VCC(10V) for the case in
which the poly doping is 1020 cm−3 for the two poly layers.

3.6 Using Ampère’s law, calculate the magnetic field for each point along the axis of a
circular loop of wire carrying a direct current I0 (see, for example, [43]). Calculate
the inductance of the loop assuming that the flux density at the center of the loop is
half the average flux in the plane [35] and compare the result with Equation
(3.2.46).

3.7 Assume that (i) the transistors labeled A in Figure 3.33(b) are connected in
parallel and that the same is true for the two transistors labeled B; (ii) all
transistors operate with the same applied voltages (VG, VS, VD, and VB).
Neglecting the effect of the variation of oxide capacitance in the slope factor n,
show that IDA = IDB.

3.8 Draw a common-centroid interdigitated layout with five folds for a differential pair
(Figure 3.37 shows a common-centroid layout with an even number of folds).

3.9 Derive Equations (3.4.2) through (3.4.5).
3.10 The current law for a MOSFET (Chapter 4 in [66]) is given by

ID ¼ W

L

μðVGÞ
1þ α Q0

ID �Q0
IS

� � fðQ0
ISÞ � fðQ0

IDÞ

 �

;

where the denominator 1þ αðQ0
ID �Q0

ISÞ models the effect of the saturation
velocity on the drain current and 1=α ¼ nC0

oxLFC, where FC is a constant critical
field, n= n(VG) is the slope factor, and Q0

ISðDÞ is the source (drain) carrier charge
density. Consider the series association of two transistors, with the same channel
width W and channel lengths LS and LD, and modeled by the current law shown
above and the same technological parameters. Prove that the series association is
equivalent to a single transistor with L=LS+ LD.

V

V

φs1
φs2

Poly
Cs2

Cox

Cs1

SiO2

Poly
or
Si

POTENTIAL

Fig. P3.5 A model for a poly-to-Si or poly-to-poly capacitor showing two space-charge capacitances
(adapted from [34]).
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4 Temporal and spatial fluctuations
in MOSFETs

This chapter deals with temporal and spatial fluctuations in electronic devices, with
strong emphasis onMOSFETs. The spontaneous fluctuations over time of the current and
voltage inside a device, which are basically related to the discrete nature of electric
charge, are called electrical noise. Noise imposes minimum values for the input signals of
amplifiers and other analog circuits.

Time-independent variations between identically designed devices in an integrated
circuit due to the spatial fluctuations in the technological parameters and geometries are
called mismatch. Since digital and analog integrated circuits often rely on the matched
behavior between identically designed devices, mismatch affects the performance of
most integrated circuits.

Mismatch (spatial fluctuation) and noise (temporal fluctuation) are accuracy-limiting
factors, both depending on the fabrication process, device dimensions, temperature, and
bias. The shrinkage of the MOSFET dimensions and the reduction in the supply voltage
of advanced technologies have made the consideration of matching and noise even more
important for analog design. Consequently, we have included a detailed presentation of
mismatch and noise so that they can be considered in the subsequent study of the basic
circuits and building blocks. This chapter begins with a short summary of the various
sources of noise. The general model for drain-current fluctuations in MOSFETs is then
introduced, and the fundamental thermal- and flicker-noise models are developed. Small-
dimension and high-frequency effects on thermal noise are considered. Design-oriented
models for thermal and flicker noise are then presented. In the second part of the chapter,
the main models for random mismatch are summarized and the dependence of mismatch
on bias, dimensions, and technology is discussed. Finally, the main analysis methods
regarding matching for analog circuits are briefly reviewed.

4.1 Types of noise

4.1.1 Thermal noise

Thermal noise is due to the random thermal motion of electrons and holes, and is
independent of the direct current in the device if the drift velocity is much less than the
thermal velocity, as is the case for resistors and transistors operating under normal
conditions. The thermal noise, calculated as a mean-square current or voltage, is directly



proportional to the absolute temperature since the mean-square value is a measure of the
energy and the thermal kinetic energy of the carriers is proportional to the absolute
temperature T.

The mean-square value of the thermal-noise current of a resistance R (=1/G) [1], [2] is

i2 ¼ 4kT
1

R
Δf ¼ 4kTGΔf; (4:1:1)

where k= 1.38 × 10−23 J/K is the Boltzmann constant and Δf is the bandwidth in hertz
over which the noise is measured. Since the noise current has a mean-square value that is
proportional to the bandwidth, a noise current spectral density i2=Δf that is independent
of frequency can be defined. Noise with a constant spectral density is called white noise.
Two equivalent circuits can represent the thermal noise of a resistor, as shown in
Figure 4.1. The Norton (shunt) equivalent circuit is directly represented by Equation
(4.1.1), whereas the Thévenin (series) equivalent circuit corresponds to

v2 ¼ 4kTRΔf: (4:1:2)

Example 4.1

Calculate the root mean square (rms) value of the thermal-noise current per Hz1/2 of a
1-mA/V conductance at T= 300K.

Answer

Using (4.1.1) we find thatffiffiffiffiffiffiffiffiffiffiffi
i2=Δf

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
4kTG

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� 1:38� 10�23 � 300� 10�3

p
ffi 4 pA=Hz1=2:

On the other hand, the rms value of the thermal noise voltage per Hz1/2 isffiffiffiffiffiffiffiffiffiffiffiffi
v2=Δf

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
4kTR

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� 1:38� 10�23 � 300� 103

p
ffi 4 nV=Hz1=2:

R

+

–i2 v2G = 1/R

(a) (b)

Fig. 4.1 (a) Norton and (b) Thévenin equivalent circuits of a real (noisy) resistor. The resistor in the
equivalent circuits is an ideal (noiseless) resistor.
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4.1.2 Shot noise

Shot noise is associated with the random flow of carriers across a potential barrier. This
noise is present in vacuum tubes, diodes, and bipolar transistors. The mean-square value
of the fluctuation of a current I around its average value IDC can be written [1], [2] as

i2 ¼ I� IDCð Þ2: (4:1:3)

Shot noise is given by the Schottky formula [1], [2] as

i2 ¼ 2qIDC Δf; (4:1:4)

where q is the electronic charge and Δf is the bandwidth in hertz over which the noise is
measured. As in the case of thermal noise, shot noise is white.1 Thermal noise and shot
noise are related phenomena, both being due to the thermal agitation of carriers.
Conventionally, bipolar-transistor noise has been modeled as shot noise and FET noise
as thermal noise. In some cases, for example FETs operating in weak inversion, the
fundamental noise can be calculated either as thermal noise or as shot noise. The two
calculations give exactly the same result, thus adding the thermal to the shot noise
effectively means counting the same thing twice.

Example 4.2

Calculate the rms value of the shot noise per Hz1/2 in a p–n junction diode for a direct
current of 1 μA.

Answer

Using (4.1.4) we find thatffiffiffiffiffiffiffiffiffiffiffi
i2=Δf

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
2qIDC

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� 1:6� 10�19 � 10�6

p
ffi 0:57 pA=Hz1=2:

4.1.3 Flicker noise

All active devices, and some passive devices such as carbon resistors, present excess
noise at low frequencies, in addition to thermal or shot noise, which is called flicker noise.
Flicker noise is low-frequency noise that occurs when a direct current is flowing [1], [2],
thus flicker noise can be regarded as being produced by a fluctuation in conductance. The
power spectral density (PSD) of flicker noise varies with frequency in the form

i2

Δ f
¼ K

f EF
; (4:1:5)

with K and EF being constants. Since in most cases EFffi 1, flicker noise is also called 1/f
noise.

1 Here, we assume that the operating frequency is limited to values at which shot noise can be considered white.
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This 1/f noise is as ubiquitous as thermal noise, but, unlike for thermal noise, there is
no universal mechanism fully responsible for it. Even if flicker noise in MOSFETs is
associated with interface traps, there is no known procedure to determine 1/f-noise
parameters other than from noise measurements. On the other hand, thermal (or shot)
noise can be estimated from dcmeasurements. There is an extensive literature concerning
flicker noise inMOSFETs since high 1/f noise has plaguedMOS transistors ever since the
beginning of the technology.

Example 4.3

Assume that EF = 1 and K= 10−20 A2. Calculate the mean-square value of the flicker-
noise current over frequency ranges of (a) [10Hz, 10 kHz], (b) [10Hz, 10MHz], and
(c) [(1 (million years)−1, 1 year−1].

Answer

Using (4.1.5) we find that

i2 ¼
ðfmax

fmin

K

f
df ¼ K ln

fmax

fmin

� �
;

which leads to the following results:

(a) i2 ¼ 10�20 ln 103 ffi 7� 10�20 A2;

(b) i2 ¼ 10�20 ln106 ffi 14� 10�20 A2;

(c) i2 ¼ 10�20 ln106 ffi 14� 10�20 A2:

Note that the results of (b) and (c) are equal even though the bandwidth in (c) is around
315 × 1012 narrower than that in (b). Of course, if the flicker noise is given by (4.1.5) and
EF = 1, the noise current is dependent on the number of frequency decades, not on the
bandwidth.

4.2. Modeling the drain-current fluctuations in MOSFETs

The fluctuation of the drain current in a MOSFET is a consequence of the internal
(microscopic) fluctuations along the channel. Thus, a physics-based model of fluctua-
tions must consider the distributed nature of the transistor. Some empirical models of
mismatch and noise attribute drain-current variations to the fluctuation of a specific
parameter of the transistor, e.g. the threshold voltage or the flat-band voltage. Even if
the simplicity of the empirical models of mismatch and noise is appealing, the fact that
they are not based on physics means that these models do not consistently represent the
series association of transistors. Thus, we will recall the calculation of the drain-current
fluctuation of a MOSFET considering the distributed nature of the channel. This calcula-
tion is carried out in three steps. Firstly, the (microscopic) fluctuations are calculated in a
generic elementary region of the device and a local current or voltage generator is
selected to represent the local fluctuations. Secondly, the transfer from the local current
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or voltage generator to the output current of the device is determined. Finally, the
contributions of the elementary local sources to the fluctuation of the output current
must be combined.

To determine the transfer function from an elementary channel segment to the drain
current, the transistor is split into three series elements: the upper transistor, the lower
transistor, and a small channel element of length Δy and area ΔA=WΔy, as in
Figure 4.2(a). On denoting the local current fluctuation produced by the channel element
as iΔA (Figure 4.2(b)), small-signal analysis allows one to calculate the resulting effect of
iΔA on the drain current. Current division between the channel element and the equivalent
small-signal resistance of the rest of the channel gives

Δid ¼ ΔR
1=gu þ 1=gl

iΔA: (4:2:1)

Small-signal analysis can be carried out considering the general expression for the
source (drain) (trans)conductance given in (2.2.25). Thus,

gu ¼ �μ
W

L� y
Q0

I; (4:2:2)

gl ¼ �μ
W

y
Q0

I; (4:2:3)

where QI
0 is the inversion charge density in the channel element of length Δy and μ is the

effective mobility. The equivalent resistance ΔR of a small element of the channel of
length Δy is

ΔR ¼ ΔV=ID ¼ �Δy=ðμWQ0
IÞ: (4:2:4)

It should be noted that (4.2.4) is a consequence of the general expression for the drain
current (2.1.49) including drift and diffusion, and thus it is valid from weak to strong
inversion.

VG

(a) (b)

VDD

Mu: W/(L – y)

ΔG : W/Δy 1/ΔG = ΔR

MI: W/y gI

gu

i ΔA

Δid

Fig. 4.2 (a) An MOS transistor represented as the series association of three elements: an upper transistor, a
lower transistor, and a channel element in between. (b) The small-signal circuit used to calculate
the drain-current fluctuation due to the local fluctuation in the channel element ΔA.
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The substitution of (4.2.2) through (4.2.4) into (4.2.1) yields

Δid ¼ Δy=Lð ÞiΔA: (4:2:5)

The current division coefficient is simply given by a geometric ratio because the three
(trans)conductances involved are proportional to the inversion charge density at the same
point in the channel.

Finally, the mean-square value of the total drain-current fluctuation is

i2d ¼ lim
Δy!0

X
channel

ðΔidÞ2 ¼ lim
Δy!0

X Δy
L

iΔA

� �2

¼ 1

L2

ðL
0

Δy iΔAð Þ2dy: (4:2:6)

On calculating (4.2.6) we have assumed that local current fluctuations along the channel
are uncorrelated. Equation (4.2.6) is a very general expression, valid for long-channel
transistors, which can be applied to calculate thermal noise, flicker noise, and current
mismatch due to the fluctuation in the technological parameters.

4.3 Thermal noise in MOSFETs

4.3.1 Channel thermal noise

Since the conductance of a MOSFET channel element of length Δy is

1

ΔR
¼ W

Δy
μð�Q0

IÞ; (4:3:1)

the mean-square thermal noise of the channel element, ΔA=WΔy, calculated through
(4.1.1) is

iΔAð Þ2
Δf

¼ 4kT
W

Δy
μð�Q0

IÞ: (4:3:2)

Substituting (4.3.2) into (4.2.6) yields

i2d
Δf

¼ 1

L2

ðL
0

4kTWμð�Q0
IÞdy ¼ �4kTμ

QI

L2
; (4:3:3)

where the rightmost term in (4.3.3) holds for the simple case of constant mobility. QI is
the total channel charge given by Equation (2.3.16) in terms of the inversion charge
densities at source and drain. Equation (4.3.3) gives the channel thermal noise for FETs in
all operating regions, from weak to strong inversion, and from the linear to the saturation
region.

Since the expression of the total charge in terms of the applied bias is rather cumber-
some, design-oriented expressions for thermal noise in terms of the transistor transcon-
ductances will be presented in Section 4.5.2.
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4.3.2 Short-channel effects on channel thermal noise

To account for the effect of high electric-field strengths on channel thermal noise we
approximate the dependence of the mobility on the field strength F by

μ ¼ μs
1þ F=Fc

; (4:3:4)

where μs is the low longitudinal-field mobility and Fc a critical field strength.
The expression for the drain current using (4.3.4) in the Pao–Sah expression given by

(2.1.49) is

ID ¼ �W
μs

1þ F=Fc
Q0

I

dVC

dy
: (4:3:5)

Using (4.3.5), the contribution of the channel element to the drain current is given [3] by

Δid ¼ Δy
Le

1þ F=Fc

1þ �sL � �s0

LeFc

iΔA; (4:3:6)

where Le= L−ΔL is the electric channel length, since for short-channel transistors the
channel-length modulation (CLM) must be taken into account. The result in (4.3.6) is a
generalization of the current-division principle previously shown as (4.2.5) for a long-
channel device, taking into account the saturation-velocity phenomenon. In the case of
(4.3.6), as compared with (4.2.5), the part of the elementary current iΔA directed to the
drain is higher for values of the electric field above its mean value (closer to the drain) and
reduced for those below its mean value (closer to the source).

We can now proceed to determining the total drain-current noise by adding the
contributions of all channel elements, i.e.

i2d ¼
X

channel

Δid

 !2

: (4:3:7)

If the elementary thermal-noise sources are assumed to be uncorrelated, substitution of
(4.3.6) into (4.3.7) gives

i2d ¼
X

channel

Δy
Le

1þ F=Fc

1þ �sL � �s0

LeFc

0
BB@

1
CCA

2

i2ΔA: (4:3:8)

The thermal noise for a channel element located between y and y +Δy [3] is2

i2ΔA ¼ �4qDQ0
I yð ÞW

Δy
Δf; (4:3:9)

2 For low electric fields D= μ�t and (4.3.9) is equivalent to (4.3.2).
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where D is the carrier diffusion coefficient. For the sake of compactness in the derivation
of the noise model, we will assume simply, as in [3], that the diffusion coefficient is
independent of the electric field. The use of a constant diffusion coefficient in (4.3.9)
implicitly accounts for the hot-carrier case in which the carriers are “heated” by the
electric field.

Substituting expression (4.3.9) into (4.3.8) and taking the limit Δy→ 0 leads to

i2d
Δf

¼ �
4qDW

ðLe

0

1þ F

Fc

� �2

Q0
I dy

1þ �sL � �s0

LeFc

� �2

L2
e

: (4:3:10)

Using the linear relationship between surface potential and inversion charge density it
is possible to calculate (4.3.10), but the final expression is rather cumbersome [4], [5]. A
compact analytical expression is obtained on approximating the electric-field-dependent
term in the numerator by its mean value, thus

1þ F

Fc

� �2

ffi 1þ �sL � �s0

LeFc

� �2

: (4:3:11)

Using the Einstein relationship between the diffusion coefficient D and the low
transversal field mobility μs and substituting (4.3.11) into (4.3.10), we obtain

i2d
Δf

¼ �4kTμs
QI

L2
e

; (4:3:12)

which is formally the same expression as we derived for long-channel transistors. Note
that μs is dependent only on the gate-to-bulk voltage, while Le models CLM. Although
(4.3.12) looks very simple, the explicit expression for the total channel charge QI of a
short-channel transistor (Appendix A2.2) is fairly complicated. For this reason, a
simplified explicit expression for the thermal noise of short-channel transistors will
be given in Section 4.5.2. An alternative approach to the calculation of thermal noise in
short-channel MOSFETs is developed in [6] as a generalization of the Klaassen–Prins
equation [7].

4.3.3 Induced gate noise

The origin of the gate noise of a MOSFET is the thermal noise of the conducting channel
which is capacitively coupled to the gate. Noise voltages develop along the entire channel
and, because of the capacitive coupling between channel and gate, a noise current will
flow through the transistor gate. This noise is referred to as induced gate noise. In
Figure 4.3 the MOSFET channel is represented as an active transmission line. Each
channel element gives rise to channel noise, which is represented by a current source iΔA
in parallel with the channel element. Figure 4.3 shows one such current source. The
superposition of the gate currents of all the small-channel elements gives the total
induced gate noise [4] as shown below:
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i2g
4kTΔf

¼ 16

135

ω2 C0
oxL

� �3
W�t

μQ02
F

� Q0
F

Q0
IP

1þ 5αþ 10:5α2 þ 5α3 þ α4

1þ αð Þ5 � 15

8

1þ 5αþ 5α2 þ α3

1þ αð Þ5
 !

(4:3:13)

Expression (4.3.13) gives the mean-square value of the induced gate noise as a
function of both the inversion charge density at the source (Q0

F ¼ Q0
IS � nC0

ox�t) and
the channel linearity index α for a long-channel device in quasi-static operation. In strong
inversion saturation (Q0

F=Q
0
IP � 1; α � 1), expression (4.3.13) can be approximated by

i2g
4kTΔf

ffi � 16

135

ω2C02
oxWL3

μQ0
IS

¼ 16

135

ω2 C0
oxWL

� �2
gms

¼ 4

15

ω2C2
gs

gms
; (4:3:14)

which fully agrees with the result given by van der Ziel in [1] as

i2g
4kTΔf

¼ δgg (4:3:15)

with3

gg ¼
ω2C2

gs

5gms
; δ ¼ 4

3
: (4:3:16)

One can also note that, in strong inversion in the linear region, for VDS→ 0, or
equivalently α→ 1, the induced gate noise is given by

i2g
4kTΔf

ffi � 1

12

ω2C02
oxWL3

μQ0
IS

¼ 1

3

ω2C2
gs

gms
; (4:3:17)

S

G

D

Δid

Δig

Δid

iΔA

Fig. 4.3 A distributed ac MOSFET model used for calculation of the induced gate noise.

3 The drain conductance for VDS= 0 is gdo ¼ �μ W=Lð ÞQ0
IS ¼ gms.
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which is slightly lower than the gate noise in saturation. In weak inversion, the mean-
square value of the gate-current noise [4] is

i2g
4kTΔf

¼ � 1

12

ω2WL3

μn2�2
t

Q0
IS þQ0

ID

2

� �
¼ 1

12

ω2 Cgs þ Cgd

� �2
gms þ gmdð Þ=2 (4:3:18)

both for linear and for saturation regions. In weak inversion, the PSD of the gate current
increases proportionally with the channel inversion charge owing to the increase in the
elementary noise current with an increase in the charge. On the other hand, in strong
inversion, the fluctuation in voltage drop (and in charge density) along the channel is less
sensitive to the noise current owing to the lower resistance of the channel. Thus, the gate
current is inversely proportional to the inversion charge of the channel.

Example 4.4

Using the simplifiedhigh-frequencymodel of Figure 2.22, demonstrate that in strong inversion
the admittance ygs of a saturated MOSFET is ygs= jωCgs+ggs, where ggs= (ωCgs)

2/(5gms/n).

Answer

The gate-to-source admittance is

ygs ¼ jωCgs

1þ jω τ1 � τ2ð Þ ffi jωCgs þ ω2Cgs τ1 � τ2ð Þ:

The approximation in the above equation is valid when ω(τ1 − τ2)≪ 1. In strong
inversion saturation (see Example 2.9 and Table 2.2), if≫1 and α→ 0, and thus we have

τ1 ¼ 2τ2 ffi 4

15

L2

μ�t

1ffiffiffi
if

p ffi 4

15

L2

μ�t

2IS
gms�t

; τ1 � τ2 ffi 1

5

Cgs

gms=n
:

In the derivation above we used the universal transconductance-to-current ratio and
the approximation Cgs= (2/3)Cox. Finally, the gate-to-source conductance is written as

ggs ¼
ω2C2

gs

5gms=n
¼ ω2C2

gs

5gm
:

Note that ggs= ngg, but deep in strong inversion n→ 1.

The correlation coefficient c between gate and drain noise is defined as

c ¼ igi
�
dffiffiffiffi

i2g

q ffiffiffiffi
i2d

q : (4:3:19)

To obtain c, one needs to calculate the cross-spectral intensity igi
�
d from

igi
�
d ¼

X
channel

Δig

 ! X
channel

Δid

 !�
: (4:3:20)
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The assumption that the noise sources along the channel are uncorrelated [4] leads to

igi
�
d

4kTΔf
¼ 1

9
jω C0

oxWL
� � 1� αð Þ 1þ 4αþ α2

� �
1þ αð Þ3

" #
: (4:3:21)

Using (4.3.3), (4.3.13), and (4.3.21) we obtain the expression for the correlation
coefficient between gate and drain thermal noise, which is plotted in Figure 4.4.

As shown in Figure 4.4, for very low VDS, α→ 1 and thus |c|→ 0. In saturation,
|c|→ 0.4 in strong inversion and |c|→ 0.6 in weak inversion.

4.4 Flicker noise in MOSFETs

Flicker or 1/f noise in resistors and transistors is due to fluctuations in the conductance of
the devices and, thus, manifests itself only with a direct current flow. In effect, with no
direct current flowing, conductance fluctuations do not produce voltage or current
variations. Fluctuations in the number of carriers or in their mobility, or these two effects
combined, can be at the origin of conductance fluctuations and, consequently, of flicker
noise [8]. We will summarize here only the basic carrier-number-fluctuation theory,
which is the most accepted approach to modeling the 1/f noise and requires only one
specific noise parameter. More elaborate models including mobility fluctuations are
available [8], but the model equations require several noise parameters that are not
easy to extract from low-frequency noise measurements.

In the field of semiconductor devices, the McWhorter model [9] has successfully been
used to explain low-frequency noise. This model considers 1/f noise as the summation
of many random telegraph signals (RTSs) having a Lorentzian spectrum [1] with
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Fig. 4.4 The correlation coefficient of gate and drain noise versus the normalized inversion charge density at
source, from the linear region, Q0
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0
IS ¼ 1, to the saturation region, Q0

ID=Q
0
IS ¼ 0.
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characteristic time τ and statistical distribution given by (4.4.1). In the MOSFET, each
RTS noise can be explained by the existence of a trap inside the gate oxide that can be
occupied by an electron from the channel. Electrons in the channel may tunnel to and
back from this trap in a random process, making the drain current fluctuate.

Let us consider a small channel element of area ΔA and designate byN0
tΔA the number

of occupied traps per unit area in the whole oxide volume above the channel element ΔA.
Assuming that oxide traps have a uniform spatial distribution and that the probability of
an electron penetrating into the oxide decreases exponentially with the distance from the
interface, it can be shown [1] that the trapping time constants have a probability
distribution g(τ) of the form

gðτÞ ¼ C=τ (4:4:1)

with the normalization constant C given by

C ¼ 1= ln τmax=τminð Þ: (4:4:2)

In [9], the authors describe the simulation of 1/f waveforms generated as the summa-
tion of various RTSs with time constants having the probability distribution given by
(4.4.1), with τmin = 1 and τmax = 2

12. The results for the PSD (refer to [9] for details)
averaged over a large number of realizations are shown in Figure 4.5(a). The spectrum
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Fig. 4.5 (a) The normalized spectral density of a simulated waveform obtained by superimposing many
random telegraph signals with single time constants having τ values generated according to (4.4.1)
(see details in [9]). fs is the sampling frequency. (b) The distribution of the relaxation times τ
(adapted from [9]).

Temporal and spatial fluctuations in MOSFETs 145



follows a 1/f dependence. Figure 4.5(b) shows the histogram of the time constants τ on a
log scale. Note that the number of time constants within each octave interval is almost
constant, which is consistent with the probability distribution g(τ) of (4.4.1).

For frequency values between 1/τmax and 1/τmin, the PSD of the fluctuation (in time)
δN0

tΔA is given [4] by the very simple expression

δN0
tΔA

� �2
Δf

¼ 1

ΔA
NtðEÞkT

λ
1

f
¼ Not

ΔA
1

f
; (4:4:3)

where λ (cm−1) is the attenuation coefficient of the electron wave function in the oxide,
Nt(E) (eV

−1/cm3) is the density of oxide traps per unit volume and unit energy, and the
parameter Not (cm

−2) is the equivalent density of oxide traps defined by

Not ¼ kTNtðEÞ
λ

: (4:4:4)

Thus, the time constants associated with the oxide traps must be distributed uniformly
on a log scale to obtain a 1/f spectrum, as shown in Figure 4.5.

To obtain the PSD of the drain current, the contribution of each local noise current iΔA
must be accounted for. The value of iΔA is dependent on the fluctuation in the carrier
density which, in turn, is dependent on the fluctuation in the density of occupied traps (for
details on the derivation of iΔA see [4] and [10]). Integrating the contributions of all
channel segments to the total current using (4.2.6) results in

i2d
I2D Δf

¼ q2Notμ

L2nC0
oxID

1

f
ln

nC0
ox�t �Q0

IS

nC0
ox�t �Q0

ID

� �
: (4:4:5)

An expression similar to (4.4.5) is used in BSIM tomodel strong inversion noise due to
charge trapping, but it must be emphasized that (4.4.5) is valid for any inversion level,
including moderate inversion.

Approximate expressions can be found for the different operating regions. In weak
inversion, �Q0

ID;�Q0
IS � nC0

ox�t: On making a first-order series expansion, it is pos-
sible to rewrite (4.4.5) in a more concise manner as

i2d
I2D Δf

¼ Not

WLN�2
1

f
; (4:4:6)

where N� ¼ nC0
ox�t=q. Equation (4.4.6) is the same as the one used in BSIM3 and

BSIM4 to model flicker noise in weak inversion (Not ¼ AkT=λ).
In the linear region in strong inversion, Q0

ID ffi Q0
IS ffi �C0

ox VG � VTð Þ, and the first-
order expansion of (4.4.5) leads to

i2d
I2D Δf

¼ q2Not

WLC02
ox VG � VTð Þ2

1

f
: (4:4:7)

Summarizing, the bias dependence of the PSD of the flicker noise is as follows: in
subthreshold operation the PSD increases with I2D according to (4.4.6), whereas in
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strong-inversion saturation the PSD increases linearly with ID as predicted by (4.4.5), if
one neglects the variation in the logarithmic term.

4.5. Design-oriented noise models

4.5.1 Consistency of noise models

A noise model is consistent regarding series or parallel associations if the composition of
the noise contributions from the individual series (or parallel) elements is the same as the
noise from the series (or parallel) equivalent. The thermal-noise model for a resistor given
by Equation (4.1.2), namely, repeated below for convenience,

v2 ¼ 4kTRΔf; (4:5:1)

is consistent, as expected. In effect, for two series elements R1 and R2 (Figure 4.6), the
total noise voltage introduced into the circuit v2 ¼ 4kT R1 þ R2ð ÞΔf can be obtained by
composing the individual noise sources or using (4.5.1) to calculate the noise of the
equivalent resistor Req=R1 +R2. The analysis can be extended to MOS transistors
because, for these devices, series and parallel equivalents are clearly defined.

The flicker-noise model of (4.4.5) as well as the thermal-noise model of (4.3.3) were
deduced from expression (4.2.6), which gives the combined effect of the local fluctua-
tions integrated along the transistor channel on the drain current, thus resulting in an
inherently consistent model for the series and parallel associations of transistors.
However, some popular 1/f-noise models are inconsistent, as pointed out in [11].

4.5.2 The thermal noise excess factor

As expected, in the linear region, for VDS→ 0, the transistor is equivalent to a resistor and
(4.3.3) reduces to the expression of the thermal noise of a resistor

i2d
Δf

¼ �4kTμ
WLQ0

IS

L2
¼ 4kTgms; (4:5:2)

where gms (= gmd) is the equivalent conductance of the transistor. It is important to
observe that outside the linear region the general expression (4.3.3) does not give the
thermal noise of an equivalent resistor and, thus, there is an excess noise factor (with
respect to an equivalent resistor) to be considered.

In weak inversion, Q0
ISðDÞ

��� ���� nC0
ox�t; and (4.3.3) becomes

R1 R2

1v2
2v2

+– +–

Fig. 4.6 A circuit for the calculation of the total noise produced by two resistors in series.

Temporal and spatial fluctuations in MOSFETs 147



i2d
Δf

ffi �4kTμ
W

L

Q0
IS þQ0

ID

2
¼ 4kT

gms þ gmd

2
: (4:5:3)

For a saturated transistor (gms≫ gmd) in weak inversion

i2d
Δf

¼ 2kTgms: (4:5:4)

In general, the channel thermal noise is written as

i2d
Δf

¼ 4kTγgms; (4:5:5)

where gms is the source transconductance at VDS= 0. Expression (4.5.5) is convenient for
first-order calculations since the thermal noise, rather than being expressed as in (4.3.3),
is written as the noise of a simple resistor with conductance equal to gms, modified by a
correction factor4 γwith a value close to unity. This γ is named the excess-noise factor and
its value is 2/3 for a long-channel saturated transistor in strong inversion.

Considering the effect of saturation velocity on the thermal noise as given by (4.3.12),
the excess-noise factor for a short-channel transistor is given by

γshort ¼
LeQI

L2
esatWQ0

I

; (4:5:6)

where Le and Lesat are the electric lengths of the channel in the linear and saturation
regions, respectively. Considering that Lesat= Le−ΔL, where ΔL is the channel short-
ening due to CLM, we can write

γshort ffi 1þ 2ΔL
Le

� �
QI

WLeQ
0
IS

: (4:5:7)

Thus, for short-channel transistors it is possible that γ> 1 [3] due to the CLM effect.

4.5.3 Flicker noise in terms of inversion levels

A useful alternative expression for the flicker-noise formula (4.4.5) is obtained if the
charge densities at source (drain) are expressed in terms of the normalized forward and
reverse currents if and ir, respectively. Using the relationship between normalized charges
and currents of (2.2.3), expression (4.4.5) can be rewritten as

i2d
I2D Δf

¼ Not

WLN�2
1

f

1

if � ir
ln

1þ if
1þ ir

� �
: (4:5:8)

From weak to strong inversion in the linear region, if ≈ ir and (4.5.8) reduces to

4 We use the symbol γ to represent both the body-effect factor and the thermal-noise excess factor, following the
customary notation.
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i2d
I2D Δf

¼ Not

WLN�2
1

f

1

1þ if
: (4:5:9)

In weak inversion, if≪ 1 and ir≪ 1. The first-order series expansion of (4.5.8) leads to

i2d
I2D Δf

¼ Not

WLN�2
1

f
: (4:5:10)

Sometimes, designers prefer to represent the channel noise as an equivalent noise-
voltage source in series with the gate rather than as a noise-current source connected
between drain and source. In this case, the PSD of the noise-voltage source in series with
the gate is

v2g
Δf

¼ 1

g2m

i2d
Δf

: (4:5:11)

The current-to-transconductance ratio in terms of the inversion level for a transistor
operating in saturation, given by (2.2.28), is repeated below as

IF
n�tgm

¼ 1þ ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p
2

: (4:5:12)

Thus, from (4.5.8), (4.5.11), and (4.5.12) it follows that

v2g
Δf

¼ q2 Not

WLC02
ox

1

f
ψ if
� �

; (4:5:13)

where

ψ if
� � ¼ 1þ ffiffiffiffiffiffiffiffiffiffiffi

1þ if
p
2

 !2
lnð1þ ifÞ

if
: (4:5:14)

Because ψ(if) shows very small variation with if, as can be seen in Figure 4.7, the
following empirical model results if we consider ψ equal to 1:
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Fig. 4.7 The function ψ(if) versus the normalized forward current [10].
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v2g
Δf

ffi q2 Not

WLC02
ox

1

f
: (4:5:15)

Expression (4.5.15) is sometimes presented as

v2g
Δf

ffi KF

WLC0
ox

1

f
; (4:5:16)

where the flicker-noise constant KF ¼ q2Not=C
0
ox.

The physical meaning of (4.5.16) is very simple; it models the fluctuations distributed
along the channel by a lumped fluctuation in the gate voltage (or equivalently by a
fluctuation of the threshold voltage). Owing to its simplicity, the empirical model
(4.5.16) is very convenient for hand calculations. Moreover, in current designs, the
inversion level is seldom higher than 102, thus ψffi 1 is a fair approximation. Even
though the empirical model of (4.5.16) gives a good estimate of the flicker noise of
a transistor in saturation, it is not consistent for modeling the series association of
transistors. In effect, the empirical model does not consider the distributed nature of the
MOSFET, because it represents noise as a gate-voltage source independent of the bias
condition. Additionally, it should be noted that, for high-current applications such as
those in RF circuits, Equation (4.5.16) can give large errors. For a gate overdrive
VGS−VT of 1.5V, we have if ≈ 2000 and ψ ≈ 2.

4.5.4 The corner frequency

The corner frequency fc, defined as the frequency at which the flicker-noise and thermal-
noise PSDs have the same value, can be calculated directly in terms of Q0

IS and Q0
ID

from Equations (4.3.3) and (4.4.5). However, simpler results are obtained determining fc
in saturation (Q0

ID ¼ 0)

fc ¼ α gm
WLC0

ox

Not

N� ffi π
2

Not

N� fT (4:5:17)

with α = 1/2 in weak inversion and αffi 9/16 in strong inversion. The approximation in
(4.5.17) is acceptable since α is almost insensitive to the inversion level. Note that the
corner frequency in (4.5.17) is proportional to the transition frequency fT of the
transistor, which is a useful approximation for designers.

The total noise in a frequency band ( f2− f1) resulting from the contributions of thermal
and flicker noise can be calculated as an equivalent gate mean-square voltage. For a
saturated transistor operating in weak inversion, the integration of both (4.5.4) and
(4.5.10), yields

v2g ¼
2nkT

gm
f2 � f1ð Þ þ fc ln

f2
f1

� �� 	
: (4:5:18)

For strong inversion, an analogous formula with slightly different coefficients exists.
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4.5.5 Two-port noise models

In the previous sections, the noise of an MOS transistor is represented by noise-current
sources, as shown in Figure 4.8(a). In this figure, the MOS transistor is represented as a
two-port network, which is an appropriate model for noise analysis in common circuits.
In fact, the two-port equivalent circuit is strictly valid if the four-terminal transistor has
short-circuited bulk and source terminals. The channel thermal noise and the 1/f noise are
represented by the noise-current source id connected between source and drain. The
noise-current source connected to the transistor gate ig represents the noise due to the
high-frequency capacitive coupling between the channel thermal noise and the gate
input. There is an alternative and useful representation of noise in two-port networks
consisting of the use of two equivalent input noise generators. The noise introduced by
the MOSFET can be represented by the voltage noise generator en and the current noise
generator in connected to the input port of the transistor, as shown in Figure 4.8(b). If an
ideal voltage source is connected to the input, the current noise generator is shorted and
the input noise-voltage generator only will produce noise at the output. Thus, the input
noise-voltage source en models the noise introduced by the two-port network when it is
driven by an ideal voltage generator. Similarly, in the case of an ideal current source
connected to the input, the input noise-voltage source does not produce output noise.
Thus, the input noise-current source in models the noise introduced by the two-port
network when it is driven by an ideal current generator. Clearly, in the common case of an
input generator with internal resistance RS, both en and in contribute to the output noise. It
is important to note that the two input noise generators are correlated in the general case
because both are dependent on the internal noise sources of the device.

4.5.5.1 The correlation admittance
When dealing with correlated current and voltage noise sources, it is useful to express the
noise current as the sum of two components, one fully correlated with the voltage
generator and the other uncorrelated. Thus,

in ¼ iu þ ic (4:5:19)

2id
2ig

i2i1

ig
(a)

Cgs

vgs

v1
gmvgs

2in

i1 i2

gmvgsCgsv1

vgs

2en

+ −

(b)

Fig. 4.8 Two equivalent representations of the noise in a saturatedMOSFETwith VSB= 0. (a) TheMOSFET
small-signal equivalent circuit with noise-current generators. (b) The MOSFET small-signal
equivalent circuit with equivalent input-noise generators.
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and by definition

iue
�
n ¼ 0: (4:5:20)

The fully correlated current noise is proportional to the voltage noise, thus

ic ¼ Ycen; (4:5:21)

where the constant Yc is the correlation admittance. To determine Yc we can calculate the
average value using (4.5.20) as

ine
�
n ¼ iu þ icð Þe�n ¼ Yc enj j2 (4:5:22)

and, consequently,

Yc ¼ ine
�
n

enj j2
: (4:5:23)

The mean-square value of the current source is

inj j2 ¼ iu þ Ycenð Þ iu þ Ycenð Þ� ¼ iuj j2 þ Ycj j2 enj j2: (4:5:24)

4.5.5.2 MOS-transistor equivalent input noise generators
As shown in Sections 4.3.3 and 4.5.2, the thermal-noise model of the saturated MOSFET
can be represented by the two current sources id and ig, the mean-square values of which
are given by

i2d ¼ 4kTγgms Δf (4:5:25)

and

i2g ¼ 4kTδgg Δf; (4:5:26)

where, in strong-inversion saturation,

gg ¼
ω2C2

gs

5gms
and δ ¼ 4

3
: (4:5:27)

The gate and drain noise-current generators are correlated, with the correlation factor
defined by expression (4.3.19) as

c ¼ igi
�
dffiffiffiffi

i2g

q ffiffiffiffi
i2d

q ¼ j cj j: (4:5:28)

The correlation factor is purely imaginary, as given in (4.3.21), its absolute value
varying from approximately 0.6 in weak inversion to 0.4 in strong-inversion saturation,
as shown in Figure 4.4.

To determine the values of the equivalent input noise generators of Figure 4.8(b), we
equate the short-circuit output currents of the circuits (a) and (b) considering inputs firstly
short-circuited and secondly open-circuited.

152 CMOS Analog Design Using All-Region MOSFET Modeling



On short-circuiting the input of each circuit in Figure 4.8 and equating the output short-
circuit current i2, we obtain

id ¼ �gmen; (4:5:29)

which gives the value of the input noise voltage

en ¼ � id
gm

: (4:5:30)

Considering now the two circuits with open-circuited inputs, equating short-circuited
output currents gives

in ¼ ig � jωCgs

gm
id: (4:5:31)

To determine the correlation admittance using (4.5.23) we calculate the mean value of
the product inen* using (4.5.30) and (4.5.31), which gives

ine
�
n ¼ � igi

�
d

gm
þ jωCgs

g2m
idi

�
d: (4:5:32)

Using the definition of the correlation coefficient of (4.5.28), we can rewrite (4.5.32) as

ine
�
n ¼ �j cj j

ffiffiffiffi
i2g

q ffiffiffiffi
i2d

q
gm

þ jωCgs

g2m
idi

�
d: (4:5:33)

Finally, from (4.5.23), (4.5.30), and (4.5.33) we obtain

Yc ¼ g2m

idj j2
ine

�
n ¼ �j cj jgm

ffiffiffiffiffiffiffiffiffi
ig
�� ��2
idj j2

vuut þ jωCgs (4:5:34)

or, using the mean-square values for ig and id given by (4.5.25) and (4.5.26) in (4.5.34),
we obtain a useful expression for the correlation admittance [12] as

Yc ¼ jωCgs 1� cj j
n

ffiffiffiffiffi
δ
5γ

s !
: (4:5:35)

Thus, the correlation admittance is not equal to the input admittance jωCgs, although it
is proportional to it. The final input noise parameter which needs to be calculated is the
input-current noise generator. The mean-square value of the input-current noise calcu-
lated using (4.5.31) is

inj j2 ¼ ig
�� ��2 þ ω2C2

gs

g2m
idj j2 þ jωCgs

gm
igi

�
d � idi

�
g


 �
: (4:5:36)

Using the definition of the correlation coefficient of (4.5.28) in (4.5.36), we obtain a
useful expression for the input-current noise generator as

inj j2 ¼ ig
�� ��2 þ ω2C2

gs

g2m
idj j2 � 2 cj jωCgs

gm

ffiffiffiffiffiffiffiffiffi
ig
�� ��2r ffiffiffiffiffiffiffiffi

idj j2
q

: (4:5:37)
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The uncorrelated part of the input current noise can be determined from (4.5.24),
(4.5.30), (4.5.34), and (4.5.37) as

iuj j2 ¼ ig
�� ��2 1� cj j2


 �
: (4:5:38)

If the frequency is low enough (ω≪ωT) for the gate-current noise generator to be
neglected, the equivalent input-current noise generator reduces to

inj j2 ¼ ω2C2
gs

g2m
idj j2: (4:5:39)

Considering the thermal and 1/f noise components of noise, (4.5.39) can be rewritten in
weak inversion saturation as

inj j2 ¼ ω2C2
gs

g2m

NotI
2
D

WLN�2
Δf
f
þ 2kTngm Δf

� �
: (4:5:40)

In strong inversion, the complete expression for the flicker noise (4.5.8) in terms of the
inversion level at the source must be employed and the corresponding expression is more
complicated.

At low frequencies in→ 0, and in this case the MOSFET does not introduce noise if it
is driven by a very-high-impedance signal source since, with the input open-circuited (in
small-signal operation), the en generator does not produce output noise (see Figure 4.8).
Thus, the MOS transistor has excellent noise performance when driven by a high source
resistance at low and moderate frequencies. At high frequencies, the current noise
generator at the input cannot be neglected. In this case, the value of the input admittance
that minimizes the noise introduced by the MOSFETcan be easily determined in terms of
the correlation admittance, as shown in Problem 4.7.

4.6 Systematic and random mismatch

Mismatch is the name given to the time-independent differences between identically
designed and identically used devices. The performance of most analog, or even digital,
circuits relies on the concept of matched behavior between identically designed and used
devices. In analog circuits, unwanted differences between the effective values for equally
designed components, such as threshold voltage differences of millivolts or less, can
critically reduce the performance and/or yield of a circuit. Even for digital circuits,
transistor mismatches can lead to propagation-delay differences in clock trees, reducing
the robustness of the circuit. The shrinkage of the MOSFET dimensions and the reduc-
tion in the supply voltage make matching limitations even more important.

Manufacturing variations result in device parameter variations from lot to lot, wafer to
wafer, die to die, and device to device. Variations in parameters are the result of either
systematic or stochastic (random) effects. Systematic errors are mainly due to lithographic
and chemical effects during the fabrication process. One of the origins of systematic
mismatch is equipment-induced non-uniformities such as temperature gradients and
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photo-mask size differences across the wafer. Proximity effects on the line width, due to
diffused light from neighboring structures, or in the implantation dose, due to ion scattering
into neighboring structures, are other kinds of systematic error. Systematic errors are impor-
tant for large distances and can be addressed using appropriate layout techniques [13]. The
proximity effects are minimized by using dummy structures and the gradient effects by using
common centroid structures as explained in Section 3.4.3. The layout strategies summarized
in that section are intended to minimize systematic errors in matched structures.

Random component mismatches are due to local variations that occur in the fabrica-
tion process. Polysilicon granularity, which produces edge roughness in polysilicon
lines, is one of the causes of random errors. It is called peripheral fluctuation because
it scales with the device perimeter. Since impurity atoms and other fixed charges, such as
oxide charges, are not manipulated in an atom-by-atom controlled manner, random
errors result from the location of the fixed charges. Doping fluctuations are called areal
fluctuations because they scale with device area. Random mismatch predominates over
systematic mismatch for small distances. Random mismatch is dependent on the device
dimensions (area, width, and length) and bias, and the designer needs a probabilistic
model by which to include the mismatch error in the design process.

The purpose of the next sections is to develop simple design-oriented models for
random mismatch in bulk CMOS transistors. We will mainly focus on mismatch due to
random fluctuations in the dopant concentration [14], [15], which is nowadays recog-
nized as the main cause of mismatch in bulk CMOS transistors.

4.6.1 Pelgrom’s model of mismatch

The number of atoms per unit volume in silicon is NSi= 5 × 10
22 cm−3 and the doping

concentrations for the MOS substrates are typically below 1018 cm−3. For the sake of
simplicity, let us assume that only acceptor atoms are present. For an acceptor doping
density NA, the probability

5 p of having an acceptor atom in the place of a silicon atom in
the crystal lattice is

p ¼ NA

NSi
� 1: (4:6:1)

The fluctuation in the number of acceptor atoms under the gate of an n-channel
transistor can be determined considering the number N of crystal atoms in the depletion
region under the gate given by

N ¼ WLxdð ÞNSi; (4:6:2)

where W, L, and xd are the transistor width and length and the depletion depth under the
gate, respectively. N can be regarded as the number of trials of the experiment consisting
of determining whether an atom in the lattice is silicon or an acceptor atom. Considering
the binomial distribution, the N-trial mean and mean-square deviation (variance) are
given [16] by

5 We follow in this section the standard probability notation for the binomial distribution. In the rest of the book
p represents the hole density.
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μN ¼ Np and σ2N ¼ Npð1� pÞ: (4:6:3)

The mean number of acceptor atoms in the depletion region under the gate of a
transistor of area WL is obtained by substituting (4.6.1) and (4.6.2) into (4.6.3) as

μN ¼ Np ¼ ðWLxdÞNA: (4:6:4)

Since p≪ 1, the doping concentration follows a Poisson distribution and the variance
is given by

σ2N ¼ Np 1� pð Þ ffi Np ¼ μN ¼ ðWLxdÞNA: (4:6:5)

Thus, the Poisson distribution is fully determined by a single value, the mean value.
Let us now consider the variation in the threshold voltage of an MOS transistor of

length L and widthW with the number of ionized acceptor atoms in the depletion region
under the gate. Since the Fermi potential has a logarithmic dependence on the substrate
doping, it can be considered constant. Thus, considering only the fluctuation in the
depletion charge term in the expression for the threshold voltage (2.1.63), we can define
the average value for the threshold voltage over the area WL as

VT0h i ¼ VFB þ 2�F þ q
number of acceptors under gate

WLC0
ox

: (4:6:6)

Assuming a Poisson distribution, the mean of the average threshold voltage values is
given by substituting (4.6.4) into (4.6.6):

μWLðhVTOiÞ ¼ VFB þ 2�F þ qðWLxdNAÞ
WLC0

ox

: (4:6:7)

Thus, the conventional expression for the threshold voltage can be regarded as the
mean value for the average threshold over the gate area. In (4.6.7) we use the sub-index
WL to emphasize that the trial number N is proportional to the gate area WL. The square
root of the variance, or standard deviation, is obtained from (4.6.5) and (4.6.6) as

σWL VT0h ið Þ ¼ q
σWLðnumber of acceptors under gate)

WLC0
ox

¼ q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
WLxdNA

p
=ðWLC0

oxÞ:
(4:6:8)

In most applications, the matching between pairs of transistors is the main concern.
The standard deviation of the difference between the threshold voltages of two identical
transistors (ΔVT0 =VT1 −VT2) is given [17] by

σWL ΔVT0h ið Þ ¼
ffiffiffi
2

p
σWL VT0h ið Þ ¼ q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2xdNA

p

C0
ox

ffiffiffiffiffiffiffiffi
WL

p ¼ AVTffiffiffiffiffiffiffiffi
WL

p ; (4:6:9)

where

AVT ¼ q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2xdNA

p
C0

ox

(4:6:10)

is called the threshold (mis)matching coefficient.
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Figure 4.9 shows experimental results corroborating the proportionality of the stan-
dard deviation of the threshold voltage to the inverse square root of the transistor area,
except for narrow (W= 0.2 μm) and short (L = 0.18 μm) transistors. In Figure 4.9 and in
the rest of the text we simplify the notation to

σWL ΔVT0h ið Þ ¼ σ ΔVT0ð Þ (4:6:11)

according to common practice. Writing the depletion depth in terms of the technological
parameters as (see Appendix A2.1)

xd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εs 2�Fð Þ
qNA

s
(4:6:12)

and substituting (4.6.12) into (4.6.10) yields

AVT ¼ q

C0
ox

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8εs 2�Fð ÞNA

q

4

s
¼ qtox

εox

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8εs 2�Fð ÞNA

q

4

s
: (4:6:13)

The experimental results in Figure 4.10 confirm the linear dependence of the threshold
matching coefficient on the oxide thickness present in (4.6.13), for technologies above
0.25 μm. In fact, AVT is not a linear function of tox since transistor-scaling practice forces
NA to increase [18]. Assuming, however, that AVT is a linear function of tox, from
Figure 4.10 the approximate relationship

AVT ðmV μmÞ ffi tox ðnmÞ (4:6:14)

follows.
The current-factor differences between pairs of transistors Δβ (β ¼ μC0

oxW=L) are
modeled in the same way as the threshold voltage differences [17]. Thus,
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Fig. 4.9 The standard deviation of the n-channel MOSFET threshold voltage versus the inverse square root
of the gate area for a 0.18-μm process (adapted from [18]).W/L values are indicated close to the circles.
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σ Δβð Þ
β

¼ Aβffiffiffiffiffiffiffiffi
WL

p : (4:6:15)

Typical values of Aβ, which do not change significantly with technology-node scaling
[19], range from 1%μm to 3%μm. Although VT and β show some correlation, because
both are dependent on some common technological parameters, C0

ox for instance, they are
assumed to be independent random variables in order to obtain simple design formulas.

Assuming that VT0 and β are uncorrelated, the normalized variance of the drain current
of saturated transistors having the same gate and source voltages as in the current mirror
of Figure 4.11(a) is given by

σ2 ΔIDð Þ
I2D

¼ σ2 Δβð Þ
β2

þ gm
ID

� �2

σ2 ΔVT 0ð Þ: (4:6:16)

The variance of the gate-voltage mismatch of two saturated transistors having the same
drain current and the same source voltage as in the differential pair of Figure 4.11(b) is
given by

n-MOSFET
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Fig. 4.10 The threshold-voltage matching coefficient over process generations (adapted from [18]).
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Fig. 4.11 Two basicMOSFET topologies: (a) a current mirror and (b) a differential pair. The drain currents of
M1 and M2 in the differential pair are assumed to be equal for the calculation of the offset voltage.
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σ2 ΔVGð Þ ¼ σ2 ΔVT0ð Þ þ ID
gm

� �2 σ2 Δβð Þ
β2

: (4:6:17)

The gm/ID ratio for a saturated MOSFET is given by (2.2.27) and (2.2.28) as

gm
ID

¼ 1

n�t

2

1þ ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p : (4:6:18)

For a current mirror, it can be seen from Equations (4.6.16) and (4.6.18) that biasing
the transistor in weak inversion (if ≪ 1, and thus with the maximum gm/ID) results in the
largest current mismatch, which is given by

σ ΔIDð Þ
ID

ffi σ ΔVT0ð Þ
n�t

; (4:6:19)

whereas the minimum current mismatch, which is set by σ(Δβ)/β, is obtained with the
transistors operating deep in strong inversion.

On the other hand, for a differential pair, for example, operation of the transistors in
weak inversion results in the minimum mismatch between the gate voltages, equal to the
threshold-voltage mismatch σ(ΔVT0) as follows from (4.6.17).

It should be noted that, in general, the design for best matching of a current mirror or a
differential pair is more complicated than in the analysis above. In the design problem we
must compare solutions corresponding to transistors with different geometries and biases. If
we compare a current mirror with transistors operating in strong inversion with another
having the transistors operating inmoderate inversion,which onewill have the better current
matching? If the area of the transistors operating inmoderate inversion is large enough, their
current matching can be even better than that of the pair biased in strong inversion. The
examples that follow illustrate the effects of transistor dimensions on matching.

Example 4.5

A unity-gain current mirror operates at a constant input current equal to IB. Using
Pelgrom’s model, evaluate the current mismatch for the following conditions: (a) con-
stant aspect ratio and (b) constant channel length.

Answer

The transconductance-to-current ratio is

gm
IB

¼ 1

n�t

2

1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IB=ðISHW=LÞp :

(a) For constant S=W/L the transconductance-to-current ratio does not change and, thus,
the normalized variance of the current is

σ2 ΔIDð Þ
I2B

¼ A2
β

SL2
þ 1

n�t

2

1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IB=ðSISHÞ

p
 !2

A2
VT

SL2
:
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In this case, the standard deviation of the current is simply inversely proportional to the
channel length (or width).
(b) For constant L, the transconductance-to-current ratio is not constant. The normalized

variance of the current is

σ2 ΔIDð Þ
I2B

¼ A2
β

WL
þ 1

n�t

2

1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IB=ðISHW=LÞp

 !2
A2

VT

WL
:

In this case, the variance of the current is inversely proportional to W when the term in
parentheses is independent ofW, i.e. when the transistors are so wide that they operate in
weak inversion. For narrower channels the MOS transistors tend to operate in strong
inversion, for which the transconductance-to-current ratio is proportional to the square
root of W. Therefore, in strong inversion the variance of the current deviation caused by
threshold mismatch becomes independent of W, whereas the term due to the specific
current mismatch is inversely proportional to the channel width. For very high inversion
levels (narrow channels) the error caused by Aβ can be even more significant than that
caused by AVT.

Example 4.6

The tail current of the differential pair in Figure 4.11(b) is 6 μA. Using Pelgrom’s model,
evaluate the standard deviation of the offset for the following transistor dimensions:
(a) W= 20 μm, L= 2 μm; (b) W= 2 μm, L = 20 μm. Assume that ISH= 100 nA, n�t=
30mV, Aβ= 2% μm, and AVT = 10mV μm.

Answer

(a) The specific current is IS = ISHW/L = 0.1 × 20/2 = 1 μA and if = IT/(2IS) = 3. The
current-to-transconductance ratio is

ID
gm

¼ n�t

1þ ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p
2

¼ 30� 10�3 � 1:5 ¼ 45mV:

The standard deviation of the offset voltage calculated from (4.6.17) is

σ2 VOSð Þ ¼ A2
VT

WL
þ ID

gm

� �2 A2
β

WL
¼ 10�8

� �2
40� 10�12

þ 0:045ð Þ2 2� 10�8
� �2
40� 10�12

;

σ VOSð Þ ffi 1:58mV:

(b) The specific current is IS = ISHW/L = 0.1 × 2/20 = 0.01 μA and if = IT/(2IS) = 300.
The current-to-transconductance ratio is

ID
gm

¼ 30� 10�3 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 300

p

2
ffi 275mV:
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The standard deviation of the offset voltage is

σ2 VOSð Þ ¼ A2
VT

WL
þ ID

gm

� �2 A2
β

WL
¼ 10�8

� �2
40� 10�12

þ 0:275ð Þ2 2� 10�8
� �2
40� 10�12

;

σ VOSð Þ ffi 1:80mV:

4.6.2 (Mis)matching energy

To compare the effects of noise and mismatch on the achievable precision of a circuit, let
us calculate the mean-square gate voltage representing the channel thermal noise, over a
bandwidth equal to the transition frequency. The channel thermal noise of a saturated
MOSFET can be modeled approximately by a drain-current noise generator or a gate-
voltage noise generator as indicated below:

i2d ¼
2

3
4kTgm Δf; v2g ¼

2

3
4kT

1

gm
Δf: (4:6:20)

Approximating the transition frequency as

fT ffi gm

2π 1
2C

0
oxWL

¼ gm
πC0

oxWL
¼ Δf (4:6:21)

yields

v2g ¼
2

3
4kT

1

gm

gm
πC0

oxWL
ffi kT

C0
oxWL

: (4:6:22)

To compare the relative effects of thermal noise and mismatch (we assume that the
number of impurities is the dominant mismatch component) on a circuit, using (4.6.9)
and (4.6.20), we can calculate the ratio [19]

σ2 ΔVT0ð Þ
v2g

¼ C0
oxA

2
VT=2

kT=2
: (4:6:23)

The denominator in (4.6.23) is the thermal energy for a system with one degree of
freedom while the numerator can be regarded as indicating the (mis)match energy

Ematch ¼ C0
oxA

2
VT=2 ¼ C0

oxWL
� �

σ2 ΔVT0ð Þ=2: (4:6:24)

Thus, the (mis)match energy is the energy stored in the gate capacitance (C0
oxWL) by a

voltage equal to the standard deviation of the threshold voltage and is independent of the
transistor geometry as shown below:

Ematch ¼ q2 2xdNAð Þ
2C0

ox

: (4:6:25)

Figure 4.12 shows the ratio of the matching energy to the thermal energy for various
technology nodes. The effect of mismatch is dominant over thermal noise by two orders
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of magnitude for several generations of technology. A reduction in the mismatch energy
for advanced technologies is apparent in Figure 4.12. For deep-submicron technologies
the effect of the gate current must be considered when one needs to assess mismatch, as
developed in [20].

4.6.3 The number-fluctuation mismatch model

In Pelgrom’s model the effect of the (atomistic) doping fluctuations under the gate of the
transistor is modeled as a fluctuation of the threshold voltage, and the dc model of the
transistor is then used to determine the drain-current fluctuation. Thus, Pelgrom’s model
considers average fluctuations over the entire channel and represents them with a
lumped parameter. The drawback of this approach is that the impact of the local doping
fluctuations is not considered. Since the amplitude of the stochastic fluctuations is
proportional to 1/√volume, local fluctuations are much greater than the global fluctua-
tion and, thus, their effects should be considered [21]. Fortunately, the formalism
needed to include local fluctuations is already available in flicker (1/f )-noise modeling,
namely, carrier-number-fluctuation theory. Mismatch (spatial fluctuation) and noise
(temporal fluctuation) are similar phenomena, both being dependent on the process,
device dimensions, temperature, and bias. Put simply, mismatch can be regarded and
modeled as “dc noise.”

In the derivation of the mismatch model that follows, we calculate the fluctuations in
the drain current around its nominal value resulting from the sum of all the tiny
contributions from local fluctuations along the channel, in the same way as for the
noise calculations using expression (4.2.6) repeated below:

ΔID
2 ¼ lim

Δy!0

X Δy
L

iΔA

� �2

¼ 1

L2

ðL
0

Δy iΔAð Þ2 dy; (4:6:26)
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Fig. 4.12 The ratio of “mismatch energy” to thermal energy for several MOS technology nodes (adapted
from [19]).
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with a slight change in the notation.6 The local current fluctuation (iΔA) is assumed to be a
zero-mean stationary random process dependent on the variable y.

Local current fluctuations arise from three independent physical origins, namely
fluctuations in both channel and polysilicon gate doping, surface state density, and gate
oxide thickness. Note that, since iΔA is related to local fluctuations calculated in the area
WΔy, its variance is proportional to 1/(WΔy). As in Pelgrom’s model, we have assumed
that fluctuation of channel doping is the main factor that determines local current fluctua-
tions. Figure 4.13 shows the fluctuations in the inversion charge density Q0

I due to local
dopant fluctuations. Note that both depletion and inversion charge densities, Q0

B and Q0
I,

change as a result of the variation in the number of impurity atoms along the y-axis.
In order to derive the mismatchmodel, we have adopted the following asumptions and/

or approximations:

(1) the capacitive model of the MOS transistor, assuming the depletion capacitance to be
dependent on the gate voltage only and the inversion capacitance to be proportional
to the inversion charge density;

(2) the fluctuation of the impurity concentration in the depletion layer as the main source
of mismatch;

(3) Poisson distribution of impurity atoms;
(4) uncorrelated local impurity fluctuations;
(5) the charge-based model of the channel current.

The application of assumptions/approximations (1) through (5) yields [23]

σ2ID
I2D

¼ Noi

WLN�2
1

if � ir
ln

1þ if
1þ ir

� �
(4:6:27)

with

N� ¼ nC0
ox�t

q
(4:6:28)

inversion
charge Q ′

depletion charge
Q ′B (y)

VGB

p-substrate

0 y

y(y)I

Fig. 4.13 Cross section of an MOS transistor showing the (greatly exaggerated) fluctuations in both
inversion and depletion charge densities due to local dopant fluctuations (adapted from [22]).

6 Here ΔID represents the difference between the actual drain current in a specific transistor and the mean value
of the drain current of that transistor.
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and

Noi ¼ NAxd
3

: (4:6:29)

Equation (4.6.27) presents the dependences of mismatch on geometry (W and L), bias
(if and ir), and technology (N* and Noi), which are the three degrees of freedom used by
circuit designers.

The result in (4.6.27) is essentially the same as that derived for flicker noise in MOS
transistors in Equation (4.5.8). This similarity results from the physical origin of both
matching and 1/f noise; while the former is related to (spatial) fluctuations in fixed
charges, the latter results from (temporal) fluctuations in the occupancy of localized
states along the channel. As in Pelgrom’s model, expression (4.6.27) indicates that the
ratio of mismatch power to dc power is inversely proportional to the gate area WL.

Expression (4.6.27) can be simplified under specific conditions. In weak inversion, if,
ir≪ 1; thus, the first-order series expansion of (4.6.27) leads to

σ2ID
I2D

¼ Noi

WLN�2 : (4:6:30)

Therefore, in weak inversion, the normalized mismatch is not sensitive to the current
level, for either saturation (if≫ ir) or the linear region (if ffi ir).

From weak to strong inversion in the linear region, if ffi ir and (4.6.27) reduces to

σ2ID
I2D

¼ Noi

WLN�2
1

1þ if
: (4:6:31)

Expression (4.6.31) indicates once again that the normalized mismatch is not sensitive to
the inversion level in weak inversion (if ≪ 1) and is inversely proportional to if in strong
inversion (if≫ 1). Finally, in saturation (ir→ 0), expression (4.6.27) can be written as

σ2ID
I2D

¼ Noi

WLN�2
lnð1þ ifÞ

if
: (4:6:32)

Expressions (4.6.31) and (4.6.32) indicate that, under strong inversion, the current
mismatch decreases when the inversion level increases, this behavior being more accen-
tuated in the linear than in the saturation region.

4.6.4 The dependence of mismatch on bias, dimensions, and technology

Figure 4.14 presents the mismatch power normalized with respect to the dc power for
drain-to-source voltages ranging from 10mV (within the linear region) to 2V (satura-
tion) for medium-sized NMOS devices. Mismatch was measured for six inversion levels
(0.01, 0.1, 1, 10, 100, and 1000), with VSB= 0.

In weak inversion (if = 0.01 and 0.1), mismatch is almost constant from the linear
region to the saturation region and independent of the inversion level, as predicted by
(4.6.30). Measured and simulated curves for weak inversion are almost coincident, being
hardly distinguishable.
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From moderate (if = 1 and 10) to strong (if = 100) inversion, the simulated and
measured curves present similar behavior, increasing on going from the linear to the
saturation region, where a plateau is reached. Differences between measured and simu-
lated curves at saturation may be associated with a spatially non-uniform concentration of
dopant atoms.

The parameter Noi was estimated from measurements in weak inversion, using
Equation (4.6.30). The same values of Noi, i.e. 1.8 × 10

12 cm−2 for the NMOS devices
and 7 × 1012 cm−2 for the PMOS devices, were obtained both for the large (W= 12 μm,
L = 8 μm) and for the medium-sized (W= 3 μm, L = 2 μm) transistor.

In order to account for mismatch factors other than doping fluctuations, one can
include the random errors due to the specific sheet current ISH ¼ μC0

oxn�
2
t =2, which

results in a modification of expression (4.6.27), yielding

σ2ID
I2D

¼ 1

WL

Noi

N�2
1

if � ir
ln

1þ if
1þ ir

� �
þ A2

ISH

� 	
: (4:6:33)

AISH is the parameter which accounts for mismatch in ISH. For high inversion levels,
mismatch levels out at a minimum value determined by AISH, a result that is corroborated
by experimental data.

AISH was estimated from measurements in strong inversion in the linear region, using
(4.6.33). AISH values of the order of 0.89% μm and 0.71% μm resulted for NMOS and
PMOS devices, respectively, both for large and for medium-sized devices. The simulated
curves presented in Figures 4.14 and 4.15 are based on the values extracted for both Noi

and AISH, for either NMOS or PMOS transistors.
Figure 4.15 shows the measured and simulated dependences of current matching on

inversion level (or bias current IB) for the linear and saturation regions, for three sizes of
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Fig. 4.14 Normalized current mismatch power for the medium-sized (W = 3 μm, L = 2 μm) n-MOS
transistor array (adapted from [22]).
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Fig. 4.15 The dependence of current matching on inversion level (bias current IB) in the linear (|VDS| =
20mV) and saturation (|VDS| = 2V) regions for the large, medium, and small n-MOS
(a) and p-MOS (b) transistor arrays (adapted from [22]).
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NMOS and PMOS transistors. From Figure 4.15, one can see that larger transistors
follow the “area rule,” as shown in our model. We used the same AISH value to model the
matching both of the large and of the medium-sized devices. The small transistors do not
follow this rule, presenting a mismatch 55% lower (NMOS) or 80% higher (PMOS) than
the model estimates obtained using the same Noi as that for the large and medium-sized
transistors. However, values ofNoi for the small transistors different from those measured
for the large transistors were chosen in order to obtain better fitting of the curves.

For the dies we characterized, small transistors presented an unpredictable Noi. In fact,
electrical characteristics of short-channel devices are very sensitive to fluctuations due to
a greater dependence on edge effects. This high sensitivity of short-channel devices is
one of the main reasons for the difficulties found in modeling mismatch, particularly in
today’s very complex submicron technologies. Also, for minimum-length devices, drain
and source doped regions are very close to each other, affecting strongly the shape of the
depletion layer below the channel.

The curves presented in Figure 4.15 have a similar behavior to that seen in 1/f-noise
characterization, showing that both phenomena, mismatch and 1/f noise, arise from the
same mechanism, namely carrier-density fluctuation, although the first is related to
random fluctuations in doping density and the second to random trapping–detrapping
of carriers at the channel oxide–substrate interface.

4.6.5 Matching analysis of analog circuits

Owing to the random variations in the device characteristics, from lot to lot, wafer
to wafer, die to die, and device to device, a statistical approach to analyzing circuit
performance is required. The most common way of estimating the statistical distributions
of circuit performance is Monte Carlo analysis, in which hundreds, or even thousands, of
circuit simulations are run to obtain reliable estimations of the statistics. Since the Monte
Carlo method is computationally very costly, faster methods have been developed for the
determination of common random circuit parameters, such as the offset voltage of an
amplifier/comparator.

4.6.5.1 Monte Carlo simulation
The ultimate goal of Monte Carlo analysis is to obtain simulation results for which the
probability distribution is statistically the same as that of the actual measurements of the
fabricated circuits. To obtain these kinds of results, a series of simulations is performed,
with the parameters of the devices varying according to specified probability distributions.

Usually, all parameter variations are defined using device models. Two types of
parameter variations are allowed: (individual) device variations, which represent device
mismatch; and (as a group) lot variations, which represent process variations [24]. Either
type of variation, or both types, may be specified when describing parameter variations
for Monte Carlo analysis. To run a Monte Carlo simulation the basic specifications are
the total number of simulations, the type of analysis to be done (dc, ac, transient, etc.), the
probability distributions (uniform, normal (or Gaussian), etc.) of the parameters, and the
kind and amount of outputs generated. Figure 4.16 shows the outputs of the Monte Carlo
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simulations for two current mirrors [25]. The standard deviation of the current mismatch
in the bottom histogram is half of that in the top histogram, since the area of the transistors
of the current mirror represented by the bottom histogram is four times larger than that of
the top one.

Since in many cases manufacturers do not provide a Monte Carlo library, designers
must build themselves the mismatch libraries. For resistors, the expressions giving the
resistance value in terms of the geometrical and technological parameters are relatively
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Fig. 4.16 Monte Carlo simulations of the current matching of two current mirrors, for transistors with
(a) W/L= 10/4 and (b) W/L = (2 × 10)/(2 × 4). The main statistical metrics are given below the
histogram:N samples is the number of extracted data values, n divisions is the number of bins in the
histogram, and mean and sigma are the arithmetic mean and standard deviation of the extracted
values, respectively, 10th (90th) %ile is the tenth (ninetieth) percentile that describes the portion of
the distribution below which 10% (90%) of the extracted values lie (adapted from [25]).
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simple and the elaboration of Monte Carlo simulation netlists is well documented [26].
Thus, it is easy for the designer, using the basic information from the manufacturer, to
develop model cards and determine the parameters with which to simulate the process
variations and the mismatch between resistors. With transistors the situation is much
more complicated because the transistor models provided by the manufacturers consist of
complicated non-linear equations involving numerous parameters for which statistical
data are not available. Since a complete statistical model is clearly not possible, two
approximative approaches are useful. In the first approach [27], the built-in MOSFET
control cards delvtho and delu0 of SPICE are used to give an independent random
Gaussian distribution for the threshold voltage and for the current gain factor β of
every transistor on the netlist. The parameters of delvtho and delu0 cards are obtained
from Pelgrom’s model. In the second approach, a (random) current generator is con-
nected between the source and drain of each transistor of the netlist. The value of the
current is calculated with the help of Equation (4.6.27) of the carrier-number-fluctuation
model. The use of Pelgrom’s model or the number-fluctuation model is up to the user
since the parameters of the two models are related as given below:

A2
VT ¼ 6q2

C02
ox

Noi; (4:6:34)

A2
β ¼ 2A2

ISH: (4:6:35)

Equation (4.6.34) results from (4.6.10) and (4.6.29). The fact that Aβ and AISH differ by
a factor of 2 is because the number-fluctuation parameters represent the variations in an
individual device and Pelgrom’s model represents the current variation between two
devices, thus the variances in Pelgom’s model are twice those in the carrier-number-
fluctuation model. Summarizing, the parameters of the carrier-number-fluctuation model
are used directly for simulations, whereas the Pelgrom-model parameters for the var-
iances must be divided by 2.

4.6.5.2 Small-signal analysis of the mismatch sensitivity of a circuit
SinceMonte Carlo analysis requires typically hundreds of circuit simulations, more rapid
simplified methods of analysis have been developed. By representing device mismatches
as voltage or current (error) sources, the calculation of the sensitivity of a circuit to device
mismatches can be reduced to a small-signal analysis. The standard deviation of a current
or voltage in a circuit is then easily calculated. Expressions (4.6.16) and (4.6.17), which
give the current standard deviation of a current mirror and the input-voltage standard
deviation of a differential pair, respectively, are examples of such analysis. The same
procedure can be applied to more complicated cases, such as the calculation of the input
random offset of an operational transconductance amplifier [28]. Small-signal analysis
can even be applied to determine mismatch effects on circuit dynamics or transient
response, modeling mismatch as an equivalent ac pseudo-noise generator [29]. Thus, it
is possible to take advantage of the strong analogies between noise and mismatch even at
the circuit-simulation level.
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Problems

4.1 Calculate the rms values of the noise current and voltage due to thermal noise of a
1-kΩ resistor at room temperature in a bandwidth of (a) 1Hz and (b) 1MHz.

4.2 The two (noisy) resistors in the figure below are at the same temperature. The voltage
generators in Figure P4.2 represent the thermal noise of the resistors. Calculate the
power P12 (P21) that the generator v1 (v2) delivers to resistance R2 (R1). Assuming no
knowledge of the thermal-noise formula (4.1.1), what property of the thermal noise
can you derive from the power balance P12 =P21? Derive the condition of maximum
power transfer between the resistors. Use expression (4.1.1) to calculate the so-called
available noise power P12 =P21, which is the maximum thermal noise that can be
extracted from a resistor.

4.3 Assume that the ideal capacitance C2 in Figure P4.3 generates a thermal noise
voltage v2. Considering a power balance between the resistor and capacitor in
equilibrium, prove that v22 ¼ 0:

4.4 In the RC circuit of Figure P4.4, calculate the mean-square value of the noise voltage
of the capacitor, assuming that the power spectral density v21=Δf is independent of
frequency. Derive the Nyquist expression for the thermal noise (4.1.2) from the
application of the energy-equipartition principle to the circuit in Figure P4.4.
(Reminder of the energy-equipartition principle: in thermal equilibrium the mean
thermal energy per degree of freedom is (1/2)kT, where k is the Boltzmann constant
and T is the absolute temperature.)

4.5 Consider the virtual cut of a transistor that slices it into two series elements as in
Figure P4.5. Show that the relation among the thermal-noise current sources asso-
ciated with the lower, upper, and whole transistor is

i2d
Δf

¼ a

1þ a

� �2
i2dl
Δf

þ 1

1þ a

� �2
i2du
Δf

; (P4:5:1)

+

R2R1

+ 2v2
2v1

Fig. P4.2 Two (noisy) resistors connected in parallel.

+ +

C2
R1

2v2
2v1

Fig. P4.3 An RC circuit assuming a “noisy” capacitor.
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where a = gmsu/gmdl, and gmsu and gmdl are the source and drain transconductances of
transistors Mu and Ml, respectively. Show that (P4.5.1) can be rewritten as

i2d
Δf

¼ d

L

� �2
i2dl
Δf

þ L� d

L

� �2
i2du
Δf

: (P4:5:2)

Using the expression for the thermal noise in terms of the inversion charge, prove
that

i2d
Δf

¼ �4kTμ
QIl

d
2

d

L

� �2

þ QIu

L� dð Þ2
L� d

L

� �2
" #

¼ �4kTμQI

L2
; (P4:5:3)

where QIl, QIu, and QI are the total inversion charge in the channel of the lower,
upper, and whole transistor, respectively. Comment on the results.

4.6 The following formulas are used to represent the PSD of the MOSFET flicker noise
in the SPICE simulator:

i2d
Δf

¼ KFI
AF
D

C0
oxL

2

1

f
; (P4:6:1)

i2d
Δf

¼ KFI
AF
D

C0
oxWL

1

f
; (P4:6:2)

i2d
Δf

¼ KFg
2
mg

C0
oxWL

1

f EF
; (P4:6:3)

for noiselevel = 0, 1, and 2/3, respectively. Verify whether these formulas are con-
sistent for the series and parallel association of transistors and specify the value of

+
C

R1

2v1

Fig. P4.4 An RC circuit.

L Ml

Mu
Mu: W/ (L – d )

Ml: W/d

Vy

VG
VD

L – d

d y

W
•

Fig. P4.5 Avirtual cut of a transistor into two slices and its representation as a series association of transistors.
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AF required for consistency. Also determine the asymptotic value of the normalized
PSD i2d=ðI2D Δf Þ for deep weak inversion (for a discussion on the consistency of 1/f-
noise models, see [11]).

4.7 Using the equivalent circuit in Figure P4.7, show that the noise factor F, defined
as [12]

F ¼ total output noise power

output noise power due to input source
; (P4:7:1)

can be written as

F ¼ i2s þ in þ Ysenj j2
i2s

¼ 1þ i2u þ Yc þ Ysj j2e2n
i2s

: (P4:7:2)

The noise current in is the sum of two components, one fully correlated (ic) with
the input noise voltage generator and the other (iu) uncorrelated,

in ¼ iu þ ic (P4:7:3)

with

ic ¼ Ycen; (P4:7:4)

where Yc is the correlation admittance.
By considering the three independent noise sources of Figure P4.7 as being

produced by equivalent resistances or conductances

e2n ¼ 4kTΔf Rn;

i2u ¼ 4kTΔf Gu;

i2s ¼ 4kTΔf Gs;

(P4:7:5)

and decomposing each admittance into a sum of a conductance G and a susceptance
B, prove that

F ¼ 1þ
Gu þ Gc þ Gsð Þ2 þ Bc þ Bsð Þ2

h i
Rn

Gs
: (P4:7:6)

Show, using expression (P4.7.6), that the noise factor is minimized for

+ −

Noiseless
current amplifier

Ys

isignal

2en

2is
2in

Fig. P4.7 Equivalent input noise representation for the calculation of the noise factor.
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Bs ¼ �Bc ¼ Bopt;

Gs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gu

Rn
þ G2

c

r
¼ Gopt;

(P4:7:7)

and the minimum noise factor is given by

Fmin ¼ 1þ 2Rn Gopt þ Gc

� � ¼ 1þ 2Rn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gu

Rn
þ G2

c

r
þ Gc

� �
: (P4:7:8)

Verify that for i2n ¼ 0 the optimum noise factor is F= 1.
The above results, (P4.7.2) through (P4.7.8) are valid not only for current

amplifiers but also for two-port devices for which the noise is represented by the
current and noise generators at the input port as in Figure P4.7.

4.8 Show that for the common-source amplifier of Figure 4.8

Rn ¼ γn
gm

; Gu ¼
δω2C2

gs 1� cj j2

 �
5gms

; (P4:8:1)

when the channel thermal noise is given by (4.5.5). Using the results of Problem 4.7,
show that

Bopt ¼ �ωCgs 1� cj j
n

ffiffiffiffiffi
δ
5γ

s !
Gopt ¼ ωCgs

n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ 1� cj j2

 �

5γ

vuut
(P4:8:2)

and

Fmin ¼ 1þ 2γωCgs

gm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ 1� cj j2

 �

5γ

vuut ffi 1þ 2ω
ωT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γδ 1� cj j2

 �

5

vuut
: (P4:8:3)

Calculate, at 1 GHz, the minimum noise factor for a 2Lmin n-channel MOSFET
common-source amplifier operating in strong inversion with if = 1000 in the 1-μm
and 0.25-μm technologies with the parameters given in the table of Problem 4.9
below. Comment on the results.

4.9 Assume that the bulk concentration and the oxide thickness of n-MOSFETs in a
1-μm and in a 0.25-μm technology are those given in the table below.

Technology 1 μm 0.25 μm

NA 2.5 × 1016 1017

tox (nm) 20 5

Considering the real transistor dimensions to be equal to the nominal ones and
considering Wmin = 2Lmin, determine the mean and the standard deviation of the
number of impurity atoms under the gate of a minimum-dimension n-channel
transistor in 1-μm and 0.25-μm technologies. Consider that the depletion depth xd
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under the gate is constant and corresponds to a surface potential value of 2�F.
Determine the threshold matching coefficient AVT for both technologies. Assuming
that Aβ= 2% μm for both technologies, determine the minimum dimensions of the
transistors of a current mirror that allow a current mismatch of less than 1% for
devices operating in weak inversion (if = 1) and in strong inversion (if = 1000).

4.10 The mismatch parameters for the p-channel transistors of a 0.35-μm and a 0.18-μm
technology are reported in the table below.

Technology AVT (mV μm) Aβ (% μm)

0.35 μm 7 0.8
0.18 μm 4 0.6

Design a unity-gain p-MOS current mirror using minimum-length transistors
with current mismatch less than 1%, with the transistors operating in weak (if = 1)
and in moderate inversion (if = 100) in both technologies. Consider the real tran-
sistor dimensions to be equal to the nominal ones. Determine the unity-gain
frequency of the transistors in the four cases and comment on the results.

4.11 Consider a transistor represented by two series elements as in Figure P4.11. Show
that the variance of the drain current of the whole transistor is related to the
variances of the transistors M1 and M2 by

σ2ID ¼ σID1

gmd2

gms1 þ gmd2

� �2

þ σID2

gms1

gms1 þ gmd2

� �2

: (P4:11:1)

Using the expressions for gms(d) of a long-channel transistor, prove that

L2σ2ID ¼ L2
1σ

2
ID1

þ L2
2σ

2
ID2

: (P4:11:2)

Show that the number-fluctuation model of mismatch given by (4.6.27), repeated as
(P4.11.3),

σ2ID
I2D

¼ Noi

WLN�2
1

if � ir
ln

1þ if
1þ ir

� �
; (P4:11:3)
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Fig. P4.11 Representation of a transistor as a series association of two transistors.
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verifies the consistency condition in (P4.11.2), but that Pelgrom’s model given by
(P4.11.4),

σ2ID
I2D

¼ A2
VT

WL

gm
ID

� �2

; (P4:11:4)

does not.
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5 Current mirrors

The current mirror is one of the most useful building blocks for analog integrated circuits.
It is largely employed as a biasing element and as a load device for amplifier stages. It can
also find other uses such as arrays of current sources in D/A converters and current
amplifiers in current-mode filters. Basically, a current mirror is a circuit that copies a
current flowing through one active device (input) to another active device (output) of a
circuit, keeping the output current independent of loading. Current mirrors, from their
simplest version to more elaborate circuits, together with analysis of their characteristics,
are the subject of this chapter.

5.1 A simple MOS current mirror

5.1.1 The ideal current mirror

The simplest configuration of the ideal current mirror is shown in Figure 5.1. Ideally, the
current gain AI is independent of the input frequency, and the output current is independent
of the output voltage; in other words, the output impedance is infinite [1], [2]. Additionally,
the input impedance is zero, i.e., the voltage drop across the input device is zero for any
input current. The ideal current mirror is equivalent to a two-port current-controlled current
source having a common terminal that connects the input and output ports.

In the section that follows, we will present a first-order analysis of the current mirror
implemented with a pair of MOS transistors.

5.1.2 The two-transistor current mirror

The basic current mirror is shown in Figure 5.2. It consists of a diode-connected input
transistor and an output transistor that share the same gate, source, and substrate voltages.
For typical technologies and not-too-low currents, the input transistor operates in satura-
tion (see Problem 5.2).

For a first-order analysis, let us assume that the dependence of the drain current on the
voltages for a transistor in saturation is given by

ID ¼ W

L
GðVG;VSÞ; (5:1:1)



where G describes the dependence of the current on the gate and source voltages. Let us
also assume, for the time being, that the two transistors are perfectly identical and that the
output transistor also operates in saturation. Additionally, let us assume that the gate
currents are negligible. Since the identical transistors M1 and M2 are connected to the
same gate, source, and bulk nodes and are in saturation, we conclude that IOUT = IIN. If
the transistors have different aspect ratios, then

IOUT ¼ AIIIN ¼ W=Lð Þ2
W=Lð Þ1

IIN: (5:1:2)

The unity-gain current mirror is the most commonly used of the current mirrors. If a
current gain of two is required, then two of the possible topologies for achieving the
required gain from the association of identically designed transistors are those shown in
Figure 5.3.

If a current gain equal to a rational number N/M is required, the current mirror can be
implemented by M diode-connected transistors in parallel at the input and N parallel-
connected transistors at the output.

At this point one may ask whether, e.g., a gain-of-two current mirror can be imple-
mented by simply choosing the output transistor with the same channel length but twice
the channel width of the input transistor. The reason for not doing this is that the effective
transistor width differs from the drawn channel width due to edge effects, e.g., the
transition from the thin oxide to the thick oxide, a phenomenon referred to as bird’s
beak [3] in some technologies. Using a simplified model for the effect of the bird’s beak
on the transistor width, Example 5.1 illustrates how the current-mirror gain can be
affected by an inappropriate design.

VOUT
IIN

IOUT

AIIIN +

–

Fig. 5.1 The ideal current mirror.

VDD
VOUT

IIN
IOUT

M1 M2

Fig. 5.2 A basic MOS current mirror.
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Example 5.1

A gain-of-two current mirror, as shown in Figure 5.2, is designed with the following
drawn lengths and widths: L2 = L1 andW2 = 2W1. Suppose thatW1 is the minimum width
allowed for this technology. Calculate the relative error gain if the effective channel width
is Weff =Wdrawn –ΔW. What is the relative error in the gain if the typical ΔW=W1/5?
What is the fluctuation in the relative error if the fluctuation of ΔW/W1 around the typical
value is ±25%?

Answer

The relative error ffiΔW=ð2W1Þ; 10%; ±2.5%.

5.1.3 Error caused by difference between drain voltages

So far, we have assumed that the output transistor of the current mirror is operating in
saturation, a condition that is fulfilled for an n-channel transistor if

VDS4VDSsat ¼ �t

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 3
� �

:

We have assumed not only that the output transistor operates in saturation, but also that
its output conductance is negligible. Now let us assume that the drain voltages of the
input and output transistors are different and the output conductances of both transistors
are non-negligible. In this case, the current mirror in Figure 5.2 presents the following
ratio of the output current to the input current:

IOUT

IIN
¼ AI

1þ VDS2=VA2

1þ VDS1=VA1
¼ AI

1þ VOUT=VA1

1þ VIN=VA2
; (5:1:3)

where VA1 and VA2 are the Early voltages of the input and output transistors. If the input
and output transistors have the same channel length, then VA1 =VA2. If, in addition, we

VDD

IIN IOUT

VDD

IIN IOUT

(a) (b)

Fig. 5.3 Gain-of-two current mirrors using identical transistors: (a) parallel-connected transistors at the
output; (b) series-connected transistors at the input. The series-connected transistors share a
common substrate.
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assume that the errors in the numerator and denominator of (5.1.3) are much less than 1,
then we can write

IOUT

IIN
ffi AI 1þ VOUT � VIN

VA

� �
; (5:1:4)

where VA=VA1 =VA2. As shown in (5.1.4), a simple way to reduce the error due to
different drain voltages is to increase the Early voltage through an increase in the channel
length, which can be an appropriate solution as long as the mirror does not operate at high
frequencies (recall that the transistor unity-gain frequency is inversely proportional to the
square of the channel length).

Example 5.2

A unity-gain current mirror as shown in Figure 5.2 is designed to operate at around
IIN = 50 μA. Assume that n = 1.25, VT0 = 0.4V, ISHffi 50 nA, the Early voltage per unit
channel length VEffi 5V/μm, and the transistor channel width and length are W = 40 μm
and L= 4 μm. (a) Calculate the saturation voltage of the output transistor. (b) What is the
percentage error in the output current relative to the input current if the output voltage
varies between the saturation voltage and 3.3V?

Answer

(a) The specific current of both transistors is IS = ISHW/L = 0.5 μA and the inversion level
if = IIN/IS= 100. Therefore, the saturation voltage VDSsat ffi �t

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 3
� �

is around
0.34V at room temperature. (b) The Early voltage is VA=VEL= 20V. Using the UICM

VP ¼ �t

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 2þ ln
ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1
� �� �

;

we find VPffi 0.27V. The approximation VP ¼ VG � VT0ð Þ=n gives VIN =VGffi 0.73V.
Using (5.1.4), we find that the percentage error for 0.34V<VOUT< 3.3V and
VIN= 0.73V is within the range −1.95% to 12.85%.

5.1.4 Error caused by transistor mismatch

Let us now calculate the inaccuracy of a unity-gain current mirror due to mismatch
between M1 and M2, identically designed transistors subjected to the same bias voltages,
as shown in Figure 5.4.

ID2

M1 M2

ID1

Fig. 5.4 A unity-gain current mirror for mismatch calculation.
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In the following, we will derive expressions for the statistics of the error of the drain
current that are based on the random fluctuations of both the specific current and the
threshold voltage (or substrate doping concentration).

Assuming that the mismatch of components is due to local variations only, Pelgrom’s
model described in Chapter 4 gives the squared standard deviation of the threshold
voltage relative to the average threshold voltage as approximately

σ2 VT0ð Þ ¼ A2
VT

WL
: (5:1:5)

As previously mentioned in Chapter 4, the very simplified model of (5.1.5) assumes
that (i) the fluctuations in doping concentration are the major cause of mismatch of the
threshold voltage; and (ii) the transistor is represented as a lumped element rather than a
distributed one. On the other hand, the standard deviation of the specific current is
characterized by

σ2 ISð Þ
I2S

ffi A2
ISH

WL
: (5:1:6)

We emphasize here that expressions (5.1.5) and (5.1.6) are good approximations as
long as the transistors are neither very short nor very narrow; otherwise, expressions
(5.1.5) and (5.1.6) must include length- and width-dependent terms in addition to the
area-dependent term. A list of mismatch parameters AVT and AISH, the latter represented
by AKP in the list, for several technologies is presented in [4].

Writing the drain current as

ID ¼ IS if � ir
� �

; (5:1:7)

the variation in the current due to the variations in both the normalized current and the
threshold voltage is given by

ΔID ¼ ΔIS if � ir
� �þ IS

∂ if � ir
� �
∂VT0

ΔVT0: (5:1:8)

Considering that

IS
∂ if � ir
� �
∂VT0

ΔVT0 ¼ ∂ID
∂VT0

ΔVT0 ¼ � ∂ID
∂VG

ΔVT0 ¼ �gm ΔVT0; (5:1:9)

the normalized variation of the drain current is

ΔID
ID

¼ ΔIS
IS

� gm
ID

ΔVT0 ¼ ΔIS
IS

� 2

n�t

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 1
ΔVT0: (5:1:10)

If one assumes the errors in the threshold voltage and in the specific current to be
uncorrelated, then from (5.1.10) the normalized variance of the drain current is

σ2 IDð Þ
I2D

¼ σ2 ISð Þ
I2S

þ gm
ID

� �2

σ2 VT0ð Þ: (5:1:11)
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Using Equations (5.1.5) and (5.1.6) of Pelgrom’s model and the expression for the
transconductance over the drain current in terms of the inversion level for a saturated
transistor, we obtain

σ2 IDð Þ
I2D

ffi 2

WL
A2

ISH þ AVT

n�t

� �2
2ffiffiffiffiffiffiffiffiffiffiffi

1þ if
p þ 1
� �

" #2
8<
:

9=
;: (5:1:12)

Since (5.1.5) and (5.1.6) give the normalized mismatch relative to the average value of
the current, a factor of 2 was included in (5.1.12) to account for the uncorrelated statistical
errors of the input and output transistors, which are added quadratically. Roughly speak-
ing, the statistics of the drain current in a current mirror are represented by a Gaussian
(bell-shaped) characteristic centered on ID, the average drain current, with a standard
deviation calculated from Equation (5.1.12).

Typically, the error in the drain current is dominated by the term in the threshold-
voltage variation (ΔVT0), but the error in the specific current prevails in deep strong
inversion [5].

One of the most important applications of current mirrors is the biasing of analog
integrated circuits. Basically, the biasing technique commonly employed in analog circuits
is the replication of amplified and/or attenuated copies of a reference current to the various
subcircuits of the integrated circuit, as shown in the two schemes in Figure 5.5 [2]. The
voltage-routing technique, illustrated in Figure 5.5(a), consists of wiring the voltage
generated at the gate of the reference transistor to other parts of the chip. The voltage
routing has two significant disadvantages [2]: (i) the reference transistor and the output
transistors of the current mirrors can be far away from each other, increasing the mismatch

VDD

IREF

IB1

(a)

Subcircuit
1

Subcircuit
2

MREF

M1 M2

IB2

RS1 RS2

VDD

IREF IB1

Subcircuit
1

Subcircuit
2

MREF
M1 M2

IB2

RS1 RS2 (b)

Fig. 5.5 Replication of the reference current using (a) voltage-routing and (b) current-routing techniques
(adapted from [2]).
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due to global variations; and (ii) the bias currents of the subcircuits are sensitive to the series
resistances RS1 and RS2 of the ground bus. Of course, problem (ii) becomes worse the
further the subcircuits are from the reference transistor.

In the current-routing technique illustrated in Figure 5.5(b), the output transistors are
close to the reference transistor and the bias currents are routed to the blocks that require
them. The disadvantages of the current-routing technique are (i) the need for one node to
be routed for each bias signal, which can increase tremendously the area consumption if
the number of output subcircuits is large; and (ii) that the parasitic capacitance at the
drains of M1 and M2 can greatly increase and thus impose some high-frequency limita-
tions on the blocks connected to M1 and M2.

Example 5.3

A unity-gain current mirror, as shown in Figure 5.2, is designed to operate in the range
50 nA< IIN < 500 μA. For the given technology assume that n= 1.25, VT0 = 0.4V,
ISHNffi 50 nA, the Early voltage is infinite, and the transistor channel width and length
are W= 40 μm and L = 4 μm. (a) Calculate the gate-voltage range. (b) What is the
variation in the percentage error of the output current relative to the input current if the
relative error of the specific current is 4% and ΔVT0 = −5mV?

Answer

(a) The specific current is IS=0.5μA while the inversion level is 0.1< if<1000 for
50nA< IIN<500μA. Using the UICM results in 0.27V<VG<1.47V. (b) Using (5.1.10),
we find that the percent error in the drain current lies within the range 5%<ΔID/ID<20%.

As previously pointed out in Chapter 4, the mismatchmodel given by (5.1.12) assumes
that mismatch can be characterized by lumped parameters, which is inconsistent with the
distributed nature of the MOSFET. The mismatch model using a distributed model of the
MOS transistor, which was derived in [6] and summarized in Chapter 4, rewritten here
for the sake of convenience, is

σ2ID
I2D

¼ 1

WL

Noi

N�2
1

if � ir
ln

1þ if
1þ ir

� �
þ A2

ISH

	 

: (5:1:13)

We recall here that the relationship between Noi and AVT0 is

Noi

N�2 ¼
AVT

n�t

� �2

: (5:1:14)

Since (5.1.13) gives the normalized mismatch relative to the average value of the
current, a factor of 2must be included in (5.1.13) to account for the mismatch between the
input and output transistors. Thus, the application of (5.1.13) to a current mirror with both
the input and output transistors in saturation (ir→ 0) gives

σ2ID
I2D

¼ 2

WL

AVT

n�t

� �2
1

if
ln 1þ if
� �þ A2

ISH

" #
: (5:1:15)
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Example 5.4

A unity-gain current mirror, as shown in Figure 5.2, is designed to operate in the range
50 nA< IIN < 500 μA. For the given technology assume that n = 1.25, VT0 = 0.4 V,
ISH= 50 nA, the Early voltage is infinite, AVT = 10mV μm and AISH = 2% μm. The tran-
sistor channel width and length areW= 40 μm and L = 4 μm. Calculate the expected value
of the mismatch between the input and output currents in the specified range of the input
current using (a) Equation (5.1.12) and (b) Equation (5.1.15).

Answer

As calculated in Example 5.3, the inversion level 0.1 < if < 1000. (a) Using (5.1.12), we
find that the normalized standard deviation of the output current relative to the input
current lies within the range 0.31%< σ(ID)/ID< 3.6%. (b) Equation (5.1.15) gives, for
the normalized standard deviation, 0.37%< σ(ID)/ID< 3.6%. Note that the difference
between the models associated with Equations (5.1.12) and (5.1.15) becomes important
in strong inversion only.

Even though we have calculated the mismatch between the input and output currents in
the particular case of a unity-gain current mirror, the results we have obtained can be
extrapolated to non-unity-gain current mirrors.

5.1.5 Small-signal characterization and frequency response

The frequency response of the current mirror in Figure 5.2 is determined from the small-
signal equivalent circuit in Figure 5.6. To calculate the small-signal parameters and
frequency response we use the following approximations: (i) the operating frequency
is such that ωτ1≪ 1 or, in other words, the quasi-static MOSFET model is valid;1

(ii) both the input and the output transistors operate in saturation; therefore, Cgd, Cbd,
and Csd, the intrinsic capacitances in the quasi-static model which are associated with the
variation in the drain voltage, are negligible.

gm1+
gmd1

io

ii gi

C1 vo
+

–
gmd2 C2

gm2vi

vi

C3

Fig. 5.6 The small-signal equivalent circuit of the current mirror.

1 If ωτ1≪ 1, it follows from Equation (2.3.21) that the component of the drain current with magnitude equal to
ωCmvi is much smaller than gmvi.
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In Figure 5.6, conductance gi is associated with the input current source whereas
gm1 + gmd1 is the conductance of the diode-connected input transistor; gmd2 is the output
conductance of transistor M2. The capacitance C1 between the gate node and ground can
be written as

C1 ¼ Cgs1 þ Cgb1 þ Cgs2 þ Cgb2 þ ΔC1; (5:1:16)

where ΔC1 is the sum of some of the extrinsic capacitances of both M1 and M2, namely
the drain-to-bulk junction capacitance of M1, the field oxide capacitance from gate to
substrate, the source overlap capacitance of both M1 andM2, and other capacitances such
as that between the interconnection line and substrate and the output capacitance of the
current source. C2 is the drain-to-bulk junction capacitance plus other parasitic capaci-
tances connected to the output node. Finally, C3 is the gate-to-drain overlap capacitance
of transistor M2.

The nodal equations for the circuit in Figure 5.6 yield

AIðsÞ ¼ IO
II

ðsÞ
����
VO¼0

¼ gm2 � sC3

gm1 þ gmd1 þ gi þ sðC1 þ C3Þ ; (5:1:17)

where the low-frequency gain AI0 is

AI0 ffi gm2

gm1
1� gmd1 þ gi

gm1

� �
¼ W=Lð Þ2

W=Lð Þ1
1� gmd1 þ gi

gm1

� �
: (5:1:18)

To write (5.1.18), we assume that (gmd1 + gi)/gm1≪ 1. To give the reader an insight
into the meaning of (5.1.17), we assume that capacitance C1 is composed predominantly
of the intrinsic gate-to-source and gate-to-bulk capacitances of M1 and M2. Also, let us
assume that C1≫C3, two conditions that are usually fulfilled in practical situations. In
this case, we can write (5.1.17) as

AIðsÞ ffi gm2

gm1

1� sC3=gm2

1þ sC1=gm1
ffi AI0

1þ sð1þ AI0Þ=ωT1
; (5:1:19)

where ωT1 is the intrinsic cutoff frequency of M1. According to (5.1.19), the gain–
bandwidth (gain AI0, bandwidth ωT1/(AI0 + 1)) product of the current mirror is approxi-
mately equal to AI0/(AI0 + 1) times the intrinsic cutoff frequency of the input transistor. A
unity-gain current mirror has a bandwidth of the order of half the intrinsic cutoff
frequency. Therefore, to avoid significant attenuation in the current gain at higher
frequencies, unity-gain current mirrors must operate at frequencies that do not exceed
one tenth of ωT1. Even though at frequencies below ωT1/(1 +AI0) the attenuation in the
magnitude of the current gain is not significant, the phase shift of the output current
relative to the input current is important in some applications such as current-mode filters
and differential pairs with current mirror load.

The input admittance can readily be calculated as

YI ¼ II
VI

����
VO¼0

¼ gm1 þ gmd1 þ sðC1 þ C3Þ ffi gm1 1þ sð1þ AI0Þ
ωT1

	 

: (5:1:20)
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As can be seen in (5.1.20), the input admittance increases with frequency due to the
capacitors associated with the input node. This increase in the admittance at higher
frequencies is the reason for the decreasing mirror gain. On the other hand, the output
admittance is given by

YO ¼ IO
VO

����
II¼0

¼ gmd2 þ sC2 þ sC3 1þ gm2

gm1

� �
1þ sC1=ðgm1 þ gm2Þ
1þ s C1 þ C3ð Þ=gm1

ffi gmd2 þ s C2 þ C3 1þ AI0ð Þ½ �: (5:1:21)

The output admittance of the current mirror is equal to the output conductance of M2 in
parallel with a capacitance equal to C2 plus the Miller capacitance associated with C3. To
arrive at the approximation in (5.1.21), we have assumed that the maximum operating
frequency of the current mirror is sufficiently low for us to neglect the frequency
dependence of the rational function in the last term of (5.1.21).

5.1.6 Noise

The output noise current of the current mirror can be calculated from the circuit in
Figure 5.7, where i2i represents the noise associated with the input current signal, and i21
and i22 represent the channel noise of transistors M1 and M2, respectively. In the general
case, for the calculation of the power-spectral density (PSD) of the output noise one has
to include the transistor capacitances as well as other parasitic capacitances. However, for
the sake of simplicity, we will restrict our analysis to the case of low to moderate
frequencies, for which these capacitances are assumed to have a negligible effect on
the output noise. Therefore, the small-signal circuit for noise analysis is the same as that
shown in Figure 5.6, except for the capacitances, which have been removed. Once again,
we assume (gmd1 + gi)/gm1≪ 1. Under these conditions and given the fact that the noise
sources are uncorrelated, we can write

i2o ¼ A2
I0 i2i þ i21

� 
þ i22; (5:1:22)

M1 M2
2i1

2i i

2io

2i2

Fig. 5.7 A schematic diagram of the current mirror, showing the noise sources: i2i represents the noise
associated with the input source, whereas i21 and i22 represent the channel noise of M1 and M2,
respectively.
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where AI0 is the low-frequency current-mirror gain. The PSDs of the thermal and 1/f noise
of a MOSFET are given by

i2d
Δf

�����
th

¼ 4kTγgms with γ ¼ 2

3

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 1=2ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 1
; (5:1:23)

i2d
Δf

�����
1=f

¼ I2Sif
Not

WLN�2
ln 1þ if
� �

f
: (5:1:24)

In weak inversion, the expressions above simplify to

i2d
Δf

�����
th

¼ 2kTngm¼2qIF;
i2d
Δf

�����
1=f

¼ Not

WLN�2
I2F
f
; (5:1:24)

whereas in strong inversion the thermal-noise excess factor is γ= 2/3 and the complete
expression (5.1.24) must be employed for the 1/f noise.

The inversion level if is the same for both M1 and M2. The application of expressions
(5.1.23) and (5.1.24) to both M1 and M2, and their subsequent substitution into (5.1.22),
yields

i2o
Δf

¼ A2
I0

i2i
Δf

þ AI0 þ 1ð Þ4kTγgms2

þ ID2IS2
1

W1L1
þ 1

W2L2

� �
Not

N�2
ln 1þ if
� �

f
; (5:1:25)

where ID2 is the direct current of M2. The relative contribution of M1 and M2 to the
thermal noise is proportional to their aspect ratios, whereas their relative contribution to
1/f noise is inversely proportional to their areas.

5.2 Cascode current mirrors

One of the main problems with a simple current mirror is its relatively low output
impedance, which can be insufficient for some applications. A simple way to increase
the output impedance of a transistor is to increase the channel length. If the transistor
width is increased by the same factor as the channel length in order to keep the inversion
level constant, the output impedance increases (approximately) proportionally to the
channel length,2 whereas the transition frequency will decrease proportionally to the
reciprocal of the square of the channel length, which, in some cases, leads to a transition
frequency that is not high enough for the application.

2 In technologies with pocket implants, the output impedance increases sub-linearly with the channel length.
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5.2.1 Self-biased cascode current mirrors

One way to increase the output impedance of a current mirror is through a change in the
circuit topology to a self-biased cascode configuration, which is shown in Figure 5.8. The
concept of the self-biased cascode current mirror is to use feedback to ensure that the
drain voltage of the mirror transistor follows the drain voltage of the input transistor. If
transistors M1–M4 are identical and all of them operate in saturation, then IOffi II and,
consequently, VS3ffiVS4, which means that M1 and M2 operate with approximately the
same set of voltages. This means that the sensitivity of the output current, which is equal
to the current flowing through M2, to the output voltage is very low, since the drain
voltage of M2 is almost unaffected by the output voltage as long as M4 operates in
saturation. The operation of M4 in saturation requires that

VDS4 ¼ VO � VS44VDSsat ¼ �t

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 3
� �

; (5:2:1)

where if is the inversion level3 of transistor M4. Since the currents flowing through M4

and M3 are approximately the same, we have VS4ffiVG1. The gate voltage VG1 can be
readily calculated using the UICM. Once VG1 is known, one can immediately find the
minimum output voltage VOmin required to keep M4 in saturation through

VOmin ¼ VG1 þ �t

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 3
� �

: (5:2:2)

Using the small-signal transistor model, the output conductance GO can readily be
calculated as

1

GO
¼ 1

gmd4
þ 1

gmd 2

gms4

gmd4
ffi 1

gmd 2

gms4

gmd4
: (5:2:3)

VDD

IO

M1 M2

II

M4M3

VO

Fig. 5.8 A self-biased cascode current mirror.

3 In fact, since the four transistors have the sameWand L, their inversion levels are the same as long as the small
variations in the specific currents due to the different gate voltages are neglected.
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The approximation in (5.2.3) is easily interpreted; the output resistance of the cascode
current mirror is equal to the output resistance of a simple current mirror, which is equal
to 1/gmd2, multiplied by the factor gms4/gmd4, the gain of the common-gate amplifier,
which will be analyzed in the next chapter.

Example 5.5

Assume that the cascode current mirror in Figure 5.8 is built with transistors with
L=0.5μm and that the Early voltage per unit length of all transistors is equal to 10V/μm.
Calculate the increase in the output resistance compared with that of a simple current mirror
for inversion levels spanning the range 0.01 to 80.

Answer

The increase in the output resistance of the cascode current mirror over that of a simple
current mirror is equal to gms/gmd, according to (5.2.3). Using the simplified model for the
output conductance gmd= ID/(VEL) and the expression for the source transconductance of
a long-channel transistor in saturation, we find that

gms

gmd
¼ ID

�t

2ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 1

ID
VEL

¼ VEL

�t

2ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 1

,
:

For an inversion level between 0.01 and 80, the output resistance of the self-biased
cascode current mirror is between 200 and 40 times higher than that of a simple current
mirror, for �t= 25mV.

5.2.2 High-swing cascode current mirrors

The main drawback of self-biased cascode current mirrors is a very serious loss of signal
swing, which is especially critical for low supply voltages. As previously discussed, the
minimum output voltage required to keep M4 in saturation is given by (5.2.2), where
VG1ffiVDS2 is usually relatively larger than VDSsat2. Thus, the minimum output voltage
necessary to keep M4 in saturation can be reduced if a scheme for decreasing VDS2 is
devised. Such a scheme, shown in Figure 5.9, was presented in [7] and [8] for current
mirrors operating in strong and weak inversion, respectively, and later in [9] and [10] for
a general inversion regime. The basic idea behind the circuit shown in Figure 5.9 is to
generate a voltage VDS2 that is just enough to bias the drain-to-source voltage of M2 close
to VDSsat2. The problem to be solved is that of how to design the bias network (M5 and
IB5) or, as we will see later in this section, how to determine the inversion level of M5 to
bias M2 on the verge of saturation. The equations that follow are derived according to
[10]. We note here that the body of M4 is tied to ground. In this case, the pinch-off
voltages of M4 and M5, which are the same, can be written as

VP5 ¼ �t

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if5

p � 2þ ln
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if5

p � 1
� �� �

; (5:2:4)
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VP4 ¼ VS4 þ �t

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if4

p � 2þ ln
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if4

p � 1
� �� �

: (5:2:5)

The source voltage of M4 must ensure that M2 is in saturation. Thus,

VS4 ¼ VDS2 ¼ VDSsat2 þ ΔV; (5:2:6)

where ΔV is a safety margin that is included in the design equations to ensure that the
drain voltage of M2 is slightly above the drain saturation voltage. This safety margin
prevents M2 from operating in the linear region due to component mismatch and/or
inaccurate dc modeling.

Let us now choose ΔV= α�t, where α is, for practical purposes, around unity. Using
(5.2.4), (5.2.5), and (5.2.6) results in the following expression for if5:

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if5

p � 1þ ln
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if5

p � 1
� �� � ¼ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ if4
p þ 3þ α
� �þ ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ if4
p � 1þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if4

p � 1
� �� �

: (5:2:7)

In (5.2.7) we use the approximation if 2ffi if4 since we assume that the specific currents of
M2 and M4 are about the same. We also assume that VDSsat ¼ �tð

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 3Þ.
Expression (5.2.7) gives the value of the inversion level if 5 required in order to bias
M2 close to the edge of saturation.

Example 5.6

The high-swing cascode current mirror in Figure 5.9 is to be laid out by connecting single
transistors from an array of identical transistors. The specific current of a single transistor
is IS= 0.25 μA and the current IB is equal to 10 μA. (a) Find an implementation for
transistors M1–M4 such that transistor M4 operates in saturation for output voltage higher
than 13�t. (b) Discuss some possible solutions for designing the bias generator.
(c) Calculate the drain-to-source voltage of M3 for n= 1.25 and VT0 = 0.4 V.

VDD

IO

M1 M2

IB

M4
M3

VO

VDD

IB5

M5

+

–

VDS2

Fig. 5.9 A high-swing cascode current mirror.
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Answer

(a) We will assume, for the sake of simplicity, that M1 through M4 are identical and
that their specific currents are independent of the gate voltages. We decided to choose a
safety margin ΔV=�t; thus, since VOmin = 13�t, the saturation voltages of both M2 and
M4 are equal to 6�t. Using the approximate expression for the saturation voltage
VDSsat ¼ �tð

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 3Þ, we find that if 2 = if4 = 8. Since the current flowing through
the mirror is 10 μA, and the inversion level is 8, the specific current of each transistor of
the set M1–M4 is 10/8 = 1.25 μA. The specific current of a unity transistor is 0.25 μA;
thus, 1.25/0.25 = 5 unity transistors, connected in parallel, are required to make up each
of the transistors of the current mirror. (b) Using (5.2.7) we find if 5 = 74. A possible
solution for the bias generator is IB5 = 1 μA and M5 as the series association of 19 unity
transistors (in this case, if5 = 76). If N is the number of series-connected transistors that
constitute M5, then NIB5 = if5IS, 74 × 0.25 = 18.5 μA. If the aim is to save on silicon, one
choice would be IB5 = 3.7 μA and N = 5. (c) Using the UICM we can write

VG1 ¼ VT0 þ n�t

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if1

p � 2þ ln
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if1

p � 1
� �� �

;

which gives VG1ffi 0.46V. Since VG1 =VDS1 +VDS3 = 7�t+VDS3, we find VDS3 = 0.31V,
which is higher than VDSsatffi 0.15V, the drain-to-source saturation voltage for an inver-
sion level of 8.

5.3 Advanced current mirrors

Besides the simple and cascode current mirrors that are largely employed to enhance
accuracy and/or output impedance, several others can be found in the technical literature.
In recent years, a plethora of articles on MOS current mirrors has been published,
especially in the context of low-voltage integrated circuits [11]–[17]. One of them, the
active regulated cascode current mirror [11], is shown in Figure 5.10.

The purpose of the two operational amplifiers (or differential amplifiers) is to keep the
drains of both the input and the output transistor at the same voltage VX. This current
mirror can operate with both M1 and M2 either in the saturation or in the ohmic region,

IO

M2

M3

VOVX

II

M1

+

–

+

–

A1

A2

Fig. 5.10 An active regulated cascode current mirror.
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since they are biased by (almost) the same set of voltages. Clearly, if M1 and M2 operate
in the triode region, the accuracy of the current mirror will generally diminish due to the
offset voltages of the operational amplifiers, with, however, the benefit that the output
voltage can then swing closer to the negative supply. Note that the signal fed back to A1 is
the output voltage of a common-source amplifier, which is an inverting amplifier,
whereas the signal fed back to A2 is the output voltage of a source follower, a non-
inverting amplifier.

Example 5.7

Determine the input and output conductances of the current mirror in Figure 5.10.

Answer

Gi ¼ gmd1 þ A1gm1 ffi A1gm1;

Go ¼ gmd 2gmd3

gmd2 þ gmd3 þ gms3 þ A2gm3
ffi gmd 2

A2ðgm3=gmd3Þ :

The input conductance is equal to that of a simple current mirror multiplied by the
amplifier voltage gain, whereas the output conductance is approximately equal to that of
a simple current mirror divided by the product of the amplifier gain and the intrinsic gain
of transistor M3.

5.4 Class-AB current mirrors

So far, we have studied class-A current mirrors, for which bias currents are supplied at the
input and output due to the bidirectional nature of the current flow. In class-A current
mirrors, the bias current must be greater than the signal current in order to ensure that the
input transistor does not turn off. The bias current usually leads to a significant offset error
due to transistormismatch [18], [19], and also an increase in the power budget. On the other
hand, class-AB current mirrors are able to deal with currents several times larger than the
bias current. As a result, class-AB current mirrors have a small offset current at the output
and are considerably more power-efficient than class-A current mirrors.

The basic class-AB CMOS current mirror is shown in Figure 5.11. The leftmost branch
is the bias circuit, composed of M3 and M4, two current sources, and a bias voltage VBias,
which has to be judiciously designed to keep transistors M1 andM2 and the current sources
in the saturation region. In the analysis that follows, let us assume that the current-mirror
gain is unity. If the input current II is equal to zero, a copy of the current IB flows throughM1

and M2. For a non-zero input current, the output current is equal to the difference between
the currents flowing through M2 and M1, which, in turn, is equal to the input current. Note
that the gate voltages of M1 and M2 are constant and that a positive variation in the input
current leads to an increase in the voltage at the node common to the sources ofM1 andM2.

One of the main drawbacks of the class-AB topology shown in Figure 5.11 is the
relatively high supply voltage required due to the diode-connected (M5 and M6) drive
transistors of the mirrors. A solution to alleviate this problem is reported in [18].
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Appendix

A.5.1 Harmonic distortion

Current mirrors are key components of current-processing circuits [1]. In these circuits, the
input current for the mirrors can, sometimes, change by one order of magnitude or even
more. Ideally, the output current must be a replica of the input current with a gain determined
by the aspect ratios and independent of the value of the input current. Mismatch between
transistors can cause not only a gain error but also harmonic distortion [20]. It is the purpose
of this subsection to evaluate the effects of mismatch on the harmonic distortion at low
frequencies, i.e. at frequencies at which the capacitive effects of the transistors are negli-
gible. Differences in the drain-to-source voltages of the input and output transistors can also
cause harmonic distortion; however, in the analysis that follows we assume that differences
in the drain-to-source voltages of the input and output transistors have been reduced by
using appropriate circuit techniques such as cascoding [20]. For the sake of simplicity, we
will analyze the effects of both the threshold voltage and the specific current mismatch on
the topology of Figure A5.1.1, where the drain-to-source voltages are assumed to be equal.

In order to calculate the harmonic distortion at the output, wefirst calculate the dcmismatch
between the direct currents IB1 and IB2. According to (5.1.10), the current mismatch is

ΔIB
IB

¼ IB2 � IB1
IB2 þ IB1

2

� � ffi ΔIS
IS

� 2ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 1

ΔVT 0

n�t
; (A5:1:8)

where

ΔIS
IS

¼ IS2 � IS1
IS2 þ IS1

2

� � ; ΔVT0 ¼ VT02 � VT01; and if ¼ IB
IS

:

VDD

II
M1M3

IB

IB

VBias

M5 M7

IO

VDD VDD

M2M4

M6 M8

Fig. 5.11 A class-AB current mirror.
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Now, the relationship between the output current and the input current is derived from
the UICM, written for both M1 and M2:

VP1

�t
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IB1 þ IIN

IS1

r
� 2þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IB1 þ IIN

IS1

r
� 1

� �
; (A5:1:9)

VP2

�t
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IB2 þ IOUT

IS2

r
� 2þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IB2 þ IOUT

IS2

r
� 1

� �
: (A5:1:10)

Taking the difference between expressions (A5.1.9) and (A5.1.10), and linearizing the
pinch-off voltage around the threshold voltage, yields

VP1 � VP2

�t
¼ ΔVT0

n�t
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IB1 þ IIN

IS1

r
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IB2 þ IOUT

IS2

r

þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IB1 þ IIN

IS1

r
� 1

� �
� ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IB2 þ IOUT

IS2

r
� 1

� �
:

(A5:1:11)

To calculate the harmonic distortion, we will make use of the power series of the output
current in terms of the input current. The coefficients of the power series are calculated
from the successive derivatives of the output current with respect to the input current at
the quiescent point, i.e. for IOUT = IIN = 0. Using (A5.1.11), we find that

dIOUT

dIIN

����
0

¼ 1þ ΔIS
IS

� 1ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p ΔVT0

n�t
ffi 1; (A5:1:12)

d2IOUT

dI2IN

�����
0

¼ IS2

I2S1

ΔVT0

2n�t

1ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p� �3 ffi ΔVT0

2n�tIS

1ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p� �3 ; (A5:1:13)

d3IOUT

dI3IN

�����
0

¼ � IS2

I3S1

3

4

ΔVT0

n�t

1ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p� �5 ffi � 3

4

ΔVT0

n�tI
2
S

1ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p� �5 : (A5:1:14)

VDD

IB1
IB2+ IOUT

M1 M2

IIN

Fig. A5.1.1 A simple MOS current mirror and symbols used to analyze harmonic distortion. The drain-to-
source voltages of M1 and M2 are assumed to be equal.

194 CMOS Analog Design Using All-Region MOSFET Modeling



The power-series expansion of the output current in terms of the input current is
written as

IOUT ¼ dIOUT

dIIN

����
0

IIN þ 1

2!

d2IOUT

dI2IN

�����
0

I2IN þ 1

3!

d3IOUT

dI3IN

�����
0

I3IN þ � � � : (A5:1:15)

Assuming the input current to be IIN = IM cos(ω0t), we can readily calculate the
magnitudes of the fundamental, second-harmonic, and third-harmonic components of
the output current, IMO1, IMO2, and IMO3. The output current is written as

IOUT ¼ IMO1 cosðω0tÞ þ IMO2 cosð2ω0tÞ þ IMO3 cosð3ω0tÞ þ � � � : (A5:1:16)

On substituting IIN = IM cos(ω0t) into (A5.1.15) and using trigonometric identities and
the approximations in (A5.1.12), (A5.1.13), and (A5.1.14), we find that

IMO1 ¼ IM
dIOUT

dIIN

����
0

ffi IM;

IMO2 ¼ I2M
4

d2IOUT

dI2IN

�����
0

ffi IM
IM
8IB

ΔVT0

n�t

ifffiffiffiffiffiffiffiffiffiffiffi
1þ if

p� �3 ;
IMO3 ¼ I3M

24

d3IOUT

dI3IN

�����
0

ffi � IM
32

IM
IB

� �2 ΔVT0

n�t

i2fffiffiffiffiffiffiffiffiffiffiffi
1þ if

p� �5 :
(A5:1:17)

On defining the nth-order harmonic distortion HDn as the power ratio ðIMOn=IMO1Þ2,
we finally find that

ffiffiffiffiffiffiffiffiffiffi
HD2

p
¼ IMO2

IM

����
���� ¼ IM

8IB

ΔVT0j j
n�t

ifffiffiffiffiffiffiffiffiffiffiffi
1þ if

p� �3 ;
ffiffiffiffiffiffiffiffiffiffi
HD3

p
¼ IMO3

IM

����
���� ¼ 1

32

IM
IB

� �2 ΔVT0j j
n�t

i2fffiffiffiffiffiffiffiffiffiffiffi
1þ if

p� �5 :
(A5:1:18)

The expressions in (A5.1.18) show that, for a first-order calculation, the mismatch in
the specific currents does not cause harmonic distortion, as could be expected. Mismatch
in the specific current causes only a gain error. On the other hand, threshold-voltage
mismatch gives rise to harmonic distortion, which is dependent on both the inversion
level and the bias current. We can also see that (A5.1.18) provides the classical linear and
quadratic dependence of the second- and third-harmonic distortion on the signal magni-
tude, which is valid for low distortion levels.

Problems

5.1 The transistors of the unity-gain current mirror in Figure P5.1 are assumed to have
the following parameters: VT0 =−0.4V, IS= 1 μA, and n= 1.25. (a) Calculate the
range of the resistance values for an output current in the range 0.5–50 μA.
(b) Calculate the maximum output voltage at which the output transistor remains
in saturation. (c) Assuming the Early voltage to be 5V, calculate the error in the
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specified output current range for an output voltage equal to 0V. (d) Now, assuming
the Early voltage to be negligible, calculate the error in the output current for the
specified current range when VT1 =VT0 and VT2 =VT0 ± 10mV.

5.2 Assume that an n-channel MOSFET connected as a diode operates in weak inver-
sion. Using the linearized expression for the pinch-off voltage and considering the
drain-to-source saturation voltage of a MOS transistor in weak inversion equal to
4�t, verify that the diode-connected transistor is in saturation when

ID � 2IS exp
�VT0 þ 4þ nð Þ�t

n�t

� �
:

Calculate the minimum inversion level at the source such that the transistor is in
saturation when VT0 = 0.4V, n= 1.2, and T = 290K.

5.3 Using the expression for the UICM, demonstrate that, for small deviations in the
specific current and in the threshold voltage, the drain-current error in a saturated
transistor is given by

ΔID
ID

ffi ΔIS
IS

� 2

n�t

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 1
� � ΔVT0:

5.4 Design a gain-of-25 current mirror employing identically designed transistors with
the minimum number of transistors.

5.5 (a) Design a 25 : 1 (or 24 : 1) current mirror employing identically designed transis-
tors. Using series/parallel association of transistors at the input and output, find
all the combinations possible for a 25 (or 24) : 1 current mirror. The maximum
number of transistors of your implementation cannot exceed 26.

(b) Assume now that the input current can be either as high as 1000ISH or as low as
0.01ISH. Also assume that the aspect ratio of the transistors is 1. Comment on the
input impedance, output impedance, matching (assume that the matching
depends on the inverse of the area), noise, inversion levels at the input and
output, input voltage drop, and output saturation voltage for the combinations
you have found in (a).

1.8 V

1:1

M1 M2

R

Fig. P5.1 A unity-gain current mirror.
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5.6 Figure P5.6 shows the scheme of the improved Wilson current mirror. The transistors
have the same dimensions and the input current is 6μA. Assume that, for the technol-
ogy employed, the specific current, measured for a unit transistor with W/L=3μm/
0.5μm is 1μA, the threshold voltage VT0 = 0.5V, and n=1.2 is independent of VG.
(a)Using series/parallel association of transistors, determine the number of unit transistors
required to bias the transistors at an inversion level of 3. What is the gate voltage of M2

in this case, and what is the minimum output voltage at which M4 remains in saturation?
(b) Repeat the calculations of (a) for if=10. (c) Show that, if the output conductances of
the transistors are much smaller than their transconductances, then the output conduc-
tance of the improved Wilson current mirror is, approximately GOffi gmd1(gmd4/gms4),
the same value as that obtained for the self-biased cascode current mirror.

5.7 Assume that the high-swing cascode current mirror in Figure 5.9 is to be laid out by
connecting either single transistors from an array of identical transistors or custo-
mized transistors with any aspect ratio. Both the specific current of a transistor from
the array and the sheet normalization current are equal to 0.25 μA. The current IB is
equal to 2 μA. (a) Find an implementation for transistors M1–M4 such that transistor
M4 operates in saturation when the output voltage is higher than 13�t. Use a safety
margin of ΔV ¼ �t. Use either the identically designed transistors or customized
transistors. (b) Discuss some possible solutions for designing the bias generator
(current source IB5 and equivalent transistor M5), using either the identically
designed transistors or customized transistors.

5.8 Verify that the small-signal output current of the high-swing cascode current mirror
in Figure 5.9 depends on the input current and the output voltage according to

io ¼ αiin þ Govo;

where Go ¼ gmd2gmd4

gmd2 þ gms4
ffi gmd2gmd4

gms4
;

α ¼ gm2

gm1

1þ gmd1=gms3

1þ gmd2=gms4

1

1þ ðgmd1=gm1Þðgmd3=gms3Þ :

VDD

IO

M1 M2

II

M4M3

VO

Fig. P5.6 An improved Wilson current mirror.

Current mirrors 197



References

[1] B. Gilbert, “Bipolar current mirrors,” inAnalogue IC Design: The Current-Mode Approach, ed.
C. Toumazou, F. J. Lidgey, andD.G. Haigh, London: Peter Peregrinus Ltd., 1990, pp. 239–296.

[2] P. R. Gray, P. J. Hurst, S. H. Lewis, and R.G. Meyer, Analysis and Design of Analog
Integrated Circuits, 4th edn., New York: John Wiley & Sons, 2001.

[3] A. Hastings, The Art of Analog Layout, Upper Saddle River, NJ: Prentice Hall, 2001.
[4] D.M. Binkley, B. J. Blalock, and J.M. Rochelle, “Optimizing drain current, inversion level,

and channel length in analog CMOS design,” Journal of Analog Integrated Circuits and
Signal Processing, vol. 47, pp. 137–163, May 2006.

[5] E. Vittoz, “Elementary building blocks,” Intensive Summer Course on CMOS VLSI Design:
Analog & Digital, Lausanne, 1989.

[6] C. Galup-Montoro, M. C. Schneider, H. Klimach, and A. Arnaud, “A compact model of
MOSFET mismatch for circuit design,” IEEE Journal of Solid-State Circuits, vol. 40, no. 8,
pp. 1649–1657, Aug. 2005.

[7] T. C. Choi, R. T. Kaneshiro, R.W. Brodersen et al., “High-frequency CMOS switched-
capacitor filters for communications application,” IEEE Journal of Solid-State Circuits, vol.
18, no. 6, pp. 652–664, Dec. 1983.

[8] E. Vittoz, “Micropower techniques,” in Design of Analog-Digital VLSI Circuits for
Telecommunications and Signal Processing, 2nd edn., ed. J. E. Franca and Y. Tsividis,
Englewood Cliffs, NJ: Prentice Hall, 1994.

[9] V.C. Vincence, C. Galup-Montoro, and M.C. Schneider, “A high-swing MOS cascode bias
circuit,” IEEETransactions onCircuits and Systems II, vol. 47, no. 11, pp. 1325–1328,Nov. 2000.

[10] P. Aguirre and F. Silveira, “Bias circuit design for low-voltage cascode transistors,”
Proceedings of SBCCI 2006, pp. 94–98, Sep. 2006.

[11] T. Serrano and B. Linares-Barranco, “The active-input regulated-cascode current mirror,”
IEEE Transactions on Circuits and Systems II, vol. 41, no. 6, pp. 464–467, June 1994.

[12] H. C. Yang and D. J. Allstot, “An active-feedback cascode current source,” IEEE
Transactions on Circuits and Systems, vol. 37, no. 5, pp. 644–646, May 1990.

[13] E. Säckinger and W. Guggenbühl, “A high-swing, high-impedance MOS cascode circuit,”
IEEE Journal of Solid-State Circuits, vol. 25, no. 1, pp. 289–298, Feb. 1990.

[14] B. B. Blalock and P. Allen, “A low-voltage, bulk-driven MOSFET current mirror for CMOS
technology,” Proceedings of IEEE ISCAS, 1995, vol. 3, pp. 1972–1975.

[15] V. I. Prodanov and M.M. Green, “CMOS current mirrors with reduced input and output
voltage requirements,” Electronics Letters, vol. 32, no. 2, pp. 104–105, Jan. 18, 1996.

[16] F. You, S. H.K. Embabi, J. F. Duque-Carrillo, and E. Sánchez-Sinencio, “An improved
current source for low voltage applications,” IEEE Journal of Solid-State Circuits, vol. 32,
no. 8, pp. 1173–1180, Aug. 1997.

[17] J. Ramírez-Angulo, R. G. Carvajal, and A. Torralba, “Low-supply-voltage high-performance
CMOS current mirror with low input and output voltage requirements,” IEEE Transactions
on Circuits and Systems II, vol. 51, no. 3, pp. 124–129, Mar. 2004.

[18] G. Palumbo and S. Pennisi, “A Class AB CMOS current mirror with low-voltage capability”
Proceedings of ICECS, 1999, pp. 891–894.

[19] S. Kawahito and Y. Todokoro, “CMOS class-AB current mirrors for precision current-mode
analog-signal processing elements,” IEEE Transactions on Circuits and Systems II, vol. 43,
no. 12, pp. 843–845, Dec. 1996.

[20] E. Bruun, “Analytical expressions for harmonic distortion at low frequencies due to device
mismatch in CMOS current mirrors,” IEEE Transactions on Circuits and Systems II, vol. 46,
no. 7, pp. 937–941, July 1999.

198 CMOS Analog Design Using All-Region MOSFET Modeling



6 Current sources and voltage
references

The design of dc current and voltage sources internal to the chip is an essential step in
monolithic-integrated-circuit design [1]. The performance of an analog circuit is essen-
tially dependent on its dc operating conditions, which are set by the bias circuit, which is
most often a current source. Voltage or current references are required in applications
such as D/A and A/D converters, and voltage regulators. This chapter presents some
basic CMOS building blocks for implementing current sources, voltage references, and
proportional-to-absolute-temperature (PTAT) voltage references.

6.1 A simple MOS current source

A simple structure for implementing a current source is shown in Figure 6.1. It is
composed of a resistor and a current mirror. Ideally, the output current IOUT is a copy
of the input current IREF as long as M2 remains in saturation. The graph shown in
Figure 6.1(b) represents the current–voltage characteristics of the diode-connected
transistor and the load line. The combination of Ohm’s law for the load and the unified
current-control model (UICM) for the MOS transistor yields

RIREF ffi VDD � VT0 � n�t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IREF

IS

r
� 2þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IREF

IS

r
� 1

� �� �
: (6:1:1)

Expression (6.1.1) allows the calculation of the resistance in terms of the transistor
parameters for a specified value of the reference current.

Example 6.1

A current source as shown in Figure 6.1 is designed for IREF = 1 μA. Assume that
VDD = 3.3V and the technology parameters are VT0 = 0.4V, ISH= 100 nA, and n= 1.2.
(a) Calculate the approximate value of the load resistance for transistor aspect ratios equal
to 100, 1, and 0.01. (b) Recalculate the load resistance for the same transistor aspect ratios
and IREF = 10 nA.

Answer

From (6.1.1) we find (a) 3.02, 2.84, and 1.91MΩ for aspect ratios 100, 1, and 0.01,
respectively. (b) R is of the order of 300MΩ for the three aspect ratios, a value that is
quite demanding in terms of silicon area!



The current-source implementation in Figure 6.1 has several drawbacks. The reference
current is strongly dependent on the supply voltage as well as on the process parameters.
Moreover, the generation of low currents requires a large silicon area owing to the large
resistance values needed. A possible way to reduce the value of the overall resistance to
generate the low bias currents often needed for low-power design is to insert a resistor in
series with the source of the output transistor, as shown in the next section.

6.2 The Widlar current source

The bipolar Widlar current source was proposed in [2] for generating very small currents
using resistors of moderate value. The MOS counterpart to the bipolar Widlar current
source is shown in Figure 6.2. Even though one can use the Widlar current source for
the generation of small currents, the designer of MOS circuits has an additional degree
of freedom for design, namely the possibility of connecting transistors in series and/or in
parallel. It is generally more practical to employ parallel-connected transistors at the
input and series-connected transistors at the output for lowering the input current.
Example 6.2 illustrates how to generate an output current equal to IREF /100.

VDD VG

IREF

ID

(b)

VDD

VOUT
R

IOUT

M1 M2

IREF

1:1

VG

(a)

Fig. 6.1 (a) A simple MOS current source. (b) The current–voltage characteristic of the input transistor
and load line.

VDD

VOUT
R

IOUT

M1 M2

IREF

N :1

VG

RS

Fig. 6.2 The MOS Widlar current source.

200 CMOS Analog Design Using All-Region MOSFET Modeling



Example 6.2

Using the data and results of Example 6.1, design a current source for IREF = 1 μA and
IOUT = 10 nA using (a) a 1 : 1 current mirror and a source degeneration resistance RS; and
(b) an N : 1 current mirror and RS = 0.

Answer

Two possible solutions to this problem are (a) R = 2.84MΩ, and a 1 : 1 current mirror
(transistors with aspect ratios of 1 at both the input and the output) and RS = 18.4MΩ; and
(b) R = 2.84MΩ, RS= 0 and a 100 : 1 current mirror composed of 10 identical parallel-
connected transistors at the input and 10 identical series-connected transistors at the
output, all of them with aspect ratios of 0.1.

The current sources we have described so far provide currents that are highly dependent
on process, supply voltage, and temperature. For most applications, the performance of the
subcircuits and, consequently, of the overall system relies on the stability of the bias current.
In many cases, neither the supply voltage nor the temperature is constant over the lifetime
of the equipment or from one sample to another. Thus, more appropriate schemes must be
devised to generate more stable currents. The next sections of this chapter describe current
and voltage sources that have low sensitivity to the supply voltage and/or temperature.

6.3 Self-biased current sources (SBCSs)

The circuit shown in Figure 6.3 [3]–[6] generates a supply-independent output current.
Both the originalMOS version [4] of the circuit and its bipolar equivalent were conceived
in order to generate a PTAT voltage, which is then converted into a current through
resistor RS.

VDD

IOUT

M1
M2

1:K

RS

1:1 1:1

IOUT

M3
M4

M5

M6

IOUT

K:1

M7

M8

CS

Start up

X

Fig. 6.3 A self-biased current source.
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The core cell of the current source is made up of M1, M2, resistor RS, and a unity-gain
current mirror (M3–M4). The relative aspect ratios of the transistors are given in Figure 6.3,
with K >1. Since the currents through M1 and M2 are the same, for K > 1 the difference
VGS1−VGS2 > 0 is applied across resistor RS. For K > 1, the SBCS is stable. To derive the
design equations, let us assume that all transistors operate in saturation. Thus, using the
UICM for M1, we can write

VP1

�t
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IOUT

IS1

r
� 2þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IOUT

IS1

r
� 1

� �� �
; (6:3:1)

whereas for M2

VP2 � VS2

�t
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IOUT

KIS1

r
� 2þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IOUT

KIS1

r
� 1

� �� �
: (6:3:2)

Since VS2 =RSIOUT and VP2 =VP1 we can write, from (6.3.1) and (6.3.2), the following
design equation:

RSIOUT

�t
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IOUT

IS1

r
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IOUT

KIS1

r
þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IOUT=IS1

p � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IOUT=ðKIS1Þ

p � 1

 !" #
: (6:3:3)

It is interesting to note that, for IOUT=IS1 � 1, (6.3.3) becomes

IOUT ¼ �t

RS
lnK; (6:3:4)

a result that was previously presented in [4]. On the other hand, for operation of both M1

and M2 in strong inversion, the output current, as shown in [5], [6], is given by

IOUT ¼ �t
2

R2
SIS1

1�
ffiffiffiffi
1

K

r !2

¼ 2

R2
SμnC

0
oxn W=Lð Þ1

1�
ffiffiffiffi
1

K

r !2

: (6:3:5)

The temperature coefficient TC of the SBCS, that is,

TC ¼ 1

IOUT

dIOUT

dT
;

can be readily calculated from (6.3.3) for any operating region, but, for a simple
interpretation, we derive the temperature coefficient for the asymptotic cases of weak
and strong inversion using (6.3.4) and (6.3.5), respectively, which give

TCjWI ¼
1

T
� 1

RS

dRS

dT
; (6:3:6)

TCjSI ¼ � 1

β
dβ
dT

� 2

RS

dRS

dT
; (6:3:7)

where β ¼ μnC
0
oxn. It can be clearly seen in (6.3.6) that a zero temperature coefficient

for weak-inversion operation requires a PTAT resistance. However, this is not the case in
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strong inversion, and (6.3.7) defines the relationship required for the temperature coeffi-
cient to equal zero. In general, it is difficult to obtain a temperature coefficient of the
current source close to zero since the resistor’s temperature coefficient cannot be chosen
at will due to the scarcity of available materials for the resistor in a low-cost CMOS
process.

In many self-biased circuits, which operate with positive feedback, there are two
operating points. To bias the circuit at the desired operating point, a start-up circuit is
often needed [1], [3], [5], [6]. To better understand why the core circuit in Figure 6.3
has two operating points, we have recourse to Figure 6.4, which shows the current
transfer characteristics of the two subcircuits that comprise the core cell, namely the
current mirror M3–M4 and the degenerate current mirror M1–M2–RS. As can be seen in
Figure 6.4, two operating points, A and B, satisfy simultaneously both transfer char-
acteristics. To see that the core circuit in Figure 6.3 operates with positive feedback, let us
cut the connection between transistors M2 andM4, drive transistor M4 with a small-signal
current iin, and examine the open-loop current gain. Suppose first that the operating point
of the circuit is point B; in this case, the small-signal current of M2 isKiin since the gain of
mirror M3–M4 is equal to unity and the effect of the voltage drop across RS is negligible
for low currents. Note that the output current is in phase with the input current; therefore,
the closed-loop cell operates with positive feedback and the open-loop gain is equal to K,
which is greater than unity. This simplified analysis shows that point B is unstable due
to the loop gain being greater than unity. On the other hand, for point A, the loop gain,
which is given by the derivative of the transfer characteristic of M1–M2–RS, is smaller
than unity; thus, we can conclude that point A is stable. However, as pointed out in [3],
point B is frequently a stable operating point (as is the case for SBCSs based on bipolar
transistors) because the currents in the transistors at this point are very low. At such low
current levels, leakage currents cause a reduction in the current gain of the mirrors,
usually causing the loop gain to be less than unity [3].

As regards the circuit in Figure 6.3, it is self-starting (point B is unstable) as long as the
leakage of M2 is greater than that of M1 [7]. In this case, the stable operating point is A
only. However, as mentioned in [8], in some systems, such as passive RFID tags and low-
power sensor nodes, all circuits must “wake up” as soon as possible after power-up. Even
if point B is unstable, it can take a very long time (of the order of seconds) for the system

I1

I2

I2= I1

Current mirror
M1–M2–RS

Current mirror
M3–M4

Point A
Point B

Fig. 6.4 Transfer characteristics of the current mirrors of the core cell in Figure 6.3 (adapted from [3]).
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to converge to point A because the currents of the circuit immediately after power-up are
extremely low, resulting in a very long charge-up time for the internal node capacitances.
Therefore, the inclusion of a start-up circuit to accelerate the convergence of the self-
biased circuit to the desired operating point is highly recommended. An example of a
start-up circuit convenient for low-power applications is shown inside the dashed box in
Figure 6.3 [9]. Assume initially that the power supply is off and that all node capacitances
are discharged. When the power supply is switched on, M8 turns on and starts to charge
the capacitance associated with node X. The drive current of M8 is maximal on power-up
and gradually starts to decrease as time passes, since M7 charges capacitor CS. After a
short time, which depends on the drive current of both M7 and M8, CS charges up to VDD

and completely turns offM8 except for a small leakage current at VGS8 = 0. Thus, the start-
up circuit shown in Figure 6.3 does not introduce extra static power into the SBCS.

To conclude this section, we calculate the noise associated with the current generated
at the core cell of the SBCS in Figure 6.3. We calculate the noise power-spectral density
(PSD) for frequencies lower than the −3 dB cut-off frequency of the current mirrors.
The final result shows the correlation of the noise PSD with the direct current and the
transistor parameters. To start with, let us represent the noise associated with each
transistor by a current source inj between the source and drain of transistor Mj. The
resistor noise is represented by a current source is in parallel with the resistor. The block
diagram used to calculate the SBCS noise is shown in Figure 6.5. Each block represents
the low-frequency short-circuit current gain. The sum of the current sources gives

iout ¼ Ai in1 þ in2 þ isgms2RS

1þ gms2RS
þ in3 þ in4

� �
; (6:3:8)

where Ai is the closed-loop gain given by

Ai ¼ gm2=gm1

1þ gms2RS � gm2=gm1
¼ gms2=gms1

1þ gms2RS � gms2=gms1
: (6:3:9)

gm4

−gm3 = 1

in4
in2

is

1 + gms2RS

−gm2 / gm1

1

1 + gms2RS

1 + gms2RS

gms2 Rs

in3

in1

1:1
Current mirror

Degenerate
current mirror

i3 i2

–

Fig. 6.5 A block diagram for the calculation of the SBCS noise. The formulas inside the blocks
represent the short-circuit current gains.
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The equality gm2/gm1 = gms2/gms1 holds because both M1 and M2 operate in saturation.
Recalling that, for a saturated transistor gms�t=ID ¼ 2=ð ffiffiffiffiffiffiffiffiffiffiffi

1þ if
p þ 1Þ, observing that

the currents through M1 and M2 are the same, and taking into account (6.3.3), one can
write

Ai ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 1

p þ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 1

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 1=K

p þ 2 ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ if 1

p � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ if 1=K

p � 1

 ! : (6:3:10)

Each of the noise currents in (6.3.8) can be represented by its PSD as given in
Chapter 4 for both thermal and 1/f noise. Since the noise sources in Figure 6.5 are
uncorrelated, we can write (6.3.8) as1

i2out
Δf

¼ A2
i

i2n1
Δf

þ i2n2=Δfþ gms2RSð Þ2i2s=Δf
1þ gms2RSð Þ2 þ i2n3

Δf
þ i2n4

Δf

" #
: (6:3:11)

To illustrate the usefulness of (6.3.11), we calculate the PSD of the current in the core
cell assuming that all transistors operate in weak inversion. In this case, we have

i2out;th
Δf

¼ 2qIOUT

lnKð Þ2 3þ 1þ 2 lnK

1þ lnKð Þ2
 !

(6:3:12)

for the thermal noise and

i2out;1=f

Δf
¼ I2OUT

ðWLÞ1 lnKð Þ2
NotN

N�
N
2

1þ 1

K 1þ lnKð Þ2
 !

þ 2
NotP

N�
P
2

ðWLÞ1
ðWLÞ3

" #
1

f
(6:3:13)

for the flicker noise. In (6.3.13) we have assumed thatW2 =KW1, L2 = L1, and the flicker
noise of RS is negligible.

A drawback of the circuit in Figure 6.3 is the use of a resistor. For some very-low-
power applications, a current of the order of nA or even less would require extremely
high values of resistance, which, in turn, would be very costly in terms of silicon area. In
the next section we describe a MOSFET-only self-biased current source.

6.4 A MOSFET-only self-biased current source

The basic idea behind theMOSFET-only SBCS presented in [10] is to replace the resistor
RS of Figure 6.3 with a transistor operating in the linear region. The circuit of the
MOSFET-only self-biased current source shown in Figure 6.6 gives a current propor-
tional to the specific current and can operate at low supply voltages. For the sake of
simplicity, the start-up circuit is not shown.

1 i2out is the noise power at the drain of transistor M2. To calculate the noise at the drain of M6, for example, we
must include the noise generated by M6 itself.
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To derive the design equations, we use (6.3.1) and (6.3.2) to give

VS2

�t
¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ if 1
p �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 1

K

r
þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 1

p � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 1=K

p � 1

 !" #
ffi lnK: (6:4:1)

The approximation in (6.4.1) is valid if if 1≪ 1, i.e. both M1 and M2 operate deep in
weak inversion. Choosing the operating point deep in weak inversion is convenient not
only owing to the simplicity of equations but also for having low-voltage circuits. We
denote the aspect ratio of transistor Mi as Si= (W/L)i. Thus, K = S2/S1 and, as in the SBCS
of Figure 6.3, K > 1. To derive the equations to be used for the current source design,
we note that

ID6 ¼ ID5 ¼ S5

S4
ID1; (6:4:2)

ID7 ¼ IS7ðif 7 � ir7Þ ¼ ID1 ¼ IS1if 1; (6:4:3)

if 7 ¼ if 6 ¼ ID6

IS6
: (6:4:4)

Now we can apply the UICM to express voltage VS2 ffi �t lnK in terms of the
inversion levels at source and drain of M7, yielding

lnK ffi VS2

�t
¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ if 7
p �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ir7

p
þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 7

p � 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ir7

p � 1

 !
: (6:4:5)

To derive the next expression, we assume that the specific current is not dependent on
the gate voltage. Using (6.4.2), (6.4.3), and (6.4.4), we can write

if 7 ¼ S5

S4

S1

S6
if 1; (6:4:6)
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IOUT
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Fig. 6.6 A MOSFET-only self-biased current source (adapted from [10]).
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ir7 ¼ 1� S4

S5

S6

S7

� �
if 7: (6:4:7)

The combination of Equations (6.4.5), (6.4.6), and (6.4.7) leads to a single solution
for if 1, which is dependent only on the relative aspect ratios and is independent of
temperature. As a result, the output current, which is a copy of the core cell current,
will be a replica of the specific current of the n-channel transistors. Thus, this SBCS can
also be called a specific current generator, among many others [11]–[13] that have
previously been reported in the technical literature. The current source described in
[11] is included in the problems (see Problem 6.4).

There is no closed form for the output current of the circuit in Figure 6.6; however,
since transistor M7 operates in moderate or strong inversion, we assume, for the purpose
of obtaining an approximate expression for the output current, that both if 7 and ir 7 are
much greater than unity. In this case, we can approximate (6.4.5) by

lnK ffi ffiffiffiffiffi
if 7

p �
ffiffiffiffiffi
ir7

p
¼ ffiffiffiffiffi

if 7
p

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� S4

S5

S6

S7

r� �
: (6:4:8)

Recalling that IOUT = ISHS1if 1, and using (6.4.6) through (6.4.8), yields

IOUT ¼ μnC
0
oxn

�2
t

2
S7 2J� 1þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ� 1Þ

ph i
ln2K; (6:4:9)

where J = S5S7/(S4S6). Even though (6.4.9) has been derived using some approximations,
the output current will be, in any case, a scaled copy of the sheet-specific current of
n-channel transistors. Likewise, the output current will be a replica of the sheet-specific
current of p-channel devices for the complementary cell. The sheet-specific current is
proportional to the mobility, slope factor, oxide capacitance, and squared absolute
temperature. The temperature dependence of the mobility is, in general, dominant over
those arising from the other technological parameters. Since the mobility decreases with
the temperature following a T−m dependence, the specific current depends on T as T 2−m.
Some authors have reported specific currents that are almost PTAT [8], [11] or propor-
tional to T 0.4 [10].

Example 6.3

Assume that the technology parameters are VT0N = 0.4V, VT0P= − 0.5V, ISHN = 100 nA,
ISHP = 40 nA, and nN= nP= 1.2. Design a current source for IOUT = 10 nA using the circuit
in Figure 6.6. Calculate the minimum power-supply voltage for proper operation of the
current source.

Answer

The reader is referred to [10] and [11] for some design guidelines. We will make the
following choices: if 1 = 0.01 and if 7 = 10. The operation of the core cell in weak inversion
is more appropriate for low-voltage design and allows us to use the approximation in
(6.4.1). Transistor M7must typically operate in moderate or strong inversion. Amoderate
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inversion level for M7 is also appropriate for low supply voltages. From (6.4.6) we find
that (S5/S4)(S1/S6) = 1000. Reasonable values for VS2 are in the range 40–80mV.We have
chosen VS2/�t= 2, which gives K= exp 2ffi 7.39. Now, using (6.4.5) we find that ir7ffi 3.3
and from (6.4.7) we calculate (S4/S5)(S6/S7) = 0.67. Table 6.1 gives the aspect ratios for
our design.

Assuming that the transistors are implemented as an association of unit transistors with
W/L= 1 μm/1 μmwe find the following combinations of unit transistors for implementing
M1–M7.M1, M3, andM4 are implemented using the parallel association of 10 transistors,
whereas M5 is the parallel association of 100 transistors. M6 and M7 can be implemented
as the series association of 10 and 67 unit transistors, respectively, whereas a possible
choice for M2 is approximately realized as the parallel association of 7.33 transistors. The
“0.33 transistor” is the series association of three unit transistors.

Note that this circuit will provide an output current equal to IS1if 1. Since if 1 is
independent of temperature in the MOSFET-only SBCS, the output current will follow
the temperature variations of the specific current. The minimum supply voltage can be
calculated from the following expression:

VDD ¼ max �VGB4 þ VDSsat2 þ VS2ð Þ; VSDsat5 þ VGB6ð Þf g:
We first note that if 3 = if 4 = 0.025. From the UICM we find that

�VGB4 ¼ �VT0P þ n�t

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if4

p � 2þ ln
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if4

p � 1
� �	 
 ffi 0:34V:

Since both M2 and M5 operate in weak inversion,

VDSsat2 ¼ VSDsat5 ffi 4�t ¼ 100mV:

Finally, using once again the UICM, we find that

VGB6 ¼ VT0N þ n�t

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if6

p � 2þ ln
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if6

p � 1
� �	 
 ffi 0:47V:

Therefore,

VDD4max 0:34þ 0:1þ 0:05ð Þ; 0:1þ 0:47ð Þf g; VDD40:57V:

6.5 Bandgap voltage references

Many integrated circuits require stable reference voltages with very low temperature
coefficients. The most popular implementation of a voltage reference for integrated
circuits is the bandgap reference. The main idea on which the bandgap reference is

Table 6.1 Aspect ratios of transistors for the circuit in Figure 6.6 with the specifications of
Example 6.3

S1 S2 S3 S4 S5 S6 S7
10 7.39 10 10 100 0.1 1.49 × 10–2
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based was first presented in 1963 [14] for discrete components and later further devel-
oped for application in monolithic integrated circuits in bipolar technology [15]–[17].

6.5.1 The operating principle of the bandgap reference

Bandgap-voltage-reference circuits operate on the principle of adding two voltages having
equal and opposite temperature coefficients. The bandgap reference is obtained by adding
the base–emitter junction voltage of a forward-biased transistor, which is complementary
to absolute temperature (CTAT), to the positive temperature coefficient of the (scaled)
thermal voltage [1], as illustrated in Figure 6.7 [3]. To analyze the principle of the bandgap
reference, we assume that the base current of the bipolar junction transistor in Figure 6.7 is
negligible. The collector current is then expressed as

I1 ¼ IC ¼ Isat exp
VBE

�t

� �
: (6:5:1)

The saturation current Isat of the bipolar transistor is approximately given by

Isat ¼ qAn2i μn�t

GB
: (6:5:2)

In (6.5.2), the intrinsic concentration ni can be expressed approximately [3] as

n2i ¼ DT3 exp �EG

kT

� �
; (6:5:3)

where D ≈ 7.7 × 1032K−3 cm−6 is a constant term and EG is the silicon bandgap extra-
polated to 0K, which is around 1.206 eV [18]. We assume that the dependence of the
average mobility of electrons in the base region on temperature is described as

μn ¼ μn0 T=T0ð Þ�m: (6:5:4)

T

VBE

~ –2 mV/°C

T

k/q = 86.19 μV/°C

VCC

φt  generator

Σ

Mφt

+
VBE
–

M

I1

Vout = VBE + Mφt 

φt

φt

Fig. 6.7 A block diagram of the operating principle of the bandgap reference (adapted from [3]).
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We also assume that the area A and Gummel numberGB ¼ ÐWB

0 NA dx, which is equal
to the areal density of impurities in the base, are temperature-independent. The depen-
dence of the current source on the temperature is assumed to be

I1 ¼ IC0 T=T0ð Þα: (6:5:5)

Using (6.5.2)–(6.5.5) in (6.5.1) yields

VBE ¼ T

T0
VBE0 þ �t

EG

k

� �
1

T
� 1

T0

� �
� ð4�m� αÞ ln T

T0

� �� �
: (6:5:6)

The subscript “0” in a parameter of (6.5.6) indicates that the parameter is evaluated at
temperature T0. Finally, the temperature dependence of the reference voltage VOUT is

dVOUT

dT
¼ d VBE þM�tð Þ

dT

¼ VBE0

T0
þ k

q
�ð4�m� αÞ 1þ ln

T

T0

� �� �
� EG

kT0
þM

� �
: (6:5:7)

In order to have a zero temperature coefficient at T =T0, the value ofM is, according to
(6.5.7), given by

M ¼ � VBE0

kT0=q
þ EG

kT0
þ ð4�m� αÞ: (6:5:8)

Substitution of (6.5.8) into VOUT =VBE +M�t results in

VOUT ¼ EG

q
þ kT

q
ð4�m� αÞ 1þ ln

T0

T

� �� �

ffi VOUTjT¼T0
� kT

2q
ð4�m� αÞ T� T0

T

� �2

: (6:5:9)

At T=T0 the reference voltage is equal to the bandgap voltage plus an additional term
whose value is around 2–3 times the thermal voltage. Thus, the scheme in Figure 6.7
generates reference voltages slightly higher than the extrapolated bandgap voltage. The
approximation in (6.5.9) is valid for small temperature fluctuations around the reference
temperature T0. If, for example, m= α = 1, then a temperature variation of ±30K around
300K will cause a fluctuation in the reference voltage of approximately 260 μV. Finally,
from (6.5.9), the temperature coefficient of the reference voltage is

dVOUT

dT
¼ k

q
ð4�m� αÞ ln T0

T

� �
: (6:5:10)

6.5.2 CMOS bandgap references

In this subsection we will briefly describe some circuits commonly used to implement
bandgap references in CMOS technology. The principles of CMOS bandgap references
are similar to those of bipolar technologies [19], i.e. a PTAT voltage is added to the
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base–emitter voltage of a bipolar transistor to compensate for the temperature depen-
dence of the base–emitter voltage.

The concept proposed in [20] to generate the bandgap reference voltage is shown in
Figure 6.8. The bipolar transistor is a substrate transistor. When M1 and M2 operate in
weak inversion, the output voltage VO is

VO ¼ VBE þ V1 � V2 ¼ VBE þ n
kT

q
ln

I1 W=Lð Þ2
I2 W=Lð Þ1

� �
: (6:5:11)

Both the ratio of currents and the ratio of aspect ratios can be adjusted to compensate
for the negative temperature coefficient of the base–emitter voltage. One of the draw-
backs of the circuit in Figure 6.8 for more advanced CMOS technologies is the high
minimum supply voltage, of the order of 2 V, required to bias the circuit appropriately.
Also, the slope factor n is dependent on temperature and, thus, the last term in (6.5.11)
is not a PTAT voltage. Last, but not least, the MOSFETs operate on quite different gate
voltages, which lead to different slope factors. Consequently, (6.5.11) is not strictly
valid.

The PTATcore cell in [21], shown in Figure 6.9, is a pair of gate-connected transistors
biased in weak inversion. A PTAT voltage VR1 given by

VR1 ¼ VS3 � VS1 ¼ kT

q
ln

S3

S1

S2

S4

� �
(6:5:12)

develops across R1. In (6.5.12) Si is the aspect ratio of transistor Mi. The maximum
practical value obtainable for VR1 is of the order of 100mV [21].

The output voltage of the PTAT core cell is

VO ¼ 1þ R2

R1
1þ S2

S4

� �� �
kT

q
ln

S3

S1

S2

S4

� �
; (6:5:13)

which can be properly adjusted to compensate for the base–emitter voltage of a lateral
bipolar transistor used in the bandgap reference of [21].

VBE

+

V2

+

–

–

–

–
V1

I1+ I2

I2

IE

–VSS

VDD

+
VO

M1 M2 +

Fig. 6.8 A concept developed in [20] for the generation of a temperature-independent voltage reference.
Transistors M1 and M2 are biased in weak inversion.
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Example 6.4

Assume that the technology parameters for the circuit in Figure 6.9 are VT0N=0.4V,
VT0P=−0.5V, ISHN=100nA, ISHP=40 nA, and nN= nP=1.2.Assume that the base–emitter
voltage to be compensated is equal to 0.6V at room temperature and that its temperature
coefficient is around −2mV/K. Design the PTAT generator in Figure 6.9 to give a PTAT
voltage that compensates for the temperature coefficient of the bipolar transistor. Determine
the reference voltage VREF =VBE +VO. Calculate the inversion levels of all transistors.
Calculate the minimum power-supply voltage for proper operation of the PTAT generator.

Answer

Assuming �t= 25.9mV, a possible solution is R1 = 1MΩ, R2 = 1.03MΩ, S3 = 208,
S1 = 208/5, S2 = 1.3, and S4 = 1.3/5. In this case VREF ffi 1.2V. The inversion levels are
if 1 = 0.1, if 3 = 0.004, and if 2 = if 4 = 8. The minimum power-supply voltage for the core cell
in Figure 6.9 is

VDD ¼ max �VGB4 þ VDSsat3 þ VOð Þ; VSDsat2 þ VGB1ð Þf g;
VDD ¼ max 0:5þ 0:1þ 0:6ð Þ; 0:15þ 0:89ð Þf g ¼ 1:2V:

Another bandgap reference is shown in Figure 6.10 [22]. Q1 and Q2 are parasitic
vertical bipolar n–p–n transistors, with the n-substrate acting as the collector, the p-well
as the base, and the n-diffusion volume as the emitter. Since the currents flowing through
Q1 and Q2 are equal, the voltage across R1 is given by

VR1 ¼ VE2 � VE1 ¼ kT

q
lnN; (6:5:14)

where N is the ratio of the emitter areas of Q2 and Q1. The reference voltage is given by

VREF ¼ � VBE2 þ 1þ R2

R1

� �
kT

q
lnN

� �
: (6:5:15)

M3 M1

M2M4

VDD

R1

R2

+

VO
–

START-UP
CIRCUITRY

Fig. 6.9 The PTAT voltage generator. Transistors M1 and M3 operate in weak inversion (adapted
from [21]).
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The analysis for the derivation of (6.5.15) assumes that the operational amplifier is
ideal. In the real case, the offset voltage of the operational amplifier contributes to the
spread of the reference voltage values, which can be unacceptably high for some
applications [22].

The bandgap references presented in [23], [24] make use of the simplified schematic
circuit of Figure 6.11. Assuming that the area of Q1 is N times larger than that of Q2 and
that the operational amplifier is ideal, it can be readily deduced that

VREF ¼ VEB2 þ R2

R1

kT

q
lnN: (6:5:16)

The most significant error sources in the bandgap reference of Figure 6.11 are the
operational amplifier’s offset voltage and the sometimes relatively poor performance of
CMOS-compatible bipolar transistors. The reader is referred to [23], [24] for techniques
to implement precision bandgap references.

The use of CMOS-compatible lateral bipolar transistors for the implementation of
bandgap references is reported in [25], [26]. The lateral bipolar transistor is accompanied

M1 M2

VDD

R1

R2

VREF

+–R2

–VSS

1:1

1
Q1 Q2

I I

N

Fig. 6.10 A circuit for bandgap voltage generation (adapted from [22]).

R1

R2

VREF+

–

R2

–VSS

1

Q1 Q2

N

I2I1

Fig. 6.11 A schematic circuit for generation of a bandgap reference [23], [24].
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by the parasitic action of substrate bipolar and MOS transistors (see Section 3.2.4 on
CMOS-compatible bipolar transistors). The MOSFET action must be turned off to avoid
degradation of the IC−VBE characteristic of the bipolar transistor. A simplified circuit
diagram of the bandgap reference of [25] is presented in Problem 6.5.

Another bandgap-reference implementation in CMOS technology is shown in
Figure 6.12 [3], [27]. A PTAT current I1 is generated due to the difference between the
emitter voltages of Q1 and Q2 across resistance R1. Current I1 is mirrored to the output
and causes a PTAT voltage drop across resistance R2, which, added to the CTATemitter–
base voltage of Q3, produces the (almost) temperature-independent reference voltage.

Example 6.5

Assuming that the current mirrors have unity gain and that transistors M1 and M2 are
matched, calculate VREF in the circuit of Figure 6.12.

Answer

The voltage drop across R1 is given by

VR1 ¼ VEB2 � VEB1 ¼ �t ln
I2

ISat2

� �
� ln

I1
ISat1

� �� �
¼ �t lnN;

since I1 = I2 and ISat1 =NISat2. The reference voltage is

VREF ¼ VEB3 þ R2I3 ¼ VEB3 þ R2
VR1

R1
¼ VEB3 þ R2

R1

kT

q
lnN:

6.5.3 A CMOS bandgap reference with sub-1-V operation

The bandgap-reference circuits that we have shown so far generate an output voltage that
is around 1.25V, a value that is a little higher than the extrapolated bandgap voltage. The

VDD

M3

M1 M2

M4

R1

1

Q1

N

I1

R2

Q3

1

VREF

Q2

Fig. 6.12 A schematic circuit for generation of a bandgap reference [3], [27].
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minimum supply voltage required for the appropriate operation of such circuits is at least
equal to the reference voltage plus some additional voltage drop between the output node
and the supply voltage. Therefore, supply voltages for the bandgap references described
in this chapter should be at least 1.5V.

An interesting strategy for the generation of bandgap-reference circuits with sub-1-V
operation was first presented in [28]; the prototype of the bandgap reference was
fabricated in a flash-memory process in which a native n-MOS transistor with
VT = − 0.2V was available in addition to conventional enhancement p- and n-channel
transistors. This implementation was later modified for fabrication in either BiCMOS
[29] or conventional CMOS [30], [31] technologies.

The basic idea behind these sub-bandgap references is to convert both the base–emitter
voltage of a diode and the PTAT voltage into two currents and convert the sum of these
two currents into a reference voltage that is a fraction of the bandgap voltage [28]. A
conceptual scheme of the sub-bandgap reference is shown in Figure 6.13.

For a first-order analysis of the circuit in Figure 6.13, let us assume the operational
amplifier to be ideal and the currents flowing through the p-channel devices to be the
same. The voltage across resistance R1 can be readily calculated as

VR1 ¼ R1I1a ¼ VEB2 � VEB1 ¼ kT

q
lnN: (6:5:17)

The reference voltage is given by

VREF ¼ R3 I1a þ I1bð Þ ¼ R3

R2
VEB2 þ R2

R1

kT

q
lnN

� �
: (6:5:18)

According to (6.5.18), the output reference voltage can be a fraction of the bandgap
voltage of conventional bandgap references. It can be seen that in the circuit of
Figure 6.13 the minimum power-supply voltage required for adequate operation of the
circuit is equal to the base–emitter voltage of Q2 plus a saturation voltage of the p-channel
transistor as long as the reference voltage is equal to or less than VEB of Q2. One should
note that stringent requirements are imposed on the operational amplifier, since it must be

VDD

M3M1
M2

R1

1
Q1

N

I1aR2

VREF

Q2

+ –

R2 R3
I2a

I1b
I2b

I1 I2 I3

I1= I2= I3

Fig. 6.13 A circuit for generating a sub-1-V bandgap reference.
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able to handle a common-mode input voltage that is very close to that of the positive
supply voltage and an output voltage that is very close to that of the negative supply.

6.5.4 A resistorless CMOS bandgap reference

All bandgap references that we have shown so far employ resistors as the scaling
elements of the PTAT voltage. In some cases, in particular for low-power design, the
resistance values are extremely high, demanding a large silicon area. A possible scheme
to implement a CMOS bandgap reference without resistors is shown in Figure 6.14 [32].
The circuit consists of a pair of diodes, a set of current sources, two differential pairs M1–

M2 and M3–M4, and a current mirror M5–M6. The voltage difference between the two
diodes is a PTAT voltage the value of which is dependent on the currents flowing through
them and on the ratio of their areas (A1/A2) according to

ΔVD ¼ VD2 � VD1 ¼ kT

q
ln 10

A1

A2

� �
: (6:5:19)

The differential amplifier M3–M4 converts the voltage difference between the two
diodes into a current that flows through M5 and is amplified by M6. Finally, the current in
M1, which is equal to that in M6, is converted back into a differential voltage across the
differential pair M1–M2, which is an amplified copy of the PTAT voltage difference
between the two diodes. The PTAT voltage difference across M1–M2 is added to VD2 to
generate the bandgap reference. The main drawback of the circuit in Figure 6.14 is that
transistors M1 to M4 operate in strong inversion. Thus, the minimum power-supply
voltage for this application is the bandgap reference plus the source-to-gate voltage of
M1 (which is higher than the threshold voltage due to operation in strong inversion) plus
the voltage across the terminals of the current sourceGIT required for its proper operation.

For the analysis of the circuit in Figure 6.14 we make the following simplifying
assumptions: (i) transistors M1−M4 operate in strong inversion; (ii) the slope factor is

VDD

+

–

VREF

M3 M4 M1M2

M5 M6

ID IT 10ID GIT

+
VD1

–

+
VD2

–

AW/L ABW/L W/L BW/L

(W/L)5 G(W/L)5

ΔVD

+– –

+

AG ΔVD

Fig. 6.14 A circuit of a resistorless bandgap reference [32].
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the same for M1−M4; (iii) all transistors operate in saturation; and (iv) the simplified
expression of the UICM in strong inversion VP=�t ffi ðVGB � VT0Þ=ðn�tÞ ffi

ffiffiffi
if

p
for

VSB= 0 (with the source connected to the local substrate) holds. Under these assumptions,
one can derive the following expressions:

ΔVD

n�t
¼ VG4 � VG3

n�t
ffi ffiffiffiffiffi

if 3
p � ffiffiffiffiffi

if 4
p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IT � IF 4

IS3

r
�

ffiffiffiffiffiffiffiffiffi
IF 4

BIS3

r
; (6:5:20)

VG1 � VG2

n�t
ffi ffiffiffiffiffi

if 2
p � ffiffiffiffiffi

if 1
p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GIT � IF 1

IS2

r
�

ffiffiffiffiffiffiffiffiffi
IF 1

BIS2

r
: (6:5:21)

Since IS2 = IS3/A and IF1 =GIF4 , we can rewrite (6.5.21) as

VG1 � VG2

n�t
¼

ffiffiffiffiffiffiffi
AG

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IT � IF 4

IS3

r
�

ffiffiffiffiffiffiffiffiffi
IF 4

BIS3

r
: (6:5:22)

The comparison between (6.5.22) and (6.5.20) allows us to write

VG1 � VG2 ¼
ffiffiffiffiffiffiffi
AG

p
ΔVD: (6:5:23)

The reference voltage is then given by the sum of a CTAT voltage, VD2, and a PTAT
voltage given by (6.5.23). Note that, to reduce the source-to-gate voltage of both M1 and
M2, the aspect ratios of M1 andM4 are higher than those of M2 andM3, respectively, by a
factor of B. The prototype of the voltage reference implemented in [32] was calibrated
through the trimming of factor A by adjustment of the aspect ratios of M3 and M4 under
digital control.

6.6 CMOS voltage references based on weighted VGS

A voltage reference is necessary for the design of low-dropout linear regulators
(LDOs) [33]. It must have low dependence on both supply voltage and temperature.
Most of the voltage references in CMOS standard technologies use a bandgap refer-
ence, as previously described, and others are based either on weighted gate-source
voltages of MOS transistors [33], [34] or on compensating a PTAT-based voltage with
a MOSFET gate-to-source voltage in the subthreshold region [9]. Despite not having
a technology-independent value as the bandgap reference, voltage references based
on weighted VGS values can be used in LDOs as long as they have low sensitivity
to supply voltage and temperature. The core circuit of the voltage reference presented
in [33] is reproduced in Figure 6.15; a similar circuit is presented in [34] with an
n-channel transistor replacing the p-channel device. The current source IB is generated
through a circuit identical to that in Figure 6.3. According to the scheme in
Figure 6.15, the reference voltage is

VREF ¼ 1þ R1

R2

� �
VGSn � VGSp

�� ��: (6:6:1)
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In order to achieve a reference voltage with negligible sensitivity to temperature, it is
required that the weighted temperature coefficient of VGSn be equal to the temperature
coefficient of VGSp, i.e.

1þ R1

R2

� �
dVGSn

dT
¼ d VGSp

�� ��
dT

: (6:6:2)

It is not an easy task to design this kind of voltage reference since the gate-to-source
voltages are sensitive not only to the bias current but also to technological parameters
such as threshold voltage and mobility. Moreover, the bias current is also dependent on
process parameters and temperature. In order to improve the power-supply rejection
ratio, the n-well of MP is connected to its source.

6.7 A current-calibrated CMOS PTAT voltage reference

We have previously shown that the difference between the base–emitter voltages of two
isothermal bipolar transistors is proportional to the absolute temperature, the proportion-
ality factor being dependent on the emitter areas and on the currents through the devices.
We will now describe an approach that can be applied to MOS transistors to derive a
PTAT voltage. A core cell that can be used as a PTAT voltage generator is shown in
Figure 6.16.

To analyze the cell in Figure 6.16 we first assume that both M1 and M2 operate in
saturation. Then we can write

VP1

�t
¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ if 1
p � 2þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 1

p � 1
� � ¼ F if 1

� �
(6:7:1)

and

VP2 � VS2

�t
¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ if 2
p � 2þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 2

p � 1
� � ¼ F if 2

� �
: (6:7:2)

Since M1 and M2 share common gates and substrates, it follows that VP1 =VP2. Using
(6.7.1) and (6.7.2) we can then write

IB

MN

MP

VDD

R1

R2

VREF

Fig. 6.15 The core circuit of the voltage reference with weighted gate-to-source voltages [33], [34].
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VS2 ¼ �t F if 1
� �� F if 2

� �	 

: (6:7:3)

Thus, if the term in square brackets in (6.7.3) is independent of temperature, the
source voltage of M2 is PTAT. Since if 1 = IB1/IS1 and if2 = IB2/IS2, in order to make both
inversion levels if 1 and if 2 independent of temperature, both currents IB1 and IB2 must be
proportional to the specific currents IS1 and IS2. This can be easily achieved with the
circuit in Figure 6.6 [10] or other specific-current generators [11]–[13]. The temperature
coefficient of the PTAT can be adjusted by changing the bias currents and/or the aspect
ratios of the transistors.

Problems

6.1 Using (6.3.3), calculate the temperature coefficient of the current source in
Figure 6.3. Assume that the temperature coefficients of the sheet normalization
current and of the resistor are equal to TCISH and TCRS, respectively. Find the
asymptotic values for the temperature coefficient of the current source in the
asymptotic cases of weak and strong inversion.

6.2 (a) Verify that the block diagram in Figure 6.5 corresponds to the circuit in
Figure 6.3. (b) Verify the correctness of block gains and of the closed-loop current
gain given by (6.3.10). (c) Calculate the expressions for thermal noise and flicker
noise in strong inversion. (d) Design a network such as the one in Figure 6.3 for an
output current equal to 0.1 μA at room temperature. Use K = 10 and operation in
weak inversion. Determine the aspect ratios of all transistors for inversion levels
equal to 0.01 for M1 and 0.1 for both M3 and M4. What is the minimum supply
voltage for the proper operation of the circuit? What are the PSD values for flicker
and thermal noise? The parameters are VT0N =−VT0P = 0.4V, ISHN = 100 nA,
ISHP= 40 nA, nP= 1.25, and nN= 1.2, tox= 40 Å, Not,N = Not,P = 2 × 10

7 cm−2. Use
L ≥ 1 μm for this design.

VDD

IB1

VDD

IB2
VS2

M2M1

Fig. 6.16 The PTAT voltage generator. Bias currents IB1 and IB2 are proportional to the sheet normalization
current. M1 and M2 share a common grounded bulk.
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6.3 The association of transistors in Figure P6.3 can act as a PTAT voltage generator.
(a) Demonstrate that voltage VX at the intermediate node of the association is
given by

VX

�t
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þMN

IB
IS2

r
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þN

IB
IS2

r
þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þMNIB=IS2

p � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þNIB=IS2

p � 1

 !" #
;

where M= 1 + (S2/S1)/[(N + 1)/N]. (b) If the bias current IB is a replica of the specific
current, i.e. IB= αIS2, where α is independent of temperature, verify that voltage VX is
PTAT. (c) If α = 1 and N= 1, calculate the ratio S2/S1 for temperature coefficients of
the PTAT voltage equal to 200 μV/K and 1mV/K. (d) If α = 0.05 and N = 1, calculate
the ratio S2/S1 for temperature coefficients of the PTAT voltage equal to 200 μV/K
and 1mV/K. (e) What are the corresponding gate voltages for the aspect ratios you
calculated in (c) and (d)? Assume VT0 = 0.4 V and n= 1.15.

6.4 A specific current generator is shown in Figure P6.4 [11]. It is composed of
the transistor association M1–M2 as in the previous problem and a voltage-
following current mirror (VFCM), a name coined by B. Gilbert [35], composed
of M3, M4, M6, and M7. The purpose of the VFCM is to provide a voltage at node

NIB

M2

M1

IB

+
VX
–

Fig. P6.3 A PTAT voltage generator.
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M7
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Fig. P6.4 A specific-current generator [11].
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VX that is a shifted copy of the voltage at the source of M4, at 0 V in this case. (a)
Demonstrate that, if both M3 and M4 operate in weak inversion, then
VX ¼ �t ln JKð Þ. (b) Verify that the relationship between the forward inversion
levels of M1 and M2 is given by if 1 ¼ if 2½1þ ðS2=S1ÞðNþ 1Þ=N�. (c) Find the
relationship between VX and the forward inversion level if 2. (Hint: use the UICM
expression for the sources of M1 and M2). (d) Assume that in this problem you
have chosen if 2 = 3 and if 1 = 15. What is the value required for VX and the
corresponding value of the product JK? (e) Using N = 0.25 and the technological
parameters provided below, give a list of transistor sizes for a current through M6

equal to 10 nA. The minimum size for both W and L is 4 μm. Choose inversion
levels of p-channel devices between 0.1 and 1 and use 0.1 for the inversion level
of M4. Calculate the minimum supply voltage for the proper operation of the
circuit. Assume the following parameters: VT0N = −VT0P = 0.4 V, ISHN = 100 nA,
ISHP = 40 nA, nP = 1.25, and nN = 1.2.

6.5 The circuit shown in Figure P6.5 is a bandgap reference introduced in [25].
(a) Neglecting the base currents of the bipolar transistors, show that the current and

the bandgap-reference voltage are given by

IC1 ¼ �t

R0
lnK and VR ¼ VBE1 þ R1

R0
�t lnK:

(b) Assume that measurements for Q1 at room temperature showed that for opera-
tion in the active mode at VBE = 0.5V the collector current is equal to 1 μA. The
temperature coefficient of the base–emitter voltage is around −2.4mV/°C.
Design the bandgap-reference circuit for a collector current IC1 = 1 μA. What
is the expected value of the reference voltage? What is the expected variation of
the current for a variation of ±50 °C around room temperature? Assume that the
temperature coefficient of the resistors is negligible.

6.6 The circuit of the resistorless bandgap reference shown in Figure 6.14 [32] has been
fabricated in a 0.5-μmCMOS technology. The nominal sizes of the devices are given
in Table P6.6. The area of diode D1 is eight times larger than that of diode D2.

VDD

M2 M4

R1

R0

Q1 Q3

VR

M2 ≡ M4

Q3 ≡ KQ1

Fig. P6.5 The bandgap reference circuit presented in [25].
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(a) Given that the value of VREF is around 1.160V, calculate the diode voltages VD1

and VD2 at room temperature. (b) Assuming that for operation in strong inversion the
source-to-gate voltage of the p-channel devices must exceed the threshold voltage by
at least 400mV, estimate the minimum supply voltage required for the circuit.
Assume VT0P=− 0.65V.

6.7 Consider the following patent abstract [36]: “A voltage bandgap reference voltage
circuit is provided. The circuit includes an amplifier having a first and second
transistor coupled to the inputs of the amplifier. The circuit is adapted to operate
with lower headroom by effecting a subtraction of a voltage substantially equivalent
to ΔVbe of the first and second transistors from the voltage applied to the common
input of the amplifier.” Describe the operation of the bandgap-reference circuit
shown in Figure P6.7.
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7 Basic gain stages

This chapter presents elementary amplifier stages widely used in analog integrated circuits.
We start with the simplest amplifier topologies, namely common-source, common-gate, and
source follower, and derive their dc characteristics, noise, and frequency response. We then
introduce the cascode amplifier, a combination of the common-source and common-gate
amplifiers. After that, we present the differential amplifier, the ubiquitous block at the input
of operational amplifiers, together with its transfer characteristics, noise analysis, and small-
signal response, and the effects of transistormismatch on its performance.We then apply the
MOSFETmodel equations for sizing and biasing transistors for analog design and introduce
MOSVIEW, a transistor-level design tool. Finally, we describe a methodology for the
migration of an analog design to a scaled-down technology.

7.1 Common-source amplifiers

7.1.1 Resistive load

The scheme of the common-source amplifier with the load being a resistor is shown in
Figure 7.1, together with the transistor’s output characteristics and voltage transfer curve.
For low input voltages, the drain current is small and the voltage drop across R is
negligible; thus, the output voltage remains constant at VDD. As the input voltage
increases, so do the drain current and the voltage drop across R, thus decreasing the
output voltage, which is given by

vo ¼ VDD � RiD: (7:1:1)

Assuming the transistor output resistance to be much greater than R, the small-signal
voltage gain is

vo
vi

¼ �Rgm ¼ �RID
n�t

2ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 1
; (7:1:2)

where the transconductance has been replaced with its value in saturation. An inspection
of the circuit in Figure 7.1 reveals that the maximum voltage drop across the resistor is
limited by the supply voltage and by the minimum drain-to-source voltage required to
keep M1 in saturation, i.e.



RID � VDD � VDSsat: (7:1:3)

The maximum voltage gain is obtained in weak inversion, for which the
transconductance-to-current ratio is maximal and the MOSFET saturation voltage is
minimal, around 100mV. Assuming that the supply voltage is much higher than the
saturation voltage, the maximum gain becomes

vo
vi

����
����
max

ffi VDD

n�t
: (7:1:4)

For a 1.8-V supply and n�t= 30mV, the maximum gain of the resistively loaded
common-source amplifier is 60. In addition to the low voltage gain, the structure of
Figure 7.1 requires a resistor, which can be a disadvantage in many applications. Assume,
for example, that, due to low-power design constraints, the direct current of the amplifier
is 10 nA and the ac requirements of the amplifier impose a voltage drop across R of 1V. In
this case, a resistance R of 100MΩ, a prohibitively large value for standard CMOS
technologies, would be required.

7.1.2 Diode-connected load

The common-source amplifier with a diode load is shown in Figure 7.2 [1]. The load line
associated with the diode-connected transistor M2 is shown together with the output
characteristics of M1. The resulting voltage transfer characteristic, also given in

VI

VO

VDD

VDD

R

M1

+
–

–

VDD

+
VO

iD

VI

(a)

iD

VDD

Load line

VDD /R

VI

(b)

(c)

VO

Fig. 7.1 (a) A common-source amplifier with a resistive load. (b) MOSFET output characteristics and
load line. (c) The voltage transfer characteristic.
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Figure 7.2, has a high-gain region, where both transistors operate in saturation. The
small-signal voltage gain is

vo
vi

¼ � gm1

gm2 þ gds1 þ gds2
ffi � gm1

gm2
: (7:1:5)

The approximation in (7.1.5) is valid for cases in which gm≫ gds, a condition that is
generally applicable. Using the universal transconductance-to-current ratio, (7.1.5) can
be rewritten as

vo
vi

ffi � gm1

gm2
¼ � n2

n1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 2

p þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 1

p þ 1
; (7:1:6)

where if = ID/IS for both M1 and M2 in saturation.
For both transistors in weak inversion, region 1 in the voltage transfer characteristic of

Figure 7.2, the voltage gain is equal to –n2/n1, which is close to −1. For both transistors in
strong inversion, (7.1.6) gives

vo
vi

ffi �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μnn2 W=Lð Þ1
μpn1 W=Lð Þ2

s
(7:1:7)

as long as M1 is in saturation. Therefore, in strong inversion, region 3, the gain is
determined by the ratio of the aspect ratio of M1 to that of M2. In the intermediate region

Load line
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(c)
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1

2

3

Fig. 7.2 (a) A common-source amplifier with a diode-connected load. (b) MOSFET output characteristics
and load line. (c) The voltage transfer characteristic.
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of Figure 7.2, M1 operates in weak/moderate inversion while M2 operates in moderate/
strong inversion when the aspect ratio of M1 is much higher than that of M2.

As can be noted from (7.1.6), in order to achieve a high gain the drive transistor must
operate at an inversion level considerably lower than that of the diode-connected load.
This means that the aspect ratio of M1 must be considerably higher than that of M2 to
achieve a high gain and also that M2 must operate in very strong inversion. Since the
voltage gain of the amplifier is proportional to the square root of the inversion level,
which, in turn, is approximately proportional to the gate-to-source voltage, the higher the
voltage gain, the higher the power supply voltage needed to achieve the required gain.
Summarizing, the topologies shown in Figures 7.1 and 7.2 are not appropriate for
achieving high gain in low-voltage circuits.

Example 7.1

For the circuit in Figure 7.2, W1 = 100 μm, L1 = 4 μm, W2 = 10 μm, L2 = 4 μm,
VDD = 3.3V, VT0N= 0.5V, VT0P= −0.7V, μN= 400 cm

2/V per s, and μP = 160 cm
2/V

per s. For the sake of simplicity, assume that n1 = n2 = 1.25. (a) Calculate the voltage at
which VO=VI. (b) Calculate the maximum input voltage at which M1 remains in
saturation. (c) What is the variation in voltage gain when the input voltage is changed
from 0.5V to the voltage calculated in (b)? Assume that T = 300K and the output
conductance of M1 is negligible.

Answer

(a) For the data given, we have IS1 = 25IS2, which implies that, in saturation, if 2 = 25if1.
Using the UICM for both M1 and M2 in saturation and equating the input and output
voltages, we find that if1ffi110, which gives VIffi 0.85V. (b) Recalling that the saturation
voltage VDSsat1 ffi �t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 1

p þ 3
� �

and that VO=VDSsat1 on the edge of saturation, we
apply once again the UICM for transistor M2 and find that if1ffi170, which, substituted
into the UICM for transistor M1, gives VIffi 0.94V. (c) We note that, for VI=VT0 = 0.5V,
if1 = 3 and if 2 = 75, whereas for the condition in (b), if1 = 170 and if2 = 4250. On using
these two sets of inversion levels in (7.1.6), we find that vo/viffi −3.24 and vo/viffi −4.7,
respectively.

7.1.3 The intrinsic gain stage

Before studying the common-source amplifiers that are usually employed in integrated
circuits, we will analyze the so-called “intrinsic gain stage” [2], which consists of a
single transistor loaded by an ideal current source and a load capacitance as shown in
Figure 7.3(a).

Figure 7.3(b) shows the output characteristics of M1 together with the characteristic of
the current source that delivers a direct current equal to IB. The dc input voltage is equal to
VGQ, an appropriate value at which to bias the transistor in the saturation region.

Before analyzing the topology in Figure 7.3(a) as a voltage amplifier, we first review
the fundamental characteristic of the MOS transistor as a voltage-to-current converter. To
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this end, let us assume that a constant voltage source with a value of VOQ is connected to
the output. Now, let us assume that the input voltage varies from VGQ to VGQ +ΔVG. In
this case, the output current IL = IB− ID, where ID = IB+ΔID. The value of the variation in
drain current in response to a small variation in the input voltage is

ΔID ffi dID
dVG

����
VO¼VOQ

ΔVG ¼ gm ΔVG: (7:1:8)

Figure 7.3(c), a zoom of the dotted rectangle in Figure 7.3(b), shows the current
variation gmΔVG at a constant output voltage of VOQ. On the other hand, for constant
input voltage, a variation in the output voltage produces a variation in the drain current
equal to

ΔID ffi dID
dVO

����
VG¼VGQ

ΔVO ¼ gds ΔVO: (7:1:9)

Figure 7.3(c) also shows the variation in the drain current in response to a negative
variation in the output voltage.

The operation of the circuit in Figure 7.3(a) as a voltage amplifier is analyzed as
follows. When the input voltage increases by ΔVG, the output voltage will change by an
amount such that

ΔID ¼ gm ΔVG þ gds ΔVO ¼ 0; (7:1:10)

since for an open-circuit output the transistor drain current is not allowed to change due to
the constant biasing source. AV0, the low-frequency voltage gain of the intrinsic-gain
stage, can be readily interpreted from the graph in Figure 7.3(c) and from (7.1.10) as
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Fig. 7.3 (a) A common-source amplifier with an ideal current source load. (b) MOSFET output
characteristics and load line. (c) A zoom of the quiescent point region.
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follows. Assume that the input voltage has increased by an amount equal to ΔVG. The
output current would then increase by an amount equal to gmΔVG. However, the drain
current cannot change, since it is imposed by the constant current source. Thus, the
output voltage has to change by an amount equal to ΔVO in order to keep the drain current
unchanged, as (7.1.10) shows. The voltage gain AV0, calculated from (7.1.10) is

AV0 ¼ ΔVO

ΔVI
¼ � gm

gds
: (7:1:11)

Note that the voltage gain is the negative of the ratio of the transconductance to the
output conductance. This useful result will be used intensively throughout this text; in
most cases the voltage gain will be determined by computing the ratio of the short-circuit
transconductance to the output impedance.

Next, we compute the frequency response of the voltage gain using the small-signal
equivalent circuit of Figure 7.4. The frequency-dependent voltage gain is

AVðsÞ ¼ ΔVO

ΔVI
¼ vo

vi
¼ � gm

gds

1

1þ sCL=gds
: (7:1:12)

The amplifier bandwidth is ωb = gds/CL (rad/s). The unity-gain frequency at which the
voltage gain equals unity is ωu = gm/CL (rad/s). We can note that ωu¼ AV0j jωb, that is,
the unity-gain frequency of the amplifier is equal to the product of the open-loop voltage
gain and the −3 dB bandwidth. For this reason, the unity-gain frequency is often called
the gain–bandwidth product.

Example 7.2

Consider the common-source amplifier in Figure 7.3. (a) Determine the open-loop low-
frequency voltage gain and the gain–bandwidth product in terms of the bias current.
Assume that the output conductance is proportional to the channel length. (b) Calculate
the maximum product AV0ωu, assuming that the load capacitance must also include a
parasitic capacitance CP associated with the MOS transistor, and that the parasitic
capacitance is roughly proportional to the channel width, i.e. CP=CWW, where CW is a
process-dependent parameter.

gds CLgmvg
+

–

vg

vi

vo

dBAV

ω (log)ωb ωu
0

–20 dB/dec
AV0

(a) (b)

Fig. 7.4 (a) The small-signal equivalent circuit of the common-source amplifier loaded with an ideal current
source. (b) The asymptotic frequency-response magnitude of the voltage gain.
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Answer

(a) The universal relationship between transconductance and current and the expression
of the output conductance give, respectively,

gm ¼ 2IS
n�t

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IB

IS

r
� 1

� �
and gds ¼ IB

VEL
:

The open-loop gain and the unity-gain frequency are

�AV0 ¼ gm
gds

¼ 2VEL

n�t

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IB

IS

r
þ 1

� �
and ωu ¼ 2IS

n�tCL

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IB

IS

r
� 1

� �
:

(b) Using the previous two formulas and including the parasitic capacitance, we find that

AV0ωuj j ¼ 2VEμC0
ox

nðCL=Wþ CWÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IB=IS

p � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IB=IS

p þ 1

The maximum of the product AV0ωu is reached in strong inversion for CL/W≪CW.
In this case AV0ωuj jmax ¼ 2VEμC0

ox=ðnCWÞ, a result similar to that presented in [3].

7.1.4 Current source load

The voltage gain of the common-source amplifier can be increased when a transistor
operating in the saturation region is used for the load. The amplifier configuration, in this
case, is shown in Figure 7.5. IB is a direct current that is replicated at the output branch via
current mirror M3−M2 to provide the bias current of M1.

Figure 7.5(b) shows the output characteristics of M1 together with the load character-
istic, which is similar to that of a current source, provided that M2 operates in saturation.
For very low input voltages, the drain current is close to zero, M2 operates in the triode
region, and VOffiVDD. For higher input voltages, M1 operates in saturation whereas M2 is
still in the triode region (region 1 in the graphs). A higher input voltage drives M2 into the
saturation region, labeled 2 in the graphs. At an even higher input voltage we enter region
3, where M1 is no longer in saturation. In this region, the transconductance of M1 drops
significantly, whereas its output conductance increases considerably, resulting in a
voltage gain that decreases substantially for higher voltages, as reflected in the voltage
transfer characteristic.

For operation as an amplifier, the maximum and minimum values of the output voltage
should be such that both M1 and M2 remain in saturation, i.e.

VDSsat1 � VO � VDD � VDSsat2; (7:1:13)

where

VDSsat1ð2Þ
�t

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IB

IS1ð2Þ

s
þ 1: (7:1:14)
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Note that we have used IB, the approximate value for the output current in the high-
gain region, for the calculation of the saturation voltages. For a high-gain amplifier, the dc
input voltage VTH for which both transistors are in saturation is, according to the UICM,
approximately given by

VTH ¼ VT0N þ n�t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IB

IS1

r
� 2þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IB

IS1

r
� 1

� �	 

: (7:1:15)

The common-source amplifier’s current capability is shown in Figure 7.6. It operates
as a class-A amplifier with a maximum current-sourcing capability of IB. On the other
hand, the current-sinking capability is, in general, much higher than IB. As a result, the
falling slew rate is, in general, greater than the rising slew rate, which, in turn, is limited
by IB, i.e.

CL
dVO

dt
� IB: (7:1:16)

The small-signal equivalent circuit of the common-source amplifier is shown in
Figure 7.6(c). Here Cg (=Cgs +Cgb) is the gate capacitance of M1, Cgd is the gate-to-
drain overlap capacitance of M1, CL is the output capacitance composed of both the load
capacitance and other capacitances associated with the output node, and go is equal to the
sum of the output conductances of M1 and M2. Using the small-signal equivalent circuit
in Figure 7.6, circuit analysis leads to

Load line

iD

VI

VOVDD(b)

1

2

3

(a)

M2

M1

+
–

VDD

+

–

VO

iD

VI

M3

IB

1:1

VDDVTH

VDssat1

VDssat2

VI

VO

VDD

VOmax

VOmin

(c)

1

2

3

AV0

Fig. 7.5 (a) A common-source amplifier with a current-source load. (b) MOSFET output characteristics
and load line. (c) The voltage transfer characteristic.
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AVðsÞ ¼ VO

VI
¼ �GS gm1 � sCgd

� �
DðsÞ ;

DðsÞ ¼ s2½ CL þ Cgd

� �
Cg þ CLCgd�

þ s GS CL þ Cgd

� �þ gm1Cgd þ goðCg þ CgdÞ
� �þ GSgo: (7:1:17)

The low-frequency gain of the common-source amplifier is

AV0 ¼ � gm1

go
¼ � 1=VA1 þ 1=VA2ð Þ�1

n�t

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IB=IS1

p þ 1
: (7:1:18)

In (7.1.18) we have used both the transconductance-to-current ratio and the approx-
imation gds = ID/VA to calculate the output conductances gds1 and gds2.

In a well-designed amplifier, an acceptable phase margin requires that one of the poles
be dominant and also that the frequency of the secondary pole be higher than the unity-
gain frequency. Applying the dominant-pole approximation1 to the denominator of the
voltage transfer function (see Problem 7.2) in (7.1.17) yields
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Fig. 7.6 (a) A common-source amplifier. (b) Current sourcing and sinking capabilities. (c) The small-signal
equivalent circuit. (d) The magnitude of the voltage gain versus frequency.

1 LetD(s) be a second-order polynomial in s. If p1 and p2 are widely spaced (i.e. −p1≪−p2) negative real roots
of D(s), then

D sð Þ ¼ 1� s=p1ð Þ 1� s=p2ð Þ ¼ 1� s 1=p1 þ 1=p2ð Þ þ 1=ðp1p2Þ
� 1� s=p1 þ 1=ðp1p2Þ:

.
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p1 ffi � GSgo

GS CL þ Cgd

� �þ gm1Cgd þ goðCg þ CgdÞ
: (7:1:19)

If we assume that the voltage source is ideal (GS→∞), the voltage gain in (7.1.17)
becomes

AVðsÞ ¼ vo
vi

¼ �gm1

go

1� s=ωz

1þ s=ωp
: (7:1:20)

For the transfer function in (7.1.20) we have

ωp ¼ go
CL þ Cgd

; ωz ¼ gm1

Cgd
; ωu¼ AV0j jωp ¼ gm1

CL þ Cgd
:

The value calculated for the extrapolated unity-gain frequency ωu holds if the low-
frequency gain is much greater than unity. Figure 7.6(d) illustrates the approximate
magnitude response of the amplifier for the case of source resistance equal to zero.

At this point, we should advise the reader that the zero frequency ωz is greater than the
transistor’s intrinsic transition frequency ωt. For operation in strong inversion, we have
previously demonstrated that the quasi-static small-signal model shown in Figure 7.6 is
valid only for frequencies below the intrinsic transition frequency. Thus, the frequency
response depicted in Figure 7.6(d) is not valid for frequencies approaching ωz in the
case of strong inversion, since the model in Figure 7.6(c) is not valid for such high
frequencies.

The input admittance of the common-source amplifier calculated from the small-signal
circuit in Figure 7.6(c) is

Yi ffi s Cg þ Cgd 1� AVðsÞð Þ� �
; (7:1:21)

where AV is given by (7.1.20). For frequencies below the pole frequency ωp the signal
source sees an input capacitance equal to the gate capacitance plus the gate-to-drain
capacitance multiplied by the low-frequency gain [4]. This modification to the capacitance
Cgd, which arises from the voltage gain acrossCgd, is referred to as theMiller effect [1]. For
frequencies greater than the pole frequency and less than the unity-gain frequency, the
contribution of the second term on the right-hand side of (7.1.21) becomes a conductance
equal to gm1[Cgd/(CL+Cgd)], a fraction of the transistor’s transconductance.

The input-referred noise sources in and en shown in Figure 7.7 can be calculated from
the channel noise associated with each transistor and from the small-signal equivalent
circuit. For the sake of simplicity we assume that, for the calculation of the noise referred
to the input, the channel noise of M3 is completely transferred to M2. Therefore, the
equivalent current noise source between the output node and ground is the sum of the
individual noise currents of M1, M2, and M3. For frequencies below the unity-gain
frequency of M1, we can write the following expressions for the PSDs of en and in:

e2n
Δf

¼ 1

g2m1

i2n1
Δf

þ 2
i2n2
Δf

 !
(7:1:22)

234 CMOS Analog Design Using All-Region MOSFET Modeling



and

i2n
Δf

¼ ω2 Cgs þ Cgb þ Cgd

� �2
g2m1

i2n1
Δf

þ 2
i2n2
Δf

 !
: (7:1:23)

The terms i2n1;2=Δf represent the PSD of the channel noise current. We will compute
only the input-referred noise voltage for both thermal and flicker noise, since the value of
the noise voltage allows one to compute the value of the noise current directly, as can be
seen from (7.1.22) and (7.1.23). Recalling that the thermal noise of a saturated long-
channel MOS transistor is given by

i2n1
Δf

¼ 8

3
kTgm1n1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 1

p þ 1=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 1

p þ 1
� 4kTgm1; (7:1:24)

expression (7.1.22) can be written approximately as

e2n
Δf

’ 4kT

gm1
1þ 2

gm2

gm1

� �
¼ 4kT

gm1
1þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IB=IS1

p þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IB=IS2

p þ 1

 !
(7:1:25)

for the thermal noise.
Note that the approximation in (7.1.24) was used in (7.1.25) as a means for first-order

calculations.
The use in (7.1.22) of the approximate expression (4.5.16) for the flicker noise

presented in Chapter 4 allows us to write

e2n
Δf

ffi KF;n

W1L1C
0
ox

þ 2KF;p

W2L2C
0
ox

g2m2

g2m1

 !
1

f
: (7:1:26)
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Fig. 7.7 Input-referred noise sources en and in.
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The values of gm1 and gm2 needed for the calculation of the thermal and flicker noise
can be calculated through the universal transconductance-to-current relationship of
MOSFETs.

Example 7.3

For the circuit in Figure 7.6, W1 = 10 μm, W2 =W3 = 20 μm, L1 = L2 = L3 = 2.5 μm,
VDD = 3.3V, IB= 4.5 μA, VT0N= 0.5V, VT0P=− 0.7V, C0

ox = 5 fF/μm
2, μN = 400 cm

2/V
per s, μP= 200 cm

2/V per s, and CL= 2 pF. For the sake of simplicity, assume that
n1 = n2 = 1.2, �t= 25mV, and VA1 =VA2 = 9V. (a) Calculate the voltage at which
VO=VI. (b) Calculate the output voltage range such that both M1 and M2 remain in
saturation. (c) What is the voltage gain? (d) What is the input-voltage variation such that
the output voltage remains within the voltage range calculated in (b)? (e) What are the
approximate maximum and minimum rates of change of the output? (f) What is the PSD
of the input-referred thermal noise? (g) What is the input-referred flicker noise when
Notp=Notn= 3×107 cm−2? (h) What is the corner frequency?

Answer

(a) For the data given, we have IS1 = IS2 = 300 nA, which implies that, for the two
transistors in saturation, if2 = if1 = 15. Using the UICM for if1 = 15, we find that
VI= 593mV. (b) Recalling that the saturation voltage VDSsat ffi �t

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 3
� �

, we
find that VDSsat = 175mV for both M1 and M2, which gives 0.18V<VO< 3.12V. (c) The
voltage gain is given by (7.1.18). The data of the problem give AV0 =−60. (d) The input-
voltage variation such that the output voltage remains within the voltage range calculated
in (b) is given by ΔVIN ¼ ΔVO=AV0 = 2950/60ffi 49mV. (e) Let us assume that the
parasitic capacitances associated with the output node are negligible. In this case, the
slew rate is determined by the load capacitance CL. The maximum sourcing current
is IB= 4.5 μA, which gives a maximum rising rate of change of the output equal to
2.25V/μs. The maximum sinking current is ID1(VIN =VDD)− IB. The current that
flows through M1 can be calculated using the approximate formula for the UICM
VP ¼ VDD � VT0ð Þ=n ¼ �t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 1

p � 2þ ln
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 1

p � 1
� �� �

with VG=VDD. We
then find if1ffi 8250 or ID1 = IS1if1ffi 2.48mA, a value considerably higher than IB.
Therefore, the maximum falling rate of change of the output is around 1.2V/ns. (f) The
transconductance gm1 is calculated from the expression for the transconductance-to-
current ratio in saturation, which gives gm1 = 60 μA/V. Then, using expression (7.1.25)
to calculate the input-referred thermal noise, we find that e2n=Δf ¼ 8� 10�16 V2=Hz.
(g) Using (7.1.26) we find e2n=Δf ¼ 0:32� 10�10ð1=f ÞV2=Hz, which is the PSD of the
input-referred flicker noise (h). On equating the results obtained in (f) and (g) we find that
the corner frequency fC= 40 kHz.

7.1.5 The push–pull amplifier (static CMOS inverter)

The conventional static CMOS inverter, which is shown in Figure 7.8(a), can be used as a
push-pull amplifier [4], [5]. The output characteristics of both n-channel (solid line) and
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p-channel (dashed line) MOS transistors are given in Figure 7.8(b), while the voltage
transfer curve is shown in Figure 7.8(c). In region 1, the input voltage is low and the
current is also low; the n-channel device operates in saturation whereas the p-channel
device operates in the triode region. In region 2, both transistors operate in saturation, the
voltage gain reaches its maximum value, and the current that flows through them is equal
to ITH, the bias current for the operation of the CMOS inverter as an analog amplifier. In
region 3, which is associated with high input voltages, M1 enters the triode region
whereas M2 operates in saturation; the current becomes progressively lower for increas-
ing input voltage. The CMOS inverter operates as an amplifier in region 2, where the
gain can be relatively high. The class-AB drive capability of the amplifier is shown in
Figure 7.8(d). The currents labeled ID1sat and ID2sat represent the maximum currents
provided by M1 and M2, respectively, for a given input voltage. Note that the static
current ITH of the amplifier is much lower than the maximum sinking or sourcing
currents.

VTH (denoting the gate threshold voltage in the case of the CMOS static inverter), the
approximate input voltage in region 2, can be calculated through the application of the
UICM to both M1 and M2, yielding, for the case of strong inversion,

VTH � VT0N

n1�t
ffi ffiffiffiffiffi

if 1
p

;
VDD � VTH þ VT0P

n2�t
ffi ffiffiffiffiffi

if 2
p

: (7:1:27)

Since both transistors operate in saturation, we have
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Fig. 7.8 (a) The CMOS static inverter as a push–pull amplifier. (b) The n-channel (solid lines) and p-channel
(dashed lines) MOSFET output characteristics. (c) The voltage transfer characteristic. (d) The
output current capability.
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if 2
if 1

¼ ID=IS2
ID=IS1

¼ IS1
IS2

: (7:1:28)

The combination of (7.1.27) and (7.1.28) leads to the following value for VTH:

VTH ¼
VDD þ VT0P þ VT0N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μn
μp

n2
n1

W=Lð Þ1
W=Lð Þ2

s

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μn
μp

n2
n1

W=Lð Þ1
W=Lð Þ2

s : (7:1:29)

On the other hand, if both transistors operate in weak inversion we write

VTH � VT0N

n1�t
þ 1 ffi ln

if 1
2

� �
;

VDD � VTH þ VT0P

n2�t
þ 1 ffi ln

if 2
2

� �
: (7:1:30)

For the sake of simplicity let us assume that n1 = n2 = n. Thus, from (7.1.30) we find

VTH ffi VDD þ VT0P þ VT0N

2
� n�t

2
ln

IS1
IS2

� �
: (7:1:31)

Note that for operation of both M1 and M2 in weak inversion the value of VTH must be
within the range

VDD þ VT0P5VTH5VT0N: (7:1:32)

The rightmost and leftmost inequalities in (7.1.32) are required for operation ofM1 and
M2, respectively, in weak inversion. Consequently, the maximum power-supply voltage
cannot exceed the sum of the absolute values of the threshold voltages. Also note that
operation in saturation for both M1 and M2 requires that VDD > 200mV.

Once we have calculated the value of VTH for either strong inversion or weak inver-
sion, we can use either (7.1.27) or (7.1.30) for the calculation of the transistor inversion
level and, as long as we know the value of the normalization current, we can find the bias
current. The insertion of the value of VTH obtained in (7.1.29) into any of the expressions
shown in (7.1.27) yields

ITH ffi 1

n1=
ffiffiffiffiffiffi
IS1

p þ n2=
ffiffiffiffiffiffi
IS2

p
� �2

VDD þ VT0P � VT0N

�t

� �2

: (7:1:33)

The value of ITH in (7.1.33) can be interpreted as the current of an n-MOS transistor in
saturation for which the gate is driven by a voltage equal to VDD +VT0P and for which the
equivalent specific current ISN is described by the following rule for the series association
of M1 and M2:

nNffiffiffiffiffiffiffi
ISN

p ¼ n1ffiffiffiffiffiffi
IS1

p þ n2ffiffiffiffiffiffi
IS2

p ; (7:1:34)
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where nN (ffin1) is the slope factor of an n-channel MOSFET measured at
VG =VDD +VT0P. A similar interpretation can be given for an equivalent p-MOS transis-
tor. An important aspect of the conventional CMOS inverter amplifier is the strong
dependence of the bias current on both the supply voltage and the technology.

The frequency response of the push–pull amplifier can be analyzed using the small-
signal equivalent circuit in Figure 7.6 with some differences in parameter values. The
input capacitance must also include the gate-to-source and gate-to-bulk capacitances of
the p-channel transistor, while the Miller capacitor must also include the gate-to-drain
overlap capacitance of M2. The most important difference is that the amplifier transcon-
ductance is now the sum of both transconductances gm1 and gm2. Thus, the low-frequency
voltage gain of the inverting amplifier in Figure 7.8 is

AV0 ¼ � gm1 þ gm2

go

¼ � 1

�t

VA1
þ �t

VA2

� � 2=n1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ITH

IS1

r
þ 1

þ 2=n2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ITH

IS2

r
þ 1

0
BB@

1
CCA: (7:1:35)

The input-referred noise source en can be readily calculated using the expression

e2n
Δf

¼ 1

gm1 þ gm2ð Þ2
i2n1
Δf

þ i2n2
Δf

 !
(7:1:36)

together with the PSD of the channel (thermal or flicker) noise current of a MOSFET in
saturation.

7.2 Common-gate amplifiers

The scheme of the common-gate amplifier is shown in Figure 7.9(a). The input signal is
applied to the source and the output signal is taken at the drain. The gate is connected to a
dc voltage VG that allows the appropriate biasing conditions for the amplifier. Figure 7.9(b)
gives the output characteristics of both n-channel and p-channel devices. The increase in
the input voltage tends to decrease the current flowing through the transistors and, thus, to
increase the output voltage, as can be seen in the voltage transfer characteristic of
Figure 7.9(c). Region 2 is the most appropriate region for the operation of the circuit in
Figure 7.9 as an amplifier. Note that the common-gate amplifier is a non-inverting
amplifier.

Let us calculate the approximate value of the input voltage VTH at which both M1 and
M2 operate in saturation. The drain current is approximately IB, whereas the reverse
current is negligible for both devices. Assuming that the bulk of M1 is connected to
ground, we can write the approximate UICM expression for M1 as

VP � VSB;n

�t
¼ VG � VT0;n

n1�t
� VTH

�t
¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ if 1
p � 2þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 1

p � 1
� �

; (7:2:1)
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which gives

VTH ¼ VG � VT0;n

n1
� �t

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if1

p � 2þ ln
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if1

p � 1
� �� �

; (7:2:2)

where if1 = IB/IS1.
The maximum output voltage is limited by the saturation voltage of M2 according to

Vomax ¼ VDD � VDSsat2j j; (7:2:3)

whereas the output voltagemust remain above aminimumvalue forM1 to be in saturation, i.e.

Vomin ¼ VDSsat1 þ VTH ¼ VG � VT0;n

n1
þ �t 5� ln

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if1

p � 1
� �� �

: (7:2:4)

The drain-to-source saturation voltages of M1 and M2 are given by

VDSsat1 2ð Þ ¼ ð�Þ�t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if1 2ð Þ

q
þ 3

 �
: (7:2:5)

The negative sign in (7.2.5) is required for the calculation of the drain-to-source
saturation voltage of the p-channel device.

Figure 7.10 shows the common-gate amplifier together with its small-signal equivalent
circuit and the asymptotic frequency-response magnitude of the voltage gain. CX repre-
sents the sum of all capacitances connected between node X and the ac ground, namely
the intrinsic capacitances Cgs1 and Cbs1 (=(n− 1)Cgs1) and the extrinsic overlap (Cgs1ov)
and junction (Cjbs1) capacitances. CL is composed of both the load capacitance and other
capacitances associated with the output node, namely Cgd1ov, Cgd2ov, Cjbd1, and Cjbd2.
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Fig. 7.9 (a) A common-gate amplifier. (b) The n-channel and p-channel MOSFET output characteristics.
(c) The voltage transfer characteristic.
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Using the small-signal equivalent of Figure 7.10(b), circuit analysis leads to the
following results for the transadmittance Ym,

YmðsÞ ¼ �io
vi

����
vo¼0

¼ gms1 þ gds1ð ÞGS

sCX þ gms1 þ gds1 þ GS
; (7:2:6)

and the output admittance Yo,

YoðsÞ ¼ � io
vo

����
vi¼0

¼ gds2ðgms1 þ gds1 þ GSÞ þ gds1GS

sCX þ gms1 þ gds1 þ GS

þ s CLðgms1 þ gds1 þ GSÞ þ CXgds2½ � þ s2CXCL

sCX þ gms1 þ gds1 þ GS
: (7:2:7)

Assuming that the usual approximations CXgds2 � CLðgms1 þ GSÞ and gms1 	 gds1,
and the dominant-pole approximation, are valid, we find that the voltage gain of the
common-gate amplifier is

AVðsÞ ¼ vo
vi

����
io¼0

¼ Ym

Yo
ffi gms1GS

CXCLðs� p1Þðs� p2Þ ; (7:2:8)

where

p1 ffi � gds2ðgms1 þ GSÞ þ gds1GS

CLðgms1 þ GSÞ ; p2 ffi � gms1 þ GS

CX
:
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Fig. 7.10 (a) A common-gate amplifier. (b) The small-signal equivalent circuit. (c) The magnitude
response of the voltage gain.
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The low-frequency gain and the unity-gain frequency are

AV0 ¼ gms1

gds1 þ gds2
1þ gms1

GS

gds2
gds1 þ gds2

� ��1

;

ωu ¼ �AV0p1 ¼ gms1

CLð1þ gms1=GSÞ :
(7:2:9)

Using the results of (7.2.8) and (7.2.9), we can readily find

� p2
ωu

¼ CL

CX
1þ gms1

GS

� �
1þ GS

gms1

� �
; (7:2:10)

which shows that the frequency of the secondary pole is typically higher (by a factor of at
least four times the ratio CL/CX) than the unity-gain frequency (see Figure 7.10(c)). The
input admittance is

Yi ¼ ii
vs

¼ gms1 þ gds1
1þ gds1=gds2

1þ sCL=gds2
1þ sCL= gds1 þ gds2ð Þ
� �

þ sCX: (7:2:11)

The input admittance under low-frequency operation is approximately gms1/2 for
gds1 = gds2.

The input-referred noise sources in and en can be determined in terms of the channel
noise associated with each transistor and from the small-signal equivalent circuit. For low
frequencies, the PSD of the input-referred noise current is negligible, whereas the PSD of
the input-referred noise voltage is

e2n
Δf

¼ 1

gms1 þ gds1ð Þ2
i2n1
Δf

þ i2n2
Δf

 !
ffi 1

g2ms1

i2n1
Δf

þ i2n2
Δf

 !
: (7:2:12)

The use of the expressions for the thermal and flicker noise of a single transistor
presented in Chapter 4 can be directly applied to (7.2.12) for the computation of the
input-referred equivalent noise source.

7.3 Source followers

In source followers, such as the one represented in Figure 7.11, the input signal is applied
to the gate and the output signal is taken at the source. The local substrate can be either
connected to the source (VB=VO)

2 of the input transistor or to VDD (VB=VDD).
The output characteristics of transistor M1 are shown in Figure 7.11(b). Note that,

if VO <VDD, the current is higher for VB= VO than for VB= VDD. The voltage transfer
characteristics in Figure 7.11(c) show that in the linear region the gain of the source
follower with VB=VO is very close to unity, whereas that with VB=VDD is around
1/n, where n is the slope factor. This dependence of the gain on n represents not only

2 In the case of the p-channel input transistor of the source follower, a connection between bulk and source is
allowed for n-well or triple-well technologies.
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a gain loss but also distortion since n is a function, even though slight, of the input
voltage.

We once again make use of the UICM to determine the voltage transfer characteristics
of the source follower. For the configuration in which the substrate is connected to the
source we have

VOjVB¼VO
ffi VI � VT0 þ n�t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 1

p � 2þ ln
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 1

p � 1
� �� �

; (7:3:1)

whereas for the case in which the substrate is connected to VDD we have

VOjVB¼VDD
ffi VDD þ VI � VDD � VT0

n
þ �t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 1

p � 2þ ln
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 1

p � 1
� �� �

;

(7:3:2)

where if 1 = IB/IS1. Expressions (7.3.1) and (7.3.2) are approximations for calculating the
dependence of the output voltage on the input voltage. If one assumes n and if1 to be
constant over the input-signal variation, the low-frequency gain of the follower with
separate wells for the active and load transistors, which is calculated using (7.3.1), equals
unity. On the other hand, the voltage gain of the follower with the active and load
transistors in a common well equals 1/n. The model used to derive both (7.3.1) and
(7.3.2) assumes that the transistor current in saturation is independent of the drain
voltage. Next, the application of the small-signal model shows how the voltage gain is
affected by the output conductance of the MOS transistor.
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VDD

VO
ID

IB

1:1

+
–

VI

(a)

VB

M3

ID

VDD VO

Load line VI = 0

VO

VI

VDD

VDD

∼1∼1/n

VDSsat2

(c)

(b)

Fig. 7.11 (a) A source follower. (b) Output characteristics of M1 for a local substrate connected either to the
output (solid lines) or to the VDD supply (dashed lines). (c) Voltage transfer characteristics for a
local substrate connected either to the output (solid line) or to the VDD supply (dashed line).
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The ac parameters of the source follower can be calculated using the small-signal
equivalent circuit drawn in Figure 7.12. CL is the sum of all capacitances connected
between the output node and the ac ground. The analysis of the circuit in Figure 7.12(b)
gives

YmðsÞ ¼ io
vi

����
vo¼0

¼ gm1 þ sðCgs1 þ Cgb1Þ; (7:3:3)

YoðsÞ ¼ � io
vo

����
vi¼0

¼ sðCL þ Cgs1 þ Cgb1Þ þ gds2 þ gm1 þ gds1: (7:3:4)

For low frequency, the output admittance in (7.3.4) reduces to the value of the
transistor transconductance, which is a well-known result.

The voltage gain of the source follower is

AVðsÞ ¼ vo
vi

����
io¼0

¼ Ym

Yo
¼ 1

1þ gds1 þ gds2
gm1

1þ sðCgs1 þ Cgb1Þ
gm1

1þ sðCL þ Cgs1 þ Cgb1Þ
gm1 þ gds1 þ gds2

: (7:3:5)

The zero frequency in (7.3.5) is equal to the intrinsic transition (unity-gain) frequency.
The voltage gain AV0 ffi 1� ðgds1 þ gds2Þ=gm1 is slightly below unity for frequencies up
to the pole frequency, which is approximately equal to the intrinsic transition frequency
when the output capacitance is lower than the gate capacitance. For load capacitances
much higher than the transistor’s gate capacitance, the pole frequency is approximately
gm1/CL. The input admittance determined from the ac equivalent circuit in Figure 7.12 is

Yi ¼ II
VI

¼ sCgd1 þ sðCgs1 þ Cgb1Þð1� AVÞ: (7:3:6)

For frequencies below the pole frequency, the input admittance in (7.3.6) is

Yi ¼ sCgd1 þ sðCgs1 þ Cgb1Þ gds1 þ gds2
gm1

� �
ffi sCgd1: (7:3:7)
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+
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Fig. 7.12 (a) A source follower and (b) its small-signal equivalent circuit.
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The result in (7.3.7) is not surprising since the output voltage follows the input voltage;
thus, the resulting current flowing through capacitor Cgs1 +Cgb1 is considerably lower
than that through Cgd1.

The PSDs of the input-referred noise voltage and noise current are

e2n
Δf

¼ i2n1=Δfþ i2n2=Δf

g2m1 þ ω2 Cgs1 þ Cgb1

� �2 ¼ 1=g2m1

1þ ω2=ω2
u

i2n1
Δf

þ i2n2
Δf

 !
; (7:3:8)

i2n
Δf

¼ ω2 Cgs1 þ Cgb1 þ Cgd1

� �2 e2n
Δf

: (7:3:9)

In (7.3.8) ωu is the intrinsic unity-gain frequency. The PSD of the input-referred noise
voltage follows the PSD of the channel currents of M1 and M2 up to frequencies
approaching ωu.

Example 7.4

Assume that the body of transistor M1 in Figure 7.12 is connected to VDD = 5V. The bias
current is IB= 8 μA. For the sake of simplicity let us assume that the specific currents are
not dependent on the gate voltage and that their values are IS1 = IS2 = IS3 = 1 μA. Also,
assume that the Early voltage of all of the transistors is VA= 10Vand that the slope factor
of transistor M1 is n(VG= 1V) = 1.12 and n(VG= 4V) = 1.25. (a) What is the approximate
maximum value of the input voltage such that M2 remains in saturation? (b) What is the
small-signal voltage gain in terms of the small-signal parameters? (c)What is the range of
the voltage gain for 1V<VG< 4V? Assume VT0 = −0.6V and �t= 25mV.

Answer

(a) For the data given we have if 2 = if1 = 8. The source–drain saturation voltage of
M2 is

VSDsat2 ffi �t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 2

p þ 3
� � ¼ 6�t:

Using the UICM for M1, we find the maximum value at which M2 remains in
saturation:

� VGB1 � VT0

n1�t
� VSB1

�t

� �
¼ � VGmax � VDD � VT0

n1�t
þ VSDsat2

�t

� �

¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 1

p � 2þ ln
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 1

p � 1
� �

¼ 1þ ln 2:

Assuming nffi 1.12 for VGmax and using the previous expression, we find

VGmax ¼ VDD þ VT0 � n1�t 6þ 1þ ln 2ð Þ ffi 4:18 V:

Note that the value obtained for VGmax is close to 4V. Therefore, the assumption n= 1.12
is quite acceptable.
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(b) Using the small-signal transistor model we find that

AV0 ¼ VO

VI

����
IO¼0

¼ gm1

gms1 þ gmd 2
¼ 1

n1 þ gmd 2=gm1
:

(c) The output conductance gmd2 = 8/10 = 0.8 μA/V. The transconductance gm1 is
given by

gm1 ¼ ID
n1�t

2ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if1

p þ 1
¼ 8� 103

25n1

2

4
¼ 160

n1
μA=V:

The voltage gains for 1V<VG< 4Vare in the range 0.888 >AV0 > 0.796.

7.4 Cascode amplifiers

The MOS cascode amplifier is a common-source amplifier loaded by a common-gate
amplifier [1], [4], [6], [7]. Cascode amplifiers can have quite large gains and reduce
significantly the Miller effect, which gives them an improved frequency response
compared with that of common-source amplifiers [6]. However, cascode topologies
suffer from reduced output-voltage swing due to stacked transistors. This is particularly
troublesome for more advanced CMOS technologies, which operate at low supply
voltages.

7.4.1 Telescopic- and folded-cascode amplifiers

The basic topologies of the telescopic- and folded-cascode amplifiers are shown in
Figure 7.13.

In either topology, the bias current IB3 and transistor M3 can be properly designed to
allow maximum output-voltage swing [8], [9]. To reach this goal, the bias generator
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–
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+
VI

IB2 IB3

(a) (b)

Fig. 7.13 (a) A telescopic-cascode amplifier. (b) A folded-cascode amplifier.
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composed of M3 and IB3 is designed in order to bias M1 with a drain-to-source voltage
slightly higher than the saturation voltage. The design equations for reaching such a goal
are explained in Chapter 5, in the subsection on high-swing cascode current mirrors. Note
that the power consumption of the folded-cascode amplifier is higher than that of the
telescopic-cascode amplifier. Despite this drawback, the folded-cascode amplifier has an
exceptional advantage over its telescopic counterpart; when used in a differential ampli-
fier, the common-mode input range and the output-voltage swing are higher in folded-
cascode amplifiers than in telescopic-cascode amplifiers.

To evaluate the frequency response of the cascode amplifiers in Figure 7.13 we use the
small-signal equivalent circuit represented in Figure 7.14. The signal source is assumed
to be ideal. As we will see later, this approximation is not of major consequence since the
effect of the gate-to-drain capacitance Cgd1 is not as high as in the common-source
amplifier. Note that Cg1 =Cgs1 +Cgb1 and that GL and CL represent the load plus the
parasitic capacitances connected to the output node.CX is the total capacitance associated
with node vX. The short-circuit and output transadmittances of the cascode amplifier are,
respectively,

Ym sð Þ ¼ �io
vi

����
vo¼0

¼ � gm1

1þ gds1
gms2 þ gds2

1� sCgd1

gm1

1þ sðCgd1 þ CXÞ
gms2 þ gds2 þ gds1

; (7:4:1)

YoðsÞ ¼ io
vo

����
vi¼0

¼ sCL þ GL þ gds2 s Cgd1 þ CX

� �þ gds1
� �

s Cgd1 þ CX

� �þ gms2 þ gds2 þ gds1
: (7:4:2)

Equation (7.4.1) shows that, as expected, the transconductance gain of the cascode
amplifier is very close to gm1, the transconductance of the common-source amplifier.

(b)
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ωp2 ωz
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gms2vx
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io

vx
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–
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gm1vg
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vi +
vg
–Cg1

GL

(a)

Fig. 7.14 (a) The small-signal equivalent circuit of the telescopic- and folded-cascode amplifiers
of Figure 7.13. (b) The magnitude response of the voltage gain.
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A small difference between the two transconductances is originated by a slight reduction
in the drain voltage of M1 due to a small (but not zero) resistance seen by the M1 drain.
The output conductance is the sum of GL and the output conductance of the cascode
device, being approximately equal to gds1gds2/gms2, which is interpreted very simply as
the output conductance of M1 attenuated by the voltage gain of the common-gate
amplifier. Now, considering the approximation gms2≫ gds1, gds2, GL and the output
capacitance to be at least of the same order of magnitude as the internal capacitances,
we find that

AV sð Þ ffi �
gm1gms2

GLgms2 þ gds1gds2
1� sCgd1

gm1

� �

1þ sCLgms2

GLgms2 þ gds1gds2

� �
1þ s Cgd1 þ CX

� �
gms2

� � : (7:4:3)

Once again we have used the dominant-pole approximation to find the poles of the
frequency response of the voltage gain. From (7.4.3) we note that the low-frequency gain
and the pole and zero frequencies are

AV0 ¼ gm1gms2

GLgms2 þ gds1gds2
; ωp1 ffi

GLgms2 þ gds1gds2
CLgms2

;

ωu ¼ AV0ωp1 ¼
gm1

CL
; ωp2 ffi

gms2

Cgd1 þ CX
; ωz ¼ gm1

Cgd1
: (7:4:4)

We note that the low-frequency gain for the case of an ideal current source (GL= 0) is
equal to the product of the low-frequency gains of the common-source and common-gate
amplifiers. Assuming that the two gains are approximately the same, the gain of the
cascode amplifier is equal to the square of the intrinsic transistor gain gm/gds. To obtain
a significant increase in the gain through the use of a cascode topology, the source
conductance GL must be of the order of gds1gds2/gms2 or lower, which means that the
output impedance of the current source must be high. When M1 and M2 are, as is
common, transistors with the same dimensions, gms2 > gm1 because gms2 = n2gm2ffi n1gm1.
Since CL is typically higher than Cgd1 +CX, the secondary pole and zero frequencies are
higher than the unity-gain frequency, which is an important benefit for the stability and
transient response of feedback amplifiers.

An important advantage of the cascode amplifier compared with the common-source
amplifier is the reduction in the Miller effect. In the cascode amplifier, the effect of Cgd1

on the input capacitance can be readily calculated by noting that the voltage gain at the
intermediate node vx is equal to gm1=gms2 ffi 1=n for equally sized M1 andM2. Therefore,
Cgd1 is seen by the input source as a capacitance equal to

Cgd1ð1þ gm1=gms2Þ ffi Cgd1ðnþ 1Þ=n52Cgd1;

since the slope factor n is greater than unity, which clearly shows that the cascode stage
contributes a much smaller Miller capacitance than does the common-source stage. This
advantage is especially important in applications where the input source impedance is not
low and can cause the Miller effect to be the dominant factor in determining the roll-off
characteristics of amplifiers.
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One might think of enhancing the gain by increasing the number of stacked transistors.
For each additional cascode level, the output impedance increases by a factor equal to
gms/gds. The gain of a triple-cascode amplifier, for example, is approximately (gm/gds)

3.
However, increasing the number of levels of stacked transistors has two main disadvan-
tages [1], [10]: (i) the addition of each cascode level reduces the output swing by at least
(if proper bias is employed) one saturation voltage; and (ii) each transistor included in the
signal path introduces an extra pole in the transfer function. To restore the phase margin,
the load capacitance has to be increased, thus reducing the unity-gain frequency of the
amplifier [10].

Example 7.5

For the circuit in Figure 7.13(a) W1 =W2 = 40 μm, W3 = 2 μm, L1 = L2 = L3 = 1.0 μm,
VDD = 3.3V, IB2 = IB3 = 9 μA, VT0N= 0.5V, C0

ox = 5 fF/μm
2, μN = 400 cm

2/V per s, and
CL = 2 pF. For the sake of simplicity, assume that n1 = n2 = 1.2, VA1 =VA2 = 9V, and
�t= 25mV. Calculate (a) VDS1 assuming that M2 operates in saturation. Is M1 operating
in saturation? Calculate (b) the minimum output voltage such that M2 operates in
saturation, (c) the transconductance of the cascode stage, (d) the output resistance,
(e) the voltage gain, (f) the unity-gain frequency, and (g) the dominant-pole frequency.

Answer

(a) For the given data we have IS1 = IS2 = 3 μA and IS3 = 0.15 μA. Thus, for saturated
transistors we have if 1 = if 2 = 3 and if 3 = 60. Using the UICM for M3, we find that
VP3 = 7.73�t. Since the gates of M2 and M3 are connected to each other, VP2 =VP3.
Now, on applying the UICM to M2, we find that

VSB2 ¼ VP2 � �t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 2

p � 2þ ln
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 2

p � 1
� �� � ¼ VP2:

Since the substrate of M2 is connected to ground, VDS1 =VSB2 = 7.73�t. Note that VDS1 is
slightly greater than VDSsat1 ¼ �t

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if1

p þ 3
� � ¼ 5�t; therefore, M1 is operating in

saturation. Also note that VDSsat2 =VDSsat1 because if 1 = if 2. (b) Thus, the minimum
output voltage such that M2 operates in saturation is VOmin= 12.73�tffi 318mV. (c) The
transconductance of the cascode stage is approximately equal to gm1, which can be
calculated from the transconductance-to-current ratio

gm1 ¼ 2ID1

n�t

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if1

p þ 1
� � ¼ 2� 9� 10�6

1:2� 25� 10�3 � 3
μA=V ¼ 0:2 mA=V:

(d) The output conductance is, from (7.4.2),

gds2gds1
gms2 þ gds2 þ gds1

ffi gds2gds1
gms2

¼ 10�6 � 10�6

1:2� 0:2� 10�3
¼ 4:17 nA=V:

Thus, the output resistance RO= 240MΩ.
(e) AV0 = −gmRO=−48 000.
(f) The unity-gain frequency fu = gm1/(2πCL)ffi 16MHz.
(g) The pole frequency fP= 16MHz/48 000ffi 330Hz.
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As the technology is scaled down, the transition frequency of transistors increases but
the intrinsic gain decreases. Thus, achieving high voltage gains becomes tougher in more
advanced technologies [10]. In some cases, the gain achievable with a two-level cascode
stage is not sufficient for the application and an additional cascode level introduces the
previously mentioned disadvantages. To achieve high voltage gains without introducing
the drawbacks of triple (or quadruple) cascode stages, the gain-boost technique [10]–[13]
introduced in the next section has been proposed.

7.4.2 The gain-boost technique

One of the circuits that has a greater output impedance than that of a cascode stage is the
regulated cascode circuit shown in Figure 7.15 [12], [13]. Transistor M3 implements a
negative-feedback amplifier that reduces the drain voltage (and current) variations of M1

in response to the changes in the output voltage VO, thus increasing the output resistance.
The regulated cascode in Figure 7.15 was conceived to operate in strong inversion,

even though the general concepts for its proper operation can be applied to other
regions. In order to have the full benefit of the regulated cascode circuit, the output
voltage must be

VO4VDS1 þ VDSsat2 (7:4:5)

for operation of M2 in saturation. In order to maximize the output swing, VDS1 should be
approximately equal to the drain-to-source saturation voltage of M1. However, the value
of VDS1=VGS3 is mainly determined by the feedback amplifier composed of M3 and IB3.
If M1 is designed to operate in weak/moderate inversion (if< 100), VGS3 must be within
the approximate range 100–350mV for an optimally biased circuit. Such values of the
gate-to-source voltage are extremely hard to obtain, since a very low IB3 and/or a large
aspect ratio for M3 would expend too much silicon area.

The transconductance of the regulated cascode circuit is Gmffi gm1. The output con-
ductance is

+

–

IO

M1

M2

VO

VDD

IB3

M3

VDD

IB2

VI

CL

Fig. 7.15 The regulated cascode amplifier.
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G0 ¼ gds1gds2
gm2A3 þ gms2 þ gds1 þ gds2

ffi gds1gds2gds3
gm2gm3

; (7:4:6)

where A3 is the voltage gain vd3/vg3 (see Problem 7.6). The output impedance of the
regulated cascode amplifier is higher than that of a cascode amplifier by a factor
approximately equal to the voltage gain of the additional amplifier composed of
M3 and current source IB3. Thus, the low-frequency voltage gain is greater than that of
a simple cascode amplifier. To calculate the unity-gain frequency, we simply note that the
amplifier voltage gain equals the product of the transconductance gain and the output
impedance. At high frequencies, the output impedance is dominated by the output
capacitance CL. Therefore, the unity-gain frequency is fu = gm1/(2πCL).

Another circuit for the gain-boost principle, which is based on an operational amplifier,
is shown in Figure 7.16 [10]. This implementation, also called the active cascode
amplifier [1], allows a larger output swing and a higher low-frequency gain than those
of the regulated cascode circuit in Figure 7.15.

For further details on the frequency response of the active cascode amplifier the reader
is referred to [10]. A well-designed active cascode amplifier has the benefit of an
improved low-frequency gain while keeping the same unity-gain frequency as that of a
simple cascode amplifier [10].

The transconductance of the gain-boost cascode circuit is Gmffi gm1 and its output
conductance is

G0 ¼ gds1gds2
gm2Ad 0 þ gms2 þ gds1 þ gds2

ffi gds1gds2
gm2Ad 0

; (7:4:7)

where Ad0 is the low-frequency voltage gain of the operational amplifier. The overall dc
gain of the cascode stage with the additional operational amplifier is

AV0 ¼ �Gm

G0
ffi � gm1

gds1

gm2

gds2
Ad 0; (7:4:8)
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Fig. 7.16 The cascode amplifier with gain enhancement.
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i.e. the dc gain of the active cascode stage is now equal to that of the simple cascode
amplifier multiplied by the dc gain of the operational amplifier.

7.5 Differential amplifiers

The differential amplifier, one of the most widely used blocks of analog integrated
circuits, is aimed at amplifying the voltage difference between two input signals and
rejecting the signal common to both inputs [1], [6]. Differential amplifiers are important
to detect weak signals contaminated by common-mode signals, which can be supply/
ground noise, cross-talk, etc. An important property of differential amplifiers is that they
can be coupled to one another without the need for either interstage coupling capacitors
or level shifting [1], [6].

7.5.1 The source-coupled pair

The main block of differential amplifiers is the source-coupled pair shown in
Figure 7.17. In its idealized version, it is composed of two perfectly matched tran-
sistors M1 and M2 and an ideal constant-current source. Transistors M1 and M2

operate in saturation and the currents through them are assumed to be independent of
the drain voltages. The local substrate can be connected either to the source or to
ground.
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M1 M2
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+
–

+
– VG2VG1
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VD1 VD2

(a)

0 168 24–8–16–24

1

IT /IS = 1000

10010

<1

I1/IT
I2/IT

VID

nφt
(b)

Fig. 7.17 (a) A schematic diagram of the source-coupled pair and (b) its dc transfer characteristics.
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7.5.1.1 The dc transfer characteristics
For the sake of simplicity we will assume that the slope factor n and the specific currents
IS of both M1 and M2 are independent of the gate voltage. Recalling that

VP1 ffi ðVGB1 � VT0Þ=n; VP2 ffi ðVGB2 � VT0Þ=n (7:5:1)

and defining the differential output current

IOD ¼ I1 � I2; (7:5:2)

the application of the UICM to both M1 and M2 yields

VP1ð2Þ � VSB

�t
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ I1ð2Þ

IS

s
� 2þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ I1ð2Þ

IS

s
� 1

 !
: (7:5:3)

The use of (7.5.3) together with (7.5.1) and (7.5.2) gives the differential input voltage
in terms of the differential output current as

VID

n�t
¼ VG1 � VG2

n�t
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT þ IOD

2IS

r
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT � IOD

2IS

r

þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT þ IOD

2IS

r
� 1

� �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT � IOD

2IS

r
� 1

� �	 

:

(7:5:4)

If both M1 and M2 operate in weak inversion, the relationship between the differential
output current and the differential input voltage is

IOD

IT
¼ I1 � I2

IT
¼ tanh

VID

2n�t

� �
: (7:5:5)

Formula (7.5.5) shows that the differential output current does not change significantly
if the differential input voltage is greater than 4n�t, for any inversion level, as can be seen
in Figure 7.17 for IT/IS< 1 and in Figure 7.18, where I1, I2, and the difference between
them are plotted.

VID

nφt

–1

I1/IT

I2/IT

0 42–2–4

1

(I1 – I2)/IT
gm1

Fig. 7.18 The dc transfer characteristics of the differential pair in weak inversion.
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On the other hand, the differential output current in strong inversion is

IOD

IT
¼

VID

n�t

ffiffiffiffiffiffiffiffiffiffiffi
IT=IS

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� VID

n�t

ffiffiffiffiffiffiffiffiffiffiffi
IT=IS

p
 !2

vuut for
VIDj j

n�t

ffiffiffiffiffiffiffiffiffiffiffi
IT=IS

p � 1;

1 for
VID

n�t

ffiffiffiffiffiffiffiffiffiffiffi
IT=IS

p 41;

�1 for
VID

n�t

ffiffiffiffiffiffiffiffiffiffiffi
IT=IS

p 5� 1:

8>>>>>>>>>>><
>>>>>>>>>>>: (7:5:6)

The output current saturates ( IODj j ¼ IT) for VIDj j 
 n�t

ffiffiffiffiffiffiffiffiffiffiffi
IT=IS

p
.

7.5.1.2 The common-mode input range
So far we have assumed the current source to be ideal and both M1 and M2 to operate in
saturation, which, in reality, is not always the case. To calculate the range of input
voltages for which the differential pair operates appropriately, let us assume that the
drain voltages of both transistors are equal to VD and that the two inputs are tied together
and connected to a supply voltage equal to VG. If VG increases, the voltage VS at the
common-source node also increases and the drain-to-source voltage of both transistors
decreases. M1 andM2will remain in saturation as long asVDS>VDSsat. On the other hand,
decreasing VG will reduce VS, which must be higher than a certain voltage for the proper
operation of the current source. In the analysis that follows, we assume that VB = 0. In this
case, the use of the UICM, which is given by (7.5.3), allows us to write

VS ¼ VG � VT0

n
� �t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT

2IS

r
� 2þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT

2IS

r
� 1

� �	 

: (7:5:7)

The current source operates appropriately if a minimum voltage difference is estab-
lished between its terminals; in other words, one must have VS>VSmin. On the other
hand, the drain-to-source voltage of both M1 and M2 must be greater than the transistor
saturation voltage. These two conditions are written as

VSmin � VS � VD � VDSsat1: (7:5:8)

By substituting for the value of VS in (7.5.8) that given in (7.5.7), we can readily find
the common-mode input range for proper operation of the source-coupled pair.

Example 7.6

The source-coupled pair in Figure 7.17 is biased with IT= 140 nA and VD1=VD2 = 3.3V.
The voltage difference between the terminals of the current source must be at least 100mV
for correct operation. Assume that VT0 = 0.5V, n=1.2, and ISH=70nA. Calculate the
common-mode input voltage for aspect ratios of (a) W/L= 100 and (b) W/L= 0.01.

Answer

Using (7.5.7) and (7.5.8), we find that

n VSmin þ �tF
IT
2IS

� �	 

� VG � VT0 � n VD � VDSsat1 þ �tF

IT
2IS

� �	 

(E7.6)
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with

F
IT
2IS

� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT

2IS

r
� 2þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT

2IS

r
� 1

� �
:

(a) For the data given, IT/(2IS) = if1 = if2 = 0.01, which gives VDSsat1 ¼
�t½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 1

p þ 3� ffi 100mV. Using formula (E7.6), we find that 0.43V ≤VG ≤ 4.15V.
(b) IT/(2IS) = if1 = if2 = 100, VDSsat1 = 325mV, and 0.93V ≤VG ≤ 4.37V.

7.5.1.3 The input offset voltage
So far we have analyzed the differential pair assuming M1 and M2 to be matched. In this
case, the currents flowing through M1 and M2 are equal if VID= 0. Now, let us evaluate
the impact of mismatch on the dc performance of the differential pair. In the case of an
MOS differential amplifier, the input offset voltage is a quantity that represents the effect
of all the component mismatches within the amplifier on its dc performance [1]. In the
case of the simple differential pair under analysis, the input offset voltage is the voltage
difference required at the input in order to make the differential output current equal to
zero.

A very simple model assumes that the mismatch between two transistors can be
represented by an imbalance between the transistor threshold voltages and normalization
currents. Using this simple model we write

VT 01 ¼ VT 02 þ ΔVT; IS1 ¼ IS2 þ ΔIS: (7:5:9)

The drain current of a long-channel transistor can be written as

ID ¼ IS if ðVG � VT 0;VSÞ � irðVG � VT 0;VDÞ
� �

: (7:5:10)

Since both M1 and M2 operate in saturation, the last term in (7.5.10) can be neglected;
thus, for a small differential input signal we can write the difference between the currents
flowing through M1 and M2 as

ΔID
ID

ffi 1

ID

∂ID
∂IS

ΔIS þ ∂ID
∂VG

ΔVG þ ∂ID
∂VT 0

ΔVT 0

� �

¼ ΔIS
IS

þ gm
ID

ΔVG � ΔVT 0ð Þ; (7:5:11)

where ΔID ¼ I1 � I2 and ΔVG ¼ VG1 � VG2. Note that, according to (7.5.10), the
derivatives of the current with respect to the gate voltage or to the threshold voltage
are equal but with opposite signs. In order to have I2 = I1, that is ΔID= 0, (7.5.11) gives

ΔVG ¼ VOS ¼ ΔVT 0 � ID
gm

ΔIS
IS

¼ ΔVT 0 � n�t
1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ IT=ð2ISÞ
p

2

ΔIS
IS

: (7:5:12)

According to the model in (7.5.12), the offset voltage is equal to the threshold-
voltage mismatch plus an additional term associated with the specific-current mismatch
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that increases for increasing inversion levels. In order to have a low offset voltage,
the input transistors of a differential pair should operate in the weak/moderate-
inversion region to minimize the impact of the specific current mismatch on the offset
voltage. If one assumes Pelgrom’s model to be valid and the mismatch parameters to be
uncorrelated, the variance of the input offset voltage calculated in (7.5.12) can be
written as

σ2 VOSð Þ ¼ σ2 VTð Þ þ IT
2gm

� �2 σ2 ISð Þ
I2S

¼ A2
VT

WL
þ n�t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT=2IS

p þ 1

2

 !2
A2

IS

WL
: (7:5:13)

Using the model derived in Chapter 4 for current mismatch, we can write

σ2 VOSð Þ ¼ σ2ID
g2m

¼ IT
2gm

� �2
1

WL

Noi

N�2
1

if
ln 1þ if
� �þ A2

IS

	 

; (7:5:14)

where IT/(2gm) is given by the same expression as in (7.5.13).

Example 7.7

The nominal specific current of transistors M1 and M2 in Figure 7.17 is IS= 1 μA. The
transistor dimensions are W= 40 μm and L= 2.5 μm. Assume that n = 1.2, �t= 25mV,
AVT = 10mV μm, and AIS= 2% μm. (a) Using (7.5.13), calculate the standard deviation of
the offset voltage for inversion levels from 0.1 to 4000. At which current level is the
contribution of the threshold-voltage mismatch to the offset voltage equal to the con-
tribution of the specific-current mismatch? (b) Using (7.5.14), calculate the standard
deviation of the offset voltage for inversion levels from 0.1 to 4000.

Answer

(a) Using (7.5.13) we have

σ2 VOSð Þ ¼ 10�8
� �2
10�10

þ 1:2� 25� 10�3

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 1

2

 !2
2� 10�8
� �2

10�10
;

which gives a standard-deviation range of 1.0mV to 2.17mV for if in the range 0.1 to
4000. The contributions of VTmismatch and of ISmismatch to the offset voltage are equal
when if = 1045. (b) Recalling that Noi=N

�2 ¼ ½AVT=ðn�tÞ�2, the application of (7.5.14)
gives a standard-deviation range of 1.0mV to 2.41mV for if in the range 0.1 to 4000.

7.5.1.4 Small-signal analysis
Before starting with the ac analysis of the differential pair, let us recall some important
definitions. For the differential pair in Figure 7.17(a), the differential (vid) and common-
mode (vicm) input voltages are defined as
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vid ¼ vg1 � vg2 (7:5:15)

and

vicm ¼ vg1 þ vg2
2

; (7:5:16)

respectively. Note that the input voltages can be written in terms of the differential and
common-mode components as

vg1 ¼ vicm þ vid
2
; vg2 ¼ vicm � vid

2
: (7:5:17)

Ideally, the differential pair is not sensitive to the common-mode input voltage, i.e. the
differential output current is dependent only on the differential input voltage.

We now define the small-signal differential transconductance of the differential pair as

gdm ¼ dIOD

dVID

����
VID¼0

¼ gm1ð2Þ ¼ 2IS
n�t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT

2IS

r
� 1

� �
: (7:5:18)

The transconductance of the differential pair equals that of a single transistor of the
pair. In effect,

dIOD

dVID
¼ dI1

dVG1

dVG1

dVID
� dI2
dVG2

dVG2

dVID
¼ gm1

1

2
� gm2 � 1

2

� �
¼ gm1:

One effect of transistor mismatch on the differential pair is the non-zero common-
mode transadmittance [14] ycm−dm= iod/vicm that contributes to degrading the common-
mode rejection ratio (CMRR), an important parameter to be defined later. To calculate
ycm−dm, we show in Figure 7.19 the small-signal circuit equivalent to the scheme in
Figure 7.17(a) for vg1 = vg2 = vg = vicm. Note that the small-signal model is composed of

i2i1

yt

vs 2
gms vs

Δgms−
2

gms vs

Δgms+

2
gmb vb

Δgmb−
2

gmb vb

Δgmb+
2

gm vg

Δgm−2
gm vg

Δgm+

Fig. 7.19 The small-signal circuit equivalent to the differential pair for vg1 = vg2 = vg.
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the superposition of differential and common-mode models. The common-mode small-
signal parameters are gm= (gm1 + gm2)/2, and so on, whereas the differential parameters
are Δgm= gm1 − gm2, and so on.

Now, using nodal analysis, we obtain

vs ¼ gm
yt=2þ gms � gmb

vg ¼ gm
yt=2þ gm þ gmd

vg (7:5:19)

when vb = vs (substrate connected to the source) and

vs ¼ gm
yt=2þ gms

vg (7:5:20)

when vb = 0 (substrate connected to ground). The differential output current is readily
calculated from the circuit in Figure 7.19 by eliminating the common-mode components
of the voltage-controlled current sources. The remaining circuit gives

ycm�dmjvb¼vs
¼ iod

vg

����
vb¼vs

¼ yt=2þ gmdð ÞΔgm
yt=2þ gm þ gmd

ffi yt=2þ gmdð ÞΔgm
gm

(7:5:21)

and

ycm�dmjvb¼0 ¼
iod
vg

����
vb¼0

¼ yt=2þ gmsð ÞΔgm � gmΔgms

yt=2þ gms
ffi yt

2

Δgm
ngm

� gm
Δn
n
: (7:5:22)

In (7.5.21) we have assumed that the variations in gmd are negligibly small compared
with other transconductance variations. Both approximations in (7.5.21) and (7.5.22) are
quite acceptable since the transistor transconductance is usually much higher than the
magnitude of the output admittance of the current source, except for very high frequen-
cies. Recalling that the relationship between transconductance and current in a MOSFET
operating in saturation is

gm ¼ 2IS
n�t

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ID

IS

r
� 1

� �
; (7:5:23)

the normalized transconductance mismatch is

Δgm
gm

¼ �Δn
n

þ 1

2

ΔID
ID

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ID

IS

r
þ 1

� �
þ ΔIS

IS

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ID

IS

r
� 1

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ID

IS

r : (7:5:24)

Δgm/gm is dependent not only on the structural asymmetry of the differential pair,
through Δn and ΔIS, but also on the functional asymmetry, through ΔID [14], which in
turn is dependent on the differential input voltage. The transconductance mismatch
reduces to

Δgm
gm

¼ �Δn
n

þ ΔID
ID

(7:5:25)
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in weak inversion and to

Δgm
gm

¼ �Δn
n

þ 1

2

ΔID
ID

þ ΔIS
IS

� �
(7:5:26)

in strong inversion. When the input voltage equals the offset voltage, ΔID/ID= 0.

7.5.2 Resistive-load differential amplifiers

The output currents of the source-coupled pair can be converted into voltages by means
of resistors, as shown in Figure 7.20. In the linear region of the transfer characteristic, the
output currents and, consequently, the output voltages VO1 and VO2 are proportional to
the differential input voltage and 180o out of phase.

The use of resistors in amplifiers in CMOS technologies is, generally, not recom-
mended because they expend too much silicon area and have very large parasitic
capacitance. Furthermore, the voltage gain of a resistive load amplifier is limited by
the power-supply voltage [1]. Consider, for instance, the differential amplifier in
Figure 7.20. The differential voltage gain Ad = (vo2 − vo1)/(vg1 − vg2) = gmR. Note that
output VO1 is in phase with input VG2 and 180o out of phase with input VG1. The
maximum value of gm for a given drain current is ID/(n�t), which is achieved in
weak inversion. Thus, the maximum voltage gain is Admax = RID/(n�t). Clearly, the
voltage drop RID cannot exceed the supply voltage VDD. For the 0.35-μm CMOS
technology, VDD = 3.3 V is the maximum supply voltage and, therefore, assuming
that n�tffi 30mV, a voltage gain of the order of 100 would be unfeasible with the
topology of Figure 7.20.

To overcome the problem of voltage gain limited by the supply voltage in a resistive-
load amplifier, transistors operating as current sources can be used as loads to benefit
from their high (non-linear) output resistance. This type of amplifier, however, does not
have a stable common-mode output voltage. This problem can be solved by the use of a
common-mode feedback scheme, which will be discussed in the chapter on operational
amplifiers.

IT

I2

M1 M2

I1

++
– –

VG2VG1
VS

VO1 VO2

VDD

R R

Fig. 7.20 A resistive-load differential amplifier.
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7.5.3 Current-mirror-load differential amplifiers

A popular configuration of differential amplifiers uses a current mirror for the load, as
shown in Figure 7.21.

We start by analyzing the differential amplifier as an operational transconductance
amplifier (OTA), a device that converts a differential input voltage (VID) into an output
current (IL). Note that this asymmetrically loaded amplifier converts a differential input
voltage into a single-ended output. For the purpose of a first-order analysis, let us assume
that the pairs M1−M2, M3−M4, and M5−M6 are perfectly matched and all transistors
operate in saturation. Also, let us assume that the output node (VO) is connected to
a constant-voltage source and that the Early voltage of all transistors is infinite. If
VID=VG1−VG2 = 0, then I1 = I2 and the (ideal) current mirror forces I4 to be equal to I3;
thus, IL= 0. If VID> 0, then I1 > I2 and, since I4 = I1 we have IL > 0. The current transfer
characteristic of the OTA resembles the solid curve in Figure 7.18. The gate of M1 is the
non-inverting input since an increase in VG1 in relation to VG2 forces an outgoing current
at the amplifier output. When a resistive load is connected to the output, the output
voltage will be in phase with the gate voltage of M1. Similarly, the gate of M2 is the
inverting input since an increase in VG2 with respect to VG1 will give rise to an incoming
current at the output.

7.5.3.1 Voltage transfer characteristics
The plot of the output voltage in terms of the input voltages is shown in Figure 7.22. For
VID= 0, the currents in M1 and M2 are the same and the output voltage, for matched pairs
of transistors, equals the gate voltage of the current-mirror transistors. If we increase VID,
this will force I1 to be greater than I2 and, consequently, the gate voltage of M3 will
decrease, which tends to increase I4. However, for static conditions, the currents I2 and I4
must be equal, thus, the output voltage has to increase in such a way that the equality

VO
I2

M1 M2

I1

+
VG1
–

VDD

+
VG2
–

VDD

IT

M6 M5

CL

M3 M4

I4
IL

1:1

VS

Fig. 7.21 A current-mirror-load differential amplifier.
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I2 = I4 holds. Note that the gate of M1 is the non-inverting input since an increase in VG1

will force VO to increase. The voltage transfer characteristic of the differential amplifier
has a center region for which the gain is relatively high and two regions where the gain is
low. In the center region both M2 and M4 operate in saturation, a condition that leads to
the voltage gain having a high value. The segment of the curve to the right of the high-
gain region corresponds to M4 in the triode region while the segment to the left
corresponds to the situation in which M2 is in the triode region. Note that the range of
the output voltage associated with the high-gain region is dependent on the common-
mode input voltage. This drawback of the current-mirror-load amplifier inhibits its use in
applications for which the variation in the common-mode input voltage is significant.

7.5.3.2 The common-mode input range
The proper operation of the differential amplifier requires the transistors that compose
it to be in saturation in order to provide it with a high gain and to keep the tail current
at an almost constant value. The minimum voltage required at node VS to keep M5 in
saturation is

VSmin ¼ VDSsat5 ¼ �t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT=IS5

p
þ 3

 �
: (7:5:27)

The common-mode input voltage VICM required to keep M5 in saturation must be
greater than a minimum value VICMmin. Using the relationship between VS and the
common-mode input voltage VG given by (7.5.7) together with the minimum value of
VS given by (7.5.27), we find that

VICMmin � VT0N

nN
¼ �t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT

IS5

r
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT

2IS1

r
þ 1þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT

2IS1

r
� 1

� �	 

:

(7:5:28)

Now let us determine the maximum input voltage for which M1 remains in saturation.
When the differential amplifier operates in the high-gain region, the current provided by

2

VICM = 2.0 V

VICM = 3.0 V

VID (V)–2 –1 0 1

1

2

3

4

5VO

Fig. 7.22 Voltage transfer characteristics of the differential amplifier of Figure 7.21 for common-mode
input voltages of 2V and 3Vand VDD = 5V.
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M5 is equally split between M1 and M2. The drain voltage VD1 =VD3 =VG3 can be
calculated from the application of the UICM to M3, yielding

VD1 ¼ VDD þ VT0P � nP�t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT

2IS3

r
� 2þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT

2IS3

r
� 1

� �	 

: (7:5:29)

If VICM increases, the voltage VS at the common-source node also increases and the
drain-to-source voltage of M1 decreases, since VD1 is a constant given by (7.5.29).
M1 remains in saturation as long as VDS1 >VDSsat1. By calculating VS1 from (7.5.7) and
VD1 from (7.5.29), and using the expression for the saturation voltage in terms of the
inversion level, we find that

VICMmax � VT0N

nN
¼VDD þ VT 0P þ �t �5þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT

2IS1

r
� 1

� �	 


� nP�t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT

2IS3

r
� 2þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT

2IS3

r
� 1

� �	 

: (7:5:30)

The appropriate operation of the differential amplifier is achieved when both M2 and
M4 also operate in saturation. In the next section, we determine the range of the output
voltage appropriate to obtain this condition.

7.5.3.3 The output voltage range
The maximum output voltage, which is limited by the drain-to-source saturation voltage
of M4, is

Vomax ¼ VDD � VDSsat4j j ¼ VDD � �t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT=2IS4

p
þ 3

 �
: (7:5:31)

The output voltage, which must be greater than a minimum value Vomin in order for M2

to remain in saturation, is given by

Vomin ¼ VS þ VDSsat2 ¼ VICM � VT0N

nN
� �t �5þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT

2IS2

r
� 1

� �	 

: (7:5:32)

Equation (7.5.32) imposes a severe constraint on the use of a differential amplifier as a
single-stage amplifier, since the minimum output voltage is dependent on the common-
mode input range. This constraint can be seen in Figure 7.22, which shows that the
minimum output voltage required in order for the amplifier to remain in the high-gain
region is higher for VICM=3V than for VICM=2V. We will see in Chapter 8 that the
inclusion of some transistors in the topology of Figure 7.21 allows an increase in the output
voltage range of the differential amplifier, but at the expense of higher power dissipation.

7.5.3.4 The offset voltage
If matching is ideal in the differential amplifier of Figure 7.21, the output voltage equals
VG3 and IL = 0 when the differential input voltage is equal to zero. The input-referred
offset voltage is the differential input voltage required to give IL= 0.

Using once again the simple model that represents transistor mismatch by imbalances
between the threshold voltages and between the normalization currents, we write
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VT 03 ¼ VT 04 þ ΔVT 0P; IS3 ¼ IS4 þ ΔISP;

VT 0P ¼ VT 03 þ VT 04

2
; ISP ¼ IS3 þ IS4

2
: (7:5:33)

A mismatch between the Early voltages also affects the offset voltage but is not of
major impact, owing to the much lower sensitivity of the current to the Early voltage than
to the threshold voltage or to the specific current. The common-mode input voltage also
affects the offset voltage [15] since the tail current is dependent on it, but we will ignore
this effect due to its secondary importance to the offset voltage.

We have previously calculated the offset voltage owing to mismatch in the pair
M1−M2 (see (7.5.12)). To calculate the overall offset voltage we must add the offset
term VOS2 due to mismatch in the pair M3−M4.

The difference (I3 − I4) is given by

ΔID ¼ I3 � I4 ffi ∂ID
∂ISP

ΔISP þ ∂ID
∂VT0P

ΔVT 0P

¼ IT
2

ΔISP
ISP

þ gmp ΔVT 0P: (7:5:34)

If the pair M1−M2 is perfectly matched, we can compute VOS2 by noting that
I1− I2 = I3− I4 is required in order to have IL= 0. The difference (I1 − I2) referred to the
differential input becomes

VOS2 ¼ I1 � I2
gmn

¼ ΔVT 0P
gmp

gmn
þ IT=2

gmn

ΔISP
ISP

: (7:5:35)

Finally, by adding the offset voltage calculated in (7.5.12) (with the inclusion
of the subscript N to make it clear that we are referring to n-channel devices) to
that calculated in (7.5.35), we find the overall offset voltage of the differential
amplifier as

VOS ¼ ΔVT 0N � IT
2gmn

ΔISN
ISN

þ ΔVT 0P
gmp

gmn
þ IT
2gmn

ΔISP
ISP

¼ ΔVT 0N þ ΔVT 0P
nN
nP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT=ð2ISNÞ

p þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT=ð2ISPÞ

p þ 1

þ nN�t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT=ð2ISNÞ

p þ 1

2

ΔISP
ISP

� ΔISN
ISN

� �
: (7:5:36)

For the sake of simplicity, let us assume that the inversion levels of the input transistors
and of the current mirror are about the same. In this case, the offset voltage is equally
affected by the threshold-voltage mismatch of the input pair of transistors and that of the
current-mirror load. The term of the offset voltage corresponding to the specific-current
mismatch is proportional to the current-to-transconductance ratio, which increases for
high inversion levels. As previously explained, the specific-current mismatch does not
play an important role in the determination of mismatch in transistors except at high
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inversion levels. Thus, as expected, the offset voltage of differential amplifiers is mostly
affected by threshold-voltage mismatch.

Example 7.8

The nominal specific current of transistors M1 throughM4 in Figure 7.21 is ISN= ISP=1μA.
The transistor dimensions areW1,2 = 40μm, L1,2 = 2.5μm andW3,4 = 100μm, L3,4 = 2.5μm.
Assume that nN=nP=1.2, �t=25mV, AVTN=AVTP=10mVμm, and AISN=AISP=2%μm.
Determine the standard deviation of the offset voltage for IT=0.2 and 200μA, assuming
that the mismatch parameters are uncorrelated. Draw the graph of the probability density
function (pdf) of the offset voltage for IT=0.2μA, assuming that it follows a normal
distribution.

Answer

(a) Using

σ2 VOSð Þ ¼ σ2 VT0Nð Þ þ σ2 VT0Pð Þ

þ n�t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT=ð2ISNÞ

p
2

 !2

σ2 ISNð Þ þ σ2 ISPð Þ� �
;

σ2 VT0NðPÞ
� � ¼ A2

VTNðPÞ
W1ð3ÞL1ð3Þ

and σ2 ISNðPÞ
� � ¼ I2SNðPÞ

W1ð3ÞL1ð3Þ
;

we find that

σ VOSð Þ ffi 1:18 mV for IT ¼ 0:2 μA;
1:25 mV for IT ¼ 200 μA:

�

Now, assuming that the offset voltage follows a Gaussian distribution, we plot in
Figure 7.23 the pdf of the offset voltage normalized to its standard deviation, which is
1.18mV for IT= 0.2 μA. Note that, for the normal distribution, 68.2% of the samples are
expected to have an offset voltage that lies within ±1.18mV.

7.5.3.5 Small-signal analysis – differential voltage gain
To analyze the small-signal behavior of the differential amplifier, we assume that it is
operating in a closed-loop configuration, which implies that the differential input voltage

34.1% 34.1%

13.6%13.6%
2.1% 2.1%

VOS/1.18–3 –2 –1 0 1 2 3

0
0.

1
0.

2
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3
0.

4
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d

f

Fig. 7.23 The probability density function (pdf) of the offset voltage for the differential amplifier
of Example 7.8.
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is very small. In this case, the differential amplifier can be assumed to operate linearly
and, consequently, the output can be calculated as the superposition of the effects of both
the differential and the common-mode input voltage. We will first analyze the response of
the amplifier to the differential input voltage.

A common simplification employed to ease the analysis of the response to the
differential input voltage is to assume that the differential amplifier is perfectly balanced.
This is the case, for example, when the differential pair shown in Figure 7.20, loaded with
a pair of perfectly identical resistors, is perfectly matched. In the balanced case, the half-
circuit concept [1], [6], [16] can be used to calculate the amplifier response. This concept
consists of determining the overall ac performance of the amplifier by analyzing the
behavior of one half of the circuit for a set of symmetric (common-mode) and antisym-
metric (differential-mode) input signals [6].

To calculate the response to the differential input voltage, we first make vicm = 0; thus
vg1 = vi1 = vid/2 and vg2 = vi2 =−vid/2. If the differential amplifier were fully balanced, the
ac voltages and currents in each half of the circuit would vary antisymmetrically; thus, the
voltage at node vs would remain unchanged, i.e. vs= 0. However, the current-mirror-load
differential amplifier is not balanced and, rigorously speaking, the assumption of ac
ground at the sources of M1–M2 is not valid. However, as verified in [17], the response of
the simplified circuit in Figure 7.21 to a differential input voltage is approximately equal
to that obtained by assuming that node VS is an ac ground.

We first make a simplified ac analysis of the circuit in Figure 7.21, assuming that the
internal capacitances are equal to zero. As previously discussed, we also assume that VS is
an ac ground for differential signals. The differential transconductance of the amplifier is
calculated by connecting the output node to a constant-voltage source and assuming that
the current mirror has a unity gain. In this case, the amplifier transconductance Gm is
given by

Gm ¼ il
vid

����
VO¼0

ffi gm1vid=2� ð�gm2vid=2Þ
vid

¼ gm1 ¼ gm2: (7:5:37)

The admittance seen at the output node is YO= sCL +GO, where GO=gmd2 + gmd4.
Therefore, the differential voltage gain is

Ad ¼ vo
vid

¼ gm1

Go

1

1þ sCL=Go
: (7:5:38)

In a first-order analysis, the differential voltage gain is a single-pole function with a
low-frequency value of gm1/GO and unity-gain angular frequency, in rad/s, of gm1/CL.
Note that, for low-frequency signals, the gate of M1 is the non-inverting input since an
increase in VG1 will cause an increase in the output voltage. On the other hand, the gate of
M2 is the inverting input since the output voltage is 180° out of phase in relation to VG2.

The analysis of the differential gain in the case of mismatched transistor pairs will not
be shown here, since mismatch does not affect significantly the differential voltage gain.
For more details, the reader is referred to [1].

To obtain a more accurate result for the frequency response of the differential voltage
gain, let us now include the frequency-dependent response of the current mirror, for
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which the small-signal model is given in Figure 7.24. Capacitance Cx is the sum of all
capacitances connected between node vx and the ac ground; Cx includes the gate-to-
source and gate-to-bulk capacitances of M3 and M4 as well as Cdb3 and Cdb1. Using the
approximation gm3 + gmd3ffi gm3, the amplifier transadmittance Yd can be written as

Yd ¼ il
vid

ffi gm1
1þ sð2Cgd4 þ CxÞ=ð2gm3Þ
1þ sðCgd4 þ CxÞ=gm3

: (7:5:39)

As can be seen in (7.5.39), the action of the current mirror over just one half of the input
voltage introduces a pole–zero doublet with frequency values very close to each other. The
doublet does not affect significantly the frequency response of the amplifier, but can greatly
modify the time response [15], [18], [19], especially when the doublet frequencies are
much lower than the amplifier unity-gain frequency. When the doublet frequencies are of
the order of the amplifier unity-gain frequency, their effect on the settling time can be
inferred from their phase margin, a topic that will be introduced in Chapter 8.

Usually Cx≫Cgd4; thus, (7.5.39) can be simplified to

Yd ¼ il
vid

ffi gm1
1þ sCx=ð2gm3Þ
1þ sCx=gm3

: (7:5:40)

Note that the zero frequency is twice that of the pole frequency. Using the result in
(7.5.40), the differential voltage gain is now written as

Ad ¼ vo
vid

¼ Yd

Yo
¼ gm1

Go

1

1þ sCL=Go

1þ sCx=ð2gm3Þ
1þ sCx=gm3

: (7:5:41)

A graph of the differential voltage-gain magnitude versus frequency for the differential
amplifier in Figure 7.21 is shown in Figure 7.25. Two plots are shown, one assuming the
current mirror to have a frequency-independent gain (dashed line), and the other (solid
line) with the inclusion of a pole–zero doublet with frequencies lower than the amplifier
unity-gain frequency.

7.5.3.6 Small-signal analysis – common-mode gain and CMRR
The common-mode gain is a measure of the sensitivity of the output voltage to the
common-mode input voltage. For the single-ended amplifier of Figure 7.21 we define the
common-mode voltage gain as

i1 = gm1vid/ 2

vx

Cx

i4 il

gm3 +
gmd3 gm4vx

Cgd4

i2 = –gm2vid/2

Fig. 7.24 The small-signal model of the current-mirror load for the calculation of the frequency response of
the differential voltage gain.
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Acm ¼ vo
vicm

: (7:5:42)

The common-mode voltage gain can be determined from both the common-mode
transadmittance and the output admittance using

Acm ¼ Ycm=Yo: (7:5:43)

To calculate Ycm we use the circuit in Figure 7.26. Note that we have assumed that the
body of M1 and M2 is connected to the source. We have also eliminated the capacitances
associated with node vx and Cdb2 since these capacitances do not play a major role in the
frequency response of the common-mode transadmittance.

Noting that vi1 = vi2 = vicm, the KCL equations for nodes vs and vx are

yt þ gmd1 þ gmd2 þ gm1 þ gm2 �gmd1

� gm1 þ gmd1ð Þ gmd1 þ gmd3 þ gm3

� �
vs

vx

� �

¼ gm1 þ gm2

� gm1

� �
vicm: (7:5:44)

ω

|Av |dB

Av0

gm3

Cx Cx

2gm3Go

CL

gm1

CL

Fig. 7.25 The differential voltage-gain magnitude versus frequency for the differential amplifier with
an ideal current mirror (dashed line) and a real current mirror (solid line).

gm2(vi2 − vs)gm1(vi1 −vs)

gm4vx

gmd2

vs

xv

gmd1

gmd4gm3 + gmd3

vo = 0

io

yt

Fig. 7.26 The small-signal model of the differential amplifier used to calculate the common-mode
transadmittance.
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By applying the KCL equations to the closed surface in Figure 7.26 we find that

io þ ytvs þ ðgm3 þ gmd3 þ gm4Þvx ¼ 0: (7:5:45)

To make explicit the effects of mismatch on the common-mode transconductance, we
write below the transconductances and conductances as a combination of common-mode
components and differential-mode components:

gm1 ¼ gmi þ Δgmi=2; gm2 ¼ gmi � Δgmi=2

gm3 ¼ gml þ Δgml=2; gm4 ¼ gml � Δgml=2

gmd1 ¼ gmdi þ Δgmdi=2; gmd2 ¼ gmdi � Δgmdi=2

gmd 3 ¼ gmdl þ Δgmdl=2; gmd4 ¼ gmdl � Δgmdl=2

(7:5:46)

Finally, using expressions (7.5.44)−(7.5.46), we find that

Ycm ¼ io
vicm

¼ Ycms þ Ycmr; (7:5:47)

where

Ycms ¼ �yt
gmiðgmdi þ gmdlÞ
gmlðyt þ 2gmiÞ (7:5:48)

is the systematic component of Ycm, whereas

Ycmr ¼ gmi

yt þ 2gmi
yt

Δgmi

gmi
� Δgml

gml

� �
þ 2gmdi

Δgmi

gmi
� Δgmdi

gmdi

� �	 

(7:5:49)

is the random component of Ycm.
The sum of the systematic and random components of the common-mode transadmit-

tances gives the total common-mode transadmittance as

Ycm ¼ gmi

yt þ 2gmi
ytα1 þ 2gmdiα2ð Þ; (7:5:50)

where

α1 ¼ Δgmi

gmi
� Δgml

gml
� gmdi þ gmdl

gml
; α2 ¼ Δgmi

gmi
� Δgmdi

gmdi
:

Note that α1 has both systematic and random components, whereas α2 has a random
component only. In a well-designed amplifier, both factors α1, α2≪ 1. We now assume
that the current-source admittance yt can be represented as a parallel association of a
resistor and a capacitor, i.e. yt ¼ Gt þ sCt. For practical differential amplifiers we have
gmi 	 Gt=2; thus, using (7.5.50), Ycm becomes

Ycm ffi Gtα1 þ 2gmdiα2
2

1þ sCtα1= Gtα1 þ 2gmdiα2ð Þ
1þ sCt=ð2gmiÞ : (7:5:51)

The common-mode transadmittance is a first-order rational function for which the low-
frequency value is composed of both the systematic component Gcms and the random
component Gcmr given below:
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Gcms ¼ �Gt

2

gmdi þ gmdl

gml
;

Gcmr ¼ Gt

2

Δgmi

gmi
� Δgml

gml

� �
þ gmdi

Δgmi

gmi
� Δgmdi

gmdi

� �
:

(7:5:52)

The systematic common-mode transconductance equals half the conductance of the
current source multiplied by the error due to the non-zero output conductances of M2 and
M3.Gcms is negative since an increase in the common-mode input voltage causes the load
current to decrease. To understand why, suppose that vicm increases; this causes the
voltage at the common-source node to increase, which, in turn, increases the tail current
due to the non-zero output conductance of the current source. The currents I1 flowing
through both M1 and M3, and I2 through M2, also increase, but the increase in I1 is
slightly smaller than that in I2 (note that the drain ofM1 is connected to a diode-connected
transistor whereas the drain of M2 is connected to a constant-voltage source). Also, the
increase in the current flowing through M4 is smaller than the increase in the current
flowing through M3 (note that the current-mirror gain is slightly below unity due to the
non-zero output conductance of M3). Consequently, the increase in the load current is
negative due to the larger increase in the current through M2 compared with that through
M4. The factor (gmdi + gmdl)/gml corresponds to the relative error of the currents flowing
throughM2 andM4. The common-mode current that flows throughM1 andM2 is equal to
(Gt/2)vicm, as can be observed by drawing the scheme of the common-mode half circuit;
this is the reason for the presence of the factor Gt/2 in (7.5.52).

The random component of the common-mode transconductance is dependent on the
mismatch of the devices as given in (7.5.52) as well as on the output conductances of both
the current source and the input transistor. Note that a high-impedance current source is
not sufficient for a low common-mode transconductance; input transistors with low
output conductance are also required in order to achieve low Gcm.

The output voltage (or current) of the differential amplifier, written as the super-
position of the effects of the differential and common-mode input voltages, is

vo ¼ Advid þ Acmvicm (7:5:53)

or

io ¼ Ydvid þ Ycmvicm: (7:5:54)

An important parameter of differential amplifiers is the common-mode rejection ratio
(CMRR), which is the ratio of the differential to common-mode gain or of the differential
to common-mode admitttance [1]:

CMRR ¼ Ad

Acm

����
���� ¼ Yd

Ycm

����
����: (7:5:55)

Usually, the CMRR is expressed in dB. Since Ydffi gmi up to frequencies close to the
unity-gain frequency and Ycm is given by (7.5.51), we can directly plot the dependence of
the CMRR on frequency, as shown in Figure 7.27. Note that, in general, both the
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frequency location of the pole and the value of the CMRR at low frequencies are
dependent on mismatch.

The common-mode rejection ratio is the sum of the systematic and random compo-
nents, as written below

1

CMRR
¼ Ycmr

Yd
þ Ycms

Yd

����
���� ¼ 1

CMRRr
þ 1

CMRRs
: (7:5:56)

Example 7.9

The nominal specific current of transistors M1 through M4 in Figure 7.21 is
ISN= ISP = 1 μA. Assume that nN�t = nP�t= 40mV, IT = 16 μA, and the Early voltage of
all transistors is VA= 8V. (a) Calculate the differential transconductance and differential
voltage gain. (b) Calculate the systematic common-mode transconductance and
common-mode voltage gain. (c) What is the systematic CMRR? (d) Calculate the
standard deviation of the random component of the CMRR assuming that the relative
standard deviations of the transconductances and output conductances of the input and
load transistors are all equal to 1% and uncorrelated.

Answer

(a) Refer to Figure 7.21. We first calculate the inversion levels of the input and load
transistors. The current through M1 to M4 is 8 μA; thus, their inversion levels are
if = 8 μA/1 μA=8. The transconductances of the input and load transistors are calcu-
lated from the universal transconductance-to-current ratio:

gmi ¼ gml ¼ 2IS
n�t

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1
� � ¼ 2� 10�6

40� 10�3
2 ¼ 100 μA=V:

The output conductances are

gmdi ¼ gmdl ¼ ðIT=2Þ=VA ¼ 8� 10�6=8 ¼ 1 μA=V;

Gt ¼ IT=VA ¼ 16� 10�6=8 ¼ 2 μA=V:

The differential transconductance is gmi ¼ 100 μA=V, whereas the differential voltage
gain is

CMRR

ω

CMRR0

ωp ωz

CMRR∞

2gmi /(α1Gt + 2α2gmdi)
1/α1

CMRR0

CMRR∞

=

=

ωp = (Gt + 2α2gmdi /α1)/Ct

ωz = 2gmi/Ct

Fig. 7.27 The common-mode rejection ratio versus frequency for the differential amplifier loaded with a
current mirror.
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Ad0 ¼ gmi

gmdi þ gmdl
¼ 100� 10�6

ð1þ 1Þ � 10�6
¼ 50:

(b) The systematic common-mode transconductance and voltage gain are

Gcms ¼ �Gt

2

gmdi þ gmdl

gml
¼ � 2� 10�6

2

ð1þ 1Þ � 10�6

100� 10�6
¼ �20 nA=V;

Acms0 ¼ Gcms

gmdi þ gmdl
¼ �20� 10�9

ð1þ 1Þ � 10�6
¼ �10�2:

(c) The systematic CMRR at low frequency is

CMRR0 ¼ Gd

Gcms

����
���� ¼ 100� 10�6

20� 10�9
¼ 5� 103;

CMRR0jdB ¼ 20 logCMRR0 ¼ 74 dB:

(d) The random component of the CMRR is

CMRRr0 ¼ Yd0

Ycmr0

����
���� ¼ Gd

Gcmr
:

Using (7.5.52) and noting that the standard deviations of the (trans)conductances are
uncorrelated, we can write

σ2 Gcmrð Þ ¼ Gt

2

� �2

σ2
Δgmi

gmi

� �
þ σ2

Δgml

gml

� �� �

þ g2mdi σ2
Δgmi

gmi

� �
þ σ2

Δgmdi

gmdi

� �� �
;

which gives σ Gcmrð Þ ¼ 20nA=V:

7.5.3.7 Small-signal analysis – power-supply rejection ratio
In integrated circuits the power-supply buses are susceptible to noise and interference,
which contribute as an added disturbance at the output of analog blocks. In modern
integrated circuits, analog and digital circuits usually coexist on the same chip. Even
though separate analog and digital supply lines are often employed in integrated circuits,
there is always some coupling of the digital noise to analog supply lines [1], [20]. This
digital noise will inevitably be added to the output of the differential amplifier, as
illustrated in Figure 7.28, where vdd and vss are noise signals superimposed on the
positive and negative supply lines. Assuming that the common-mode input voltage is
zero, the output of the block shown in Figure 7.28 is

vo ¼ Advid þ Avddvdd þ Avssvss; (7:5:57)

where Avdd and Avss are the small-signal voltage gains from the positive and negative
power supplies to the output, respectively. Ideally, both Avdd and Avss equal zero.
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The power-supply rejection ratio (PSRR) of a differential amplifier is a measure of the
relative influences of the differential input and the supply-voltage variation on the output.
Simply stated, the PSRRs relating to each power supply are defined as

PSRRvdd ¼ Ad

Avdd
¼ Gd

Gvdd
; PSRRvss ¼ Ad

Avss
¼ Gd

Gvss
; (7:5:58)

where Gvdd and Gvss are the small-signal transconductances from the positive and
negative power supplies to the output, respectively.

Figure 7.29 will be used to determine the PSRR for the positive and negative power
supplies [21]. For the calculation of the small-signal transconductance Gvdd from the
positive power supply to the output we make vss= 0. The (almost) symmetric circuit
allows us to conclude that vs≪ vdd (you can prove this inequality using circuit analysis
and noting that gm≫ gmd). Also, for a practical differential amplifier, gm3≫ gmd1. Under
these conditions, the voltage at node X is vxffi vdd. Therefore, a current equal to gmd1vdd
flows through gmd1. Since vs≪ vdd, we have gmd1vddffi (gm1 + gm2)vs, i.e. one half of
gmd1vdd flows into the output node via the source of M2 and the other half through current
mirror M3–M4 [21]. An additional current component equal to gmd4vdd also flows into the
output node, thus yielding

Gvdd ¼ io
vdd

¼ gmd1 þ gmd4: (7:5:59)

vo

vdd

vin
–

+

vss

Avdd

Avss

Ad

Fig. 7.28 An illustration of the coupling of noise signals from the supply lines to the output of an analog
block.

(a)

VDD + vdd

VSS + vss

i0
M4M3

M1 M2

M6 M5

S

X

(b)

vss

−gm2vs−gm1vs sv

vx

gmd1

gmd4

gm3 + gmd3

i0

vdd

gmd5

gmd2

gm4(vx − vdd)

Fig. 7.29 (a) A differential amplifier scheme to determine the small-signal transconductances from the
positive and negative power supplies to the output. (b) The small-signal low-frequency equivalent
circuit.
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The small-signal transadmittance from the positive power supply to the output [21] is

Yvdd ¼ io
vdd

ffi gmd1 þ gmd4 þ sðCp1 þ Cp4Þ; (7:5:60)

where Cp1 and Cp4 are the parasitic drain-to-bulk capacitances in parallel with gmd1 and
gmd4. In (7.5.60) we have assumed that the remaining capacitances do not affect appre-
ciably the transadmittance, which is true when the frequency is not very high. Using
(7.5.60), the positive power-supply rejection ratio becomes

PSRRvdd ¼ Yd

Yvdd
ffi gm1

gmd1 þ gmd4 þ jωðCp1 þ Cp4Þ
�� �� : (7:5:61)

For low frequencies, PSRRvdd equals the differential voltage gain, whereas for higher
frequencies the rejection of spurious signals at the positive power supply becomes poorer
owing to the parasitic capacitances.

To compute the small-signal transadmittance from the negative power supply to the
output, we make vdd= 0. The small-signal source vss injects a current equal to
vss(gmd5 + sCp5) into node S (note that vs≪ vss), which is split into two components:
the current that flows through M1 is proportional to gm1/(gm1 + gm2), whereas the one that
flows through M2 is proportional to gm2/(gm1 + gm2). The current in M1 is equal to that of
M3, which, in turn, is replicated at M4 with a current gain equal to gm4/(gm3 + gmd3). Thus,
the transadmittance from the negative power supply to the output is

Yvss ¼ io
vss

ffi ðgmd5 þ sCp5Þ �Δgmi

2gmi
þ Δgml � gmd3

2gml

� �
; (7:5:62)

where the subscripts i and l refer to the input and load devices, respectively (refer to
(7.5.46) for the meaning of the symbols). The negative-power-supply rejection ratio

PSRRvss ¼ Gd

Gvss
ffi gm1

ðgmd5 þ jωCp5Þ �Δgmi

2gmi
þ Δgml � gmd3

2gml

� �����
����

(7:5:63)

is dependent on the output impedance of the current source and on the mismatch of both
input and load transistor pairs. Note that the PSRRvss of an n-channel-input differential
amplifier is typically much greater than the PSRRvdd.

7.5.3.8 Noise
The differential amplifier is the dominant source of noise in operational amplifiers and,
consequently, in many analog integrated circuits. To analyze the noise performance of the
differential amplifier loaded with a current mirror, the reader is referred to Figure 7.30,
where the current sources in1 through in4 represent the thermal and flicker noise of each
corresponding transistor. The current source will add practically no noise to the output
since, in a first approximation, its noise current splits equally betweenM1 andM2. Owing
to the action of the current mirror, the current in M4, which is an inverted replica of the
current in M1, will add to that in M2, resulting in a zero current at the output. Assuming
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that the frequency response of the current mirror is flat over the frequency range of
analysis, and since the noise currents are uncorrelated, we can write

i2no ¼ i2n1 þ i2n2 þ i2n3 þ i2n4 ¼ 2 i2n1 þ i2n3

 �
: (7:5:64)

Now, introducing the simplified formulas for the thermal and flicker noise presented in
Chapter 4, we find that the output current is

i2no
Δf

¼ 8kT gm1 þ gm3ð Þ þ 2g2m1

C0
ox

KF;n

W1L1
þ KF;p

W3L3

g2m3

g2m1

 !
1

f
: (7:5:65)

To refer the output noise current to the input, we divide (7.5.65) by g2m1, thus obtaining

e2ni
Δf

¼ 8kT

gm1
1þ gm3

gm1

� �
þ 2KF;n

W1L1C
0
ox

1þ KF;pW3L3g
2
m3

KF;nW1L1g
2
m1

 !
1

f
; (7:5:66)

where KF,n and KF,p are the flicker-noise coefficients for n-MOS and p-MOS transistors,
respectively. Note that the thermal noise is a function of the input and load transconduc-
tances, which are independent of transistor area. In general, the transconductance of the
input device is set by the required unity-gain frequency of the differential amplifier.
Thermal and flicker noise can be reduced by choosing low gm3, but this approach is
generally not recommended since a low gm3 can lead to a poor frequency response of the
current mirror. This, in turn, will degrade the overall performance of the differential
amplifier for high frequencies and even adversely affect the settling response. Note that
the flicker noise (and also mismatch) is inversely proportional to the device area; thus,
sometimes, the designer can play with the dimensions in order to reduce the effect of the
load transistors on flicker noise.

For a CMOS amplifier, the effect of the input-referred noise current is usually
negligible compared with that of the input-referred noise voltage, particularly for low
source-impedance levels. Thus, for most practical situations, assuming that the operating

VDD

M3

M1

in0

M4

M2

IT

in1 in2

in3 in4

VSS

Fig. 7.30 A differential amplifier scheme to determine the equivalent input noise representation.
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frequency is not very high, the noise model for the CMOS differential amplifier in
Figure 7.31 is quite acceptable.

7.5.3.9 The slew rate and settling response
The differential amplifier can supply only a maximum amount of current equal to the tail
current IT to charge/discharge the parasitic and load capacitances. As a result, the large-
signal response of the amplifier is degraded compared with the small-signal response. To
understand why, consider that the amplifier in Figure 7.21 is initially set at VG1 =VG2 and
that the input voltage VG1 changes abruptly to a value such that VG1≫VG2. This makes
the current flowing through M1 equal to IT and that through M2 equal to zero. As a
result, the load current reaches a value equal to the tail current IT, and the rate of change of
the output voltage becomes

dVO=dt ¼ IT=CL: (7:5:67)

Since the load current cannot be greater than IT, (7.5.67) gives the maximum rate of
change of the output voltage. The output slew rate (SR), defined as the maximum rate of
change of the output voltage, is IT/CL for the differential amplifier under analysis. Note
that for the differential amplifier in Figure 7.21 the maximum charging and discharging
currents are both equal to IT ; thus, the positive and negative slew rates are equal. In order
to obtain a handy model of the differential amplifier to ease the transient analysis, we
convert the non-linear voltage-to-current transfer characteristic of the differential trans-
conductor into the piecewise linear characteristic shown in Figure 7.32. According to this
simplified model, the transconductor behaves as a linear transconductor when the
differential input voltage is less than IT/gm1; otherwise, the output current is limited to ±IT.

Just to give an example of how the slew rate affects the transient response of the
differential amplifier, let us consider it connected in the unity-gain configuration, as in
Figure 7.33. We assume that the differential amplifier can be modeled as the association
of the piecewise linear transfer characteristic of Figure 7.32 and the load capacitor

VDD

M3

M1

M4

M2

IT

VSS

eni
2

Fig. 7.31 An approximate noise model of the CMOS differential amplifier. The mean-square value of the
noise voltage is given by (7.5.66).
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represented by the integrator in the block diagram [22]. Note that in this simplified model
the output conductance is assumed to be zero. This assumption is quite acceptable for the
purpose of the first-order transient analysis to be shown next. Recall that ωu= gm1/CL is
the unity-gain frequency of the open-loop voltage gain.

To calculate the settling response of the unity-gain buffer, let us first assume that the
input voltage is a step with an amplitude that does not exceed IT/gm1. In this case, the
closed-loop circuit behaves linearly and the relationship between output voltage and
input voltage is given by the following differential equation:

dVo

ωu dt
þ Vo ¼ VS: (7:5:68)

Assuming that VS ¼ VMuðtÞ, where uðtÞ is the unit step, the output voltage is
Vo ¼ VM 1� exp �ωutð Þ½ � (7:5:69)

when VM< IT/gm1.
Let us now assume that the magnitude of the step input VM> IT/gm1. For this

condition, the initial differential voltage VID applied to the input causes the output
current to be equal to IT and the output voltage to increase linearly with time, as shown
in Figure 7.34. In this case we have

–IT /gm1

IT /gm1

gm1

–IT

IT

VID

Fig. 7.32 Non-linear (solid line) and piecewise linear (dashed line) transfer characteristics of the differential
amplifier.

IT

–IT

gm1VID

VID

VS

VID

IL

1/gm11
sCL s/ωu

=

Vo

+

_
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VID

Vo+
–

(a) (b)

Fig. 7.33 (a) A unity-gain amplifier and (b) an equivalent model for calculating the transient response.
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vo ¼ SR � t ¼ IT
CL

t: (7:5:70)

Equation (7.5.70) holds for t< TS, where TS is given by

TS ¼ VM

SR
� 1

ωu
: (7:5:71)

For t>TS the differential equation in (7.5.68) describes the transient response of the
unity-gain amplifier. In this situation, the initial condition isVoðt ¼ TSÞ ¼ VM � IT=gm1;
thus, the solution to the differential equation becomes

Vo ¼ VM � IT
gm1

exp �ωuðt� TSÞ½ �: (7:5:72)

The relative dynamic error is the difference between the input and the output voltages
normalized with respect to the input voltage,

VM � Vo

VM
¼ IT

gm1VM
exp �ωuðt� TSÞ½ �: (7:5:73)

Settling within a relative error equal to ε occurs in a time ts given [22] by

ts ¼ TS þ 1

ωu
ln

IT
εgm1VM

� �
¼ VM

SR
þ 1

ωu
ln

SR

εωuVM

� �
� 1

	 

(7:5:74)

when VM > IT/gm1, otherwise

ts ¼ 1

ωu
ln

1

ε

� �
: (7:5:75)

Example 7.10

The nominal specific current of transistors M1 to M4 in Figure 7.21 is ISN= ISP= 1 μA.
Assume that n�t= 40mV, IT = 160 μA, and CL= 4 pF. (a) Calculate the unity-gain

VM

IT/gm

SR

TS

linear increase

exponential
settling

tS time0

εVM

VS Vo

Fig. 7.34 The transient response (solid line) of the unity-gain buffer to a step input (dashed line) with a
magnitude that exceeds the linearity range of the differential amplifier [22].
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frequency of the differential amplifier’s voltage gain assuming that the pole frequency
introduced by the current mirror is much greater than the amplifier’s unity-gain fre-
quency. (b) Calculate the slew rate. (c) Calculate the 0.1% settling time for the unity-gain
configuration for VM within the range 10mV to 2V.

Answer

(a) Refer to Figure 7.21.We first calculate the inversion level of the input transistors. The
current through both M1 and M2 is 80 μA. The inversion level of both M1 and M2 is
if = 80 μA/1 μA= 80. The transconductance of the input transistor is calculated
from the universal transconductance-to-current ratio:

gm ¼ ID
n�t

2ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 1
¼ 80 μA

40 mV

2ffiffiffiffiffi
81

p þ 1
¼ 0:4 mA=V:

The unity-gain frequency of the open-loop amplifier is

ωu ¼ gm
CL

¼ 0:4 mA=V

4 pF
¼ 100 Mrad=s:

(b) The positive (and negative) slew rate is

SR ¼ IT
CL

¼ 160 μA
4 pF

¼ 40 V=μs:

(c) The 0.1% settling time is

ts ¼ 1

ωu
ln

1

ε

� �
¼ 1

100 Mrad=s
lnð1000Þ ¼ 69 ns

for VM < IT/gm, i.e. VM< 0.4V and the settling time in nanoseconds for VM > 0.4V is

ts ¼ VM

SR
þ 1

ωu
ln

SR

εωuVM

� �
� 1

	 

¼ 25VM � 10þ 10 ln

400

VM

� �
:

7.6 Sizing and biasing of MOS transistors for amplifier design

The transistor used as the active component of an amplifier is biased in saturation, where
the reverse current is negligible compared with the forward current. Thus, the following
set of equations can be used for the design of MOSFETs operating in saturation:

�tngm
ID

¼ 2

1þ ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p ; (7:6:1)

if ¼ ID
IS

; (7:6:2)
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IS ¼ μC0
oxn

�t
2

2

W

L
; (7:6:3)

fT ffi μ�t

2πL2
2

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1
� �

; (7:6:4)

VDSsat

�t
ffi ffiffiffiffiffiffiffiffiffiffiffi

1þ if
p þ 3: (7:6:5)

It is of interest to compare here MOSFET design with bipolar design [23]–[25]. The
transconductance-to-current ratio of MOSFETs is given by (7.6.1), whereas, due to the
exponential relationship between output current and input voltage, �tgm/IC= 1 (IC is the
collector current) for bipolar transistors. If gm is defined in a bipolar design, so is IC.
However, in a MOSFET design, the specification of gm allows the designer to choose
from a range of currents, according to (7.6.1). Equation (7.6.4) gives an approximation
for the intrinsic cut-off frequency fT in terms of the inversion level if. Expressions (7.6.1)
through (7.6.5) constitute a set of fundamental expressions with which to design MOS
amplifiers for any inversion level.

7.6.1 Sizing and biasing of a common-source amplifier

Most of the concepts used to design the intrinsic gain stage shown in Figure 7.3 can be
extended to more elaborate blocks such as differential amplifiers or class-AB stages.
Using the common-source amplifier as a demonstration tool, we will provide closed
expressions for the bias current, the aspect ratio, the saturation voltage, and the intrinsic
cut-off frequency. Note that the only technology-dependent parameter used in our
methodology is ISH, the sheet-specific current.

In the ideal common-source amplifier in Figure 7.3, the transconductance required to
achieve a gain–bandwidth product (GB), in hertz, for a load capacitance equal to CL is
gm= 2πGBCL. Using this equation together with (7.6.1) allows us to write the bias current
and the aspect ratio as

ID ¼ IB ¼ 2πGBCLn�t

1þ ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p
2

; (7:6:6)

W

L
¼ 2πGBCL

μC0
ox�t

1ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1

 !
: (7:6:7)

Equations (7.6.6) and (7.6.7) show that an infinite set of solutions is available to satisfy
the required gain–bandwidth product. Figure 7.35 shows plots of the bias current in
(7.6.6) and the aspect ratio in (7.6.7) as functions of if. Both curves have been normalized
with respect to the corresponding values at if = 8. A tradeoff between area and power
consumption can be reached by an appropriate choice of if. It is important to note that the
power consumption is low but the aspect ratio is high for low inversion levels. Moreover,
the lowest current to meet the specified GB is obtained for weak inversion (if < 1).
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Inversion levels if close to unity can be a good choice when low power is required. On
the other hand, a normalized drain current much less than unity leads to a prohibitively
high aspect ratio for a negligible reduction in power consumption as compared with the
case ifffi 1.

Assuming that the Early voltage VA in a first-order approximation is proportional to the
transistor channel length (VA=VEL), the following equation is used to determine the
absolute value of the dc voltage gain AV0:

AV0 ¼ gm
gmd

¼ gm
ID

VEL ¼ VEL

n�t

2ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 1
: (7:6:8)

7.6.2 The design procedure for a common-source amplifier

Assuming that the gain–bandwidth product and dc gain are the specifications to be met
for a given load capacitance, the following design procedure for a common-source
amplifier is suggested.

1. For the specified CL andGB values, use expressions (7.6.6) and (7.6.7) to determine ID
andW/L as functions of the inversion level. Plots of both the bias current and the aspect
ratio required to fulfill the gain–bandwidth-product specification are shown in
Figure 7.35. Choose a value for if resulting in a pair (ID, W/L) that satisfies the design
requirements of power consumption and area.

2. Select dimensions,Wand L, of the input transistor to satisfy the aspect ratio determined
in step 1. Verify whether the unity-gain frequency of the input transistor is consistent
with the gain–bandwidth product specified. In general, the value of fT must be at least
four times higher than GB in order to avoid the parasitic diffusion and overlap
capacitances of the MOSFET being of the same order of magnitude as the load
capacitance. From (7.6.4) and (7.6.7), we can write

W ffi 2
CL

LC0
ox

GB

fT
: (7:6:9)

10–2
10–2

10–1

100
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102

100

IB

W/L
4πGB •CLnφ t

102 104if

πGB •CL/ (μC ′   φ t)ox

Fig. 7.35 The bias current and aspect ratio versus the inversion coefficient. Both curves are normalized with
respect to the values of IB and W/L at if = 8.
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The diffusion and overlap capacitances are both proportional to W; therefore, the
parasitic capacitance of the MOSFET drain is proportional to GB/fT. Thus, a GB/fT
ratio close to or greater than unity should be avoided since the ratio of the parasitic
capacitance to the load capacitance could become very large.

3. Verify whether the gain specification is satisfied. If not, an increase in channel length
and/or a reduction in if can be employed to increase the gain.

4. Design the current source. For a low-voltage design, the saturation voltage of the
current source should be as small as possible. Therefore, inversion coefficients close to
unity can be used in order to achieve a good compromise between area and saturation
voltage. Note that a low inversion level can lead to a wide transistor for the current
source, which, in turn, can add significant parasitic capacitance.

7.6.3 MOSVIEW: a graphical interface for MOS transistor design

Circuit topology and transistor bias current and dimensions are the basic factors that
determine the performance of an analog circuit. Frequency response, voltage gain, output
voltage swing, power dissipation, and silicon area are some of the performance metrics of
amplifiers. The transistor-level design problem consists of determining bias currents and
channel widths and lengths such that the amplifier (or other analog circuit) specifications
are fulfilled.

Simulation programs are important tools to demonstrate the influence of various
parameters on the overall amplifier performance. An interesting design tool for sizing
and biasing MOS transistors for use in analog building blocks was presented in [26].
MOSVIEW [27], [28], a transistor-level design tool, was developed to assist integrated-
circuit designers with their tasks. MOSVIEW is based on the MOSFET model presented
in Chapters 2 and 4 and can be applied to CMOS processes. A valuable characteristic of
MOSVIEW is its graphical interface, described by a plane that shows the channel length
as the abscissa and the intrinsic low-frequency gain as the ordinate. Families of curves of
constant performance, such as transition frequency and current, can be plotted and only
the region denominated design space meets the input specifications. With MOSVIEW
we can easily analyze design tradeoffs and develop an insight into transistor sizing for
analog circuits. In addition, MOSVIEW can show the user how the transistor parameters
influence the amplifier performance and, thus, avoid the need for time-consuming
SPICE-like simulations.

Figure 7.36 shows the list of technological input parameters forMOSVIEWalong with
the design requirements. MOSVIEW handles four cases of common-source amplifiers,
namely amplifier I, amplifier II, transconductor, and current mirror, classified according
to the input specifications.

Some comments are in order regarding the list of technological parameters. (i) The
slope factor n is, in fact, a parameter that is dependent on the gate voltage; however, it is
here assumed to be a constant for the sake of simplicity. (ii) The Early voltage per unit
length VE is also a rough simplification for the calculation of the MOSFET output
conductance and can be estimated from experimental data on test transistors or from
simulations run on SPICE-like simulators. (iii) Not is a parameter usually not provided by
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foundries, but it can be determined from the flicker-noise parameter KF, as shown in the
section on flicker noise in Chapter 4.

The specifications to be satisfied by the common-source amplifier exemplified here are
a transconductance gm= 4 μA/V, an intrinsic cut-off frequency in the range fTmin= 1MHz,
fTmax = 10MHz, and a minimum value for the voltage gain AVmin= 1,000.

Figure 7.37 gives the low-frequency gain against the transistor channel length. The
ascending straight line represents the maximum allowable gain (if → 0 in (7.6.8)) for
the specified technological parameters. The bottommost curve shows the variation in
the gain in terms of the channel length for fT= fTmax, while the uppermost parabola
corresponds to fT = fTmin. The white region represents the design space, the region for
which the specifications are met. The specifications shown on the right of Figure 7.37
correspond to the mark selected inside the design space. The bias current is about
0.58 μA and the transistor dimensions are W= 8.26 μm and L = 36.9 μm. The list also
contains the power-spectral density of the thermal noise and the corner frequency as
well as the standard deviation of the gate voltage if the transistor is in the diode
configuration.

Fig. 7.36 A MOSVIEW window of technological parameters and specifications for the common-source
amplifier.
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7.7 Reuse of MOS analog design

The scaling down of physical dimensions of transistors has resulted in a continuous
reduction in the power–delay product, an important measure of the performance of digital
circuits. On the other hand, analog circuits do not have a clear benefit when technology is
scaled down [29]. In fact, simply reducing transistor dimensions can adversely affect
some properties or functions of analog circuits. The migration of an analog design to a
new technology is not straightforward and usually involves a complete redesign [30].

TheMOSFETmodel employed throughout this textbook is particularly suited for design
reuse because it can be used for all the MOSFEToperating regions and employs a small set
of parameters that are associated with device physics. The fundamental equations presented
in Chapter 2 are rewritten below, since they contain the basic information required to define
scaling rules for analog design. For a transistor operating in saturation we have

ngm�t=ID ¼ 2= 1þ ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p� �
; (7:7:1)

if ¼ ID=IS; (7:7:2)

IS ¼ μC0
oxn

�2
t

2

W

L
; (7:7:3)

Fig. 7.37. The design space and specifications for a selected mark within the design-space contour.
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gmd ¼ ID=VA ¼ ID=ðVELÞ; (7:7:4)

fT ffi gm
2π½ð1=2ÞC0

oxWL� ¼
μ�t

πL2

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1
� �

: (7:7:5)

7.7.1 Effects of scaling on analog circuits

For some applications, the basic specifications for the gain–bandwidth product (GB) and
the dynamic range (DR), defined in [30] as the maximum signal-to-noise ratio (SNR),
should be maintained for a voltage amplifier designed in a scaled-down (or scaled-up)
technology [31]. The methodology for design reuse developed next is based on keeping
constant values for both SNR andGB, but other criteria could be used for migration of the
design to a scaled-down technology.

For the sake of simplicity, we will apply the rules for design reuse to a common-source
amplifier, composed of a transistor, an ideal current source, and a load capacitance CL. In
this amplifier, the low-frequency voltage gain and GB are, respectively,

AV0 ¼ �gm=gmd ¼ � gm=IDð ÞVEL; (7:7:6)

GB ¼ gm=ð2πCLÞ: (7:7:7)

In practice, one should limit the frequency of operation of theMOSFET, and thus the value
ofGB/fT, to a fraction of fT, e.g. 1/4 or less. This limitation has two main objectives [25]. The
first is to prevent the non-quasi-static effects (related to the channel length) from affecting the
frequency response of the amplifier for frequencies approachingGB (in moderate and strong
inversion the lumped model we have used so far is approximately valid for frequencies up to
the order of fT/4). The second is to prevent both the input capacitance and the parasitic output
capacitance from becoming a significant fraction of the load capacitance.

When a sinusoidal signal voltage with a peak-to-peak value equal to Vpp is applied
across CL, the signal power is V2

pp=8. To keep distortion levels within acceptable values,
Vpp must be less than the total supply voltage VDD. To simplify matters, we assume here
that the maximum value of Vpp can be equal to VDD. On the other hand, the minimum
power N associated with thermal noise is limited by CL according to the expression
N= kT/CL [30] (see Problem 4.4), where k= 1.38 × 10−23 J/K is Boltzmann’s constant and
T is the absolute temperature. In this case, the dynamic range DR is

DR ¼ V2
DDCL=ð8kTÞ: (7:7:8)

We conclude from Equations (7.7.7) and (7.7.8) that, to keep the same DR and GB
values, both CL and gm must increase by the square of the supply-voltage scaling factor
ðK2

VÞ as long as the voltage supply is scaled down by a factor equal to KV.
In the following we present the procedure for reusing the design of analog circuits [29].

A set of very simple expressions allows the calculation of the transistor dimensions and
bias of a given circuit in a new-generation technology, starting from a previous design of
the same circuit in an earlier technology.
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7.7.2 Analog resizing rules

To generalize the resizing rules for MOS analog-design reuse, we now define different
scaling factors for the voltage supply (KV), oxide thickness (Kox), and channel length
(KL), as Figure 7.38 shows. We also include the scaling factor KE associated with the
Early voltage per unit length, which is expected to increase as technology is scaled down
due to the increase in substrate doping concentration.

In designing transistors for analog circuits, designers usually consider three indepen-
dent parameters: channel width W, channel length L, and bias current ID [15]. For the
following resizing rules we maintain the original dynamic-range and gain–bandwidth-
product specifications. As long as the amplifier frequency specification (GB) does not
change in the new technology, we also maintain the transistor’s original transition
frequency. Constant-inversion-level and channel-length scaling approaches are the stra-
tegies presented next for reusing analog cells. Table 7.1 lists the transistor-resizing rules.

7.7.2.1 Constant-inversion-level scaling
As Equation (7.7.1) shows, gm/ID is a function of the inversion level if. Because n is
almost insensitive to technology, constant-inversion-level scaling keeps gm/ID constant.
The scaling factor for gm is K2

V, so the current must also be multiplied by K2
V. Assuming

that the carrier mobility is constant (the reader is referred to [29] for considerations on

Table 7.1. MOS transistor resizing rules using generalized scaling VDD→ KV
−1VDD,

C0
ox ! KoxC

0
ox; L ! K�1

L L; and VE ! KEVE

Quantity
Constant inversion-
level scaling Channel-length scaling

L 1 K�1
L

W K2
VK

�1
ox K2

VK
�1
ox KL

Weak inversion Strong inversion

ID K2
V K2

V K2
VK

�2
L

if 1 K�2
L K�4

L

AV0 KE KEK
�1
L KEKL

Gate

n+
Source

p-substrate

p-substrate

n+
Drain

V

L

Gate

n+
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n+
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V/Kv

L/KL

tox /Kox

tox

Fig. 7.38 Generalized scaling.
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non-constant-mobility scaling), it follows from (7.7.5) that L must remain the same in
order for the transition frequency to remain constant. We deduce the scaling factor forW
from Equations (7.7.2) and (7.7.3). In constant-inversion-level scaling, static power
consumption increases by KV and the active area is scaled up by K2

VK
�1
ox . Finally,

Equation (7.7.6) shows that the voltage gain is proportional to VE; that is, the voltage
gain will increase slightly.

An interesting case is the redesign of an analog cell for a lower supply voltage in the
same technology (Kox= 1, KE= 1). Table 7.1 demonstrates that the new analog circuit can
be viewed as a width-scaled replica of the original circuit [32]. In effect, as the channel
width scales up by K2

V, transistor lengths and current densities remain the same as in the
original design. Figure 7.39 illustrates the redesign of an analog circuit, showing how to
scale the three main components of a CMOS integrated circuit to comply with the
specifications when the supply voltage is scaled down by KV.

7.7.2.2 Channel-length scaling: L→ L/KL
Channel-length scaling (L→ L/KL) is a natural choice to take advantage of the smaller
dimensions of a new-generation technology. For the same set of analog specifications,
channel-length scaling implies a reduction of the inversion level, which can be advanta-
geous in analog circuits.

We first scale down the channel length by the factor KL. As follows from Equation
(7.7.5), for the transition frequency to remain the same as in the original design, the
scaling factor for W must be K2

VK
�1
ox KL. Using the scaling factors for L and W and

Equation (7.7.3), we note that the normalization current IS is scaled by a factor of K2
VK

2
L.

We calculate the inversion-level reduction associated with channel-length scaling from
Equation (7.7.1). Finally, we derive the scaling factor for ID from (7.7.2).

We now consider the important case in which the transistors operate in strong inver-
sion and the channel shortens by a factor of KL. Using the strong-inversion (if > 100)

W

W

R
Kv

R

L

C

W

L

W

L

W

L

W

L

(W/L)

2 C*Kv
2 (W/L)*Kv

2

Fig. 7.39 Component redesigning in the same technology for a lower supply voltage (Kox= 1) (after [29]).
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approximation for Equation (7.7.5), we derive the inversion-level scaling factor K�4
L . A

scaling factor of K2
VK

�2
L for ID follows from (7.7.2). In channel-length scaling in strong

inversion, the inversion level decreases and the gm/ID ratio is multiplied by K2
L.

Compared with constant inversion-level scaling, static power consumption decreases
by a factor ofK2

L. Finally, as Equation (7.7.6) shows, the voltage gain increases by KEKL.
The results for weak inversion in Table 7.1 are easily derived from the weak-inversion

(if < 1) approximation of Equation (7.7.5). Reference [29] gives a list of redesign
equations for the general case of arbitrary inversion level.

The choice between constant-inversion-level and channel-length scaling depends on
several factors. Strong-inversion operation is not power-efficient, but it is unavoidable in
some high-frequency applications. On the other hand, moderate inversion achieves the
best compromise between consumption and speed [2]. Consequently, designers can more
conveniently reuse a design for transistors operating in strong inversion by using
channel-length scaling to reduce the inversion level and thus decrease power consump-
tion, rather than using constant-if scaling. For transistors operating in moderate inversion,
designers can use either channel-length or constant-if scaling, depending on the specific
requirements of the design.

7.7.2.3 A design-reuse example
As an example, we here design a common-source amplifier with a p-channel driver
biased by an ideal current source and with CL= 10 pF as the load, for a 1.2-μm CMOS
technology and 5-V power supply. Using both the constant-if and the channel-length
scaling rule, we recalculate the amplifier load capacitance (CL = 62.5 pF), transistor
dimensions, and bias current for a 0.35-μm technology and 2-V power supply. Our
noise calculation assumes the amplifier operates with a feedback factor of 1.

Table 7.2 shows the results of the simulation to verify the suitability of the scaling rules
applied in this design. For constant-if scaling, power consumption increases by KV and
the specifications are almost the same as in the original design. Channel-length scaling leads
to lower power consumption than does constant-if scaling. The results show that the
variation in low-frequency gain (AV0) is not large. However, designers should not rely
completely on simulation results to assess voltage gain because the output conductance is
generally not well modeled in circuit simulators. Finally, due to variations in the mobility
and slope factor, some fine tuningmay be required after the scaling rules have been applied.

Table 7.2. Simulated performance of a common-source amplifier in 1.2-μm and 0.35-μm CMOS technologies
(Kv= 2.5, Kox= 3, and KL= 3.4)

if W (μm) L (μm) ID (μA) gm
ID

ðV�1Þ AV0 (dB) GB (MHz) Noise (μV)

Original designa 24 160 10 6.0 10.7 67.3 1.03 11.2
Constant-if scaling

b 24 323 10 37.5 8.1 64.3 0.80 4.9
Channel-length scalingb 0.8 1109 2.8 14.6 22.1 63.3 0.86 4.9

a 1.2-μm Technology.
b 0.35-μm Technology.
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Problems

7.1 Assume that in Figure 7.3 M1 operates in saturation and the output voltage is kept
constant by replacing capacitor CL with a constant voltage source. (a) Using the
unified current-control model (UICM) for the long-channel transistor, determine the
first-, second-, and third-order derivatives of the output current, in terms of the input
voltage and of the inversion level. Assume that the slope factor n is constant. (b) If
the input voltage is a sine wave VI=VG +VM sin(ωot), where VG is a dc voltage for
which M1 remains in saturation, calculate the second- and third-order harmonic
distortion in terms of the inversion level using the result of (a). Determine the relative
values of the second- and third-order harmonic distortion for inversion levels of 0.1,
1, 10, 100, and 1000.

7.2 Analyze the frequency response of the voltage gain of the common-source amplifier
in Figure 7.6(a) for RS ≠ 0. Determine the poles, assuming that the dominant-pole
approximation is valid. What condition needs to be imposed on the small-signal
parameters to obtain a non-dominant pole greater than the unity-gain frequency?

7.3 For the CMOS inverter circuit in Figure 7.8, W1 = 10 μm, W2 = 25 μm,
L1 = L2 = 2.5 μm, VDD = 3.3V, VT0N = 0.5V, VT0P=−0.7V, C′ox = 5 fF/μm

2,
μN = 400 cm

2/V per s, μP= 200 cm
2/V per s, and CL= 2 pF. For the sake of simplicity,

assume that n1 = n2 = 1.2, �t= 25mV, VA1 =VA2 = 9V. (a) Calculate the voltage at
which VO=VI. (b) Calculate the output voltage range at which M1 and M2 remain in
saturation. (c) What is the voltage gain? (d) What is the input voltage range at which
the output voltage remains within the voltage range calculated in (b)? (e) What are
the approximate maximum and minimum rates of change of the output? (f) What is
the PSD of the input-referred thermal noise? (g) What is the input-referred flicker
noise when Not,p=Not,n= 3 × 10

7 cm−2? (h) What is the corner frequency?
7.4 Calculate the dc voltage gain, pole, and unity-gain frequency of the common-gate

amplifier when RS= 0.
7.5 The bias current of the voltage follower (body of M1 tied to source) in Figure 7.12 is

IB= 99 μA. For the sake of simplicity, let us assume that the specific currents are not
dependent on the gate voltage and that their values are IS1 = IS2 = IS3 = 1 μA. Also,
assume that the Early voltage of all transistors is VA= 10Vand that the slope factor of
transistor M1 is n = 1.2 (in this voltage-follower configuration the gate-to-bulk
voltage is almost constant over the input voltage range; thus, the value of n is not
dependent on the input voltage). (a) What is the approximate maximum value of the
input voltage at which M2 remains in saturation? (b) What is the small-signal voltage
gain in terms of the small-signal parameters? (c) What is the numerical value of the
voltage gain? Assume that VT0P= −0.6V and �t= 25mV.

7.6 Regulated cascode. For the circuit shown in Figure 7.15, do the following. (a) Derive
a formula to calculate the inversion level of M3 in terms of the inversion level of M1,
to biasM1 on the edge of saturation. (b) Determine the range of if3 for 0.1 < if1 < 1000
using the result of (a) and the corresponding range of VG1 for 0.1 < if1 < 1000. (c) Find
combinations of (W/L)3 and IB3 for the lowest value found for if3 and comment on the
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results. (d) Verify the correctness of expression (7.4.6). Calculate the dc voltage
gain for W/L = 10 μm/1 μm for all transistors, IB3 = 2 μA, IB2 = 200 μA. Use
VT0 = 0.35V, ISH= 200 nA, n= 1.1, �t= 26mV, and VE= 10V/μm.

7.7 An active circuit that emulates an inductive component is shown in Figure P7.7 [33].
In fact, the circuit shown is equivalent to an LC tank, but for the sake of clarity we have
omitted both the output conductance and the output capacitance from the small-signal
equivalent circuit shown in Figure P7.7(b). (a) Demonstrate that the impedance seen
by node vo is equivalent to the circuit shown in Figure P7.7(c). (b) Calculate the
approximate values of RS, RP, and Leq in terms of the small-signal parameters. Assume
that RP≫RS. (c) Assuming that all the extrinsic capacitances are equal to zero,
determine the self-resonance frequency ω0 of the LC tank and the intrinsic quality
factor Q0 at the resonance frequency. Show that ω0 ’ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ωT1ωT2
p

;Q0 ’
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ωT1=ωT2

p
[33], where ωT is the transistor’s intrinsic unity-gain frequency.

7.8 (a) Determine the minimum common-mode input voltage of the source-coupled
pair of Figure 7.17 when the bulk is connected to the source. (b) Determine the
maximum common-mode input voltage of a source-coupled pair of p-MOS tran-
sistors for cases of both bulk connected to source and bulk connected to VDD.

7.9 Redraw the circuit of Figure 7.29(b) for the case inwhich thebodyof the input transistors
is tied to VSS and recalculate the low-frequency negative power-supply rejection ratio.

7.10 Calculate the transient response of the unity-gain buffer in Figure 7.33, assuming
that the differential amplifier can be represented as in Figure 7.33 but with the
integrator replaced with (1/gm1)[1/(s/ωu+1/A0)], where A0 is equal to gm1/go≫ 1
and go is the output conductance. Calculate the transient response for both the cases
of an input signal step less than and greater than IT/gm1. What is the steady-state
difference between the output and input voltages?

7.11 Using the complete low-frequency small-signal MOSFET model with transcon-
ductances gms, gmg, gmb, and gmd, verify that the low-frequency circuit associated
with Figure 7.12(b) and the circuit in Figure 7.29(b) are appropriate for low-
frequency analysis of the source follower and the differential amplifier shown in
the respective figures.

gm1vg1

IO
M1

M2

VO

VDD

IB

VB

(a) (b)       (c)

RS
RP

Leq

io
vo

vo

io

gms2vo

+
vg1
–

G C

Cgd1

Fig P7.7. (a) A CMOS active inductor [33]. (b) The small-signal equivalent circuit excluding the output
conductance and the output capacitance of M1. (c) The approximate equivalent impedance.
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8 Operational amplifiers

One of the most useful building blocks for analog integrated circuits is the operational
amplifier, or op amp for short. The fundamentals for the op amp were established by
Harry Black in 1934 [1], [2]. Black’s basic idea to make an amplifier stable over
temperature changes and power-supply variations was to first build an amplifier that
had more gain (say 40 dB) than the application required and then include negative
feedback around this amplifier to stabilize the gain. The use of the term operational
amplifier and the systematic presentation of its applications came much later in a 1947
paper [3]. Op amps became popular circuit-building blocks only in the late 1960s with
the development of the bipolar analog integrated-circuit technology [4]. Since then, the
op amp has been used in a number of applications such as instrumentation amplifiers,
continuous-time and switched-capacitor filters, D/A and A/D converters, non-linear
analog operators, signal generators, and voltage regulators. This chapter deals with the
analysis and design of CMOS operational amplifiers. The design of op amps is an
important and sometimes challenging task owing to the specifications to be met and to
the boundary conditions such as process, supply voltage, and temperature [5]. We start
the chapter with an introduction to definitions, applications, and performance parameters.
We then present classical topologies of single-ended op amps together with the analysis
of large-signal and small-signal characteristics. Next, we give some introductory con-
cepts on rail-to-rail amplifiers and class-AB output stages. Finally, we introduce fully-
differential operational amplifiers and the associated common-mode feedback circuits,
which have become progressively more important as CMOS technologies migrate to
lower supply voltages.

8.1 Applications and performance parameters

8.1.1 The ideal operational amplifier

The operational amplifier in simplified form is represented in Figure 8.1. It is a five-
terminal device, two of them for the power-supply lines, an input pair of terminals, and an
output terminal. The ideal op amp is classically represented in textbooks as the differ-
ential amplifier in Figure 8.1(a) with a voltage gain that tends toward infinity. The ideal
op amp has infinite input impedance and zero output impedance. Also, it has a voltage
gain equal to zero for common-mode signals and the bandwidth is infinite. Although the



model in Figure 8.1(a) is widely employed in textbooks, here we will use more often the
equivalent op-amp model in Figure 8.1(b). The latter has more physical meaning since
the description of the main components of op amps, be they bipolar or MOS transistors,
as voltage-controlled current sources is much closer to the physics than is considering
them as voltage-controlled voltage sources.

When the op amp is represented by the equivalent model of Figure 8.1(b), it is usually
called an operational transconductance amplifier or OTA for short. Even though there is
no difference between these two types of amplifiers, we will reserve the denomination
OTA for the op amps which provide an output current proportional to the differential
input voltage. Unless noted otherwise, for the remaining part of this chapter we will
simply use the term operational amplifier, in spite of the widespread use of the acronym
OTA for operational amplifiers with a voltage at the output.

8.1.2 Basic applications of operational amplifiers

The relevant specifications of an op amp depend on the particular application of the
device. In Figure 8.2 we represent some important configurations of op amps for
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continuous-time circuits. Assuming that the op amps in the topologies shown in
Figure 8.2 are ideal, the inverting amplifier has a gain of –R2/R1, and the voltage follower
has a gain of unity. The transimpedance amplifier converts the input current into an
output voltage with a transimpedance gain of –R. In the voltage integrator, the input
resistor converts the input voltage into a current, which is subsequently integrated into
the feedback capacitor, giving an output voltage that is the negative integral of the input
voltage scaled by the factor 1/(RC). The gain–bandwidth product of the op amp, together
with the values of the components connected to it, defines the range of frequencies at
which the topologies show a behavior close to that of the ideal op amp. Note that the
common-mode input range of the buffer amplifier in Figure 8.2(b) is equal to the input
range, whereas the common-mode input range of the other topologies is zero. The input-
referred offset voltages of the op amps are transferred to the output nodes with gains
equal to (1 +R2/R1), 1, and 1, for the structures in Figures 8.2(a), (b), and (c), respectively.
The offset voltage, as well as the input-referred noise voltage of the op amp in Figure 8.2
(d), is also integrated at the output. The slew rate can be an important specification
depending on the output-voltage swing and frequency specifications. In the particular
case of the integrator, when the magnitude of the input signal is evenly distributed over its
frequency span, the slew rate is not an important specification since the magnitude of the
output voltage decreases with the inverse of the frequency. Other specifications such as
the CMRR and PSRR are equally important for all topologies, but their minimum values
are strongly dependent on the surroundings of the op amps to be designed. The op amps
of applications in Figures 8.2(a) and (c) must drive, in general, not only feedback
resistors but also capacitive loads (not shown in the figure). On the other hand, the
voltage follower and the integrator in Figures 8.2(b) and (d), in some cases, drive
capacitive loads only.

Figure 8.3 shows two applications for switched-capacitor circuits, namely the sample–
hold (S/H) amplifier and the integrator. Switches �1 and �2 cannot close simultaneously,
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Fig. 8.3 (a) An inverting sample–hold amplifier. (b) A switched-capacitor integrator.
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i.e. when one of them is closed the other is open. When the S/H amplifier goes from the
hold mode to the sample mode, switch �1 closes while switch �2 opens. After a short
time, determined by both the RC time constant and the settling time of the op amp, the
output becomes an inverted copy of the input. In the hold mode, �1 is open while �2 is
closed; thus, the charge stored on the capacitor remains constant and, consequently, so
does the output voltage.

In sampled-data circuits such as the two shown in Figure 8.3, an important specifica-
tion is the settling time. When the circuits switch to the sample mode, the output voltage
takes some time to change from the previous value to the new value. If the switching
frequency is, as in many situations such as in oversampled converters, much higher than
the signal frequency, the small-signal settling behavior is sufficient to characterize the
transient response of the circuit. However, when the switching frequency is close to the
Nyquist frequency (equal to twice the maximum input frequency) the output-voltage
swing between two consecutive samples can be high, in which case the slew rate
becomes an important factor limiting the settling response. In most sampled-data circuits,
the settling behavior of the output is not affected by the slew rate since either the signal is
oversampled or the components of the signal at higher frequencies are of small magni-
tude. It is worth noting that the circuits in Figure 8.3 are subject to coupling of the digital
signal (clock signal) that turns the switches on and off to the outputs via power supply
lines, via sensitive input nodes of the op amps, or through the substrate.

Example 8.1

Suppose that, for low frequencies, the op amp of the inverting amplifier in Figure 8.2(a) is
modeled as shown in Figure E8.1. (a) Determine the output voltage in terms of the input
and offset voltages. (b) What is the output voltage for gm→∞? (c) What is the relative
gain error compared with the idealized voltage gain –R2/R1 when gm= 10mA/V,
go= 10 μA/V, R1 = 10 kΩ, and R2 = 100 kΩ?

Answer

(a) Kirchoff’s current law (KCL) for the op-amp inverting input gives

VI � VX

R1
þ Vo � VX

R2
¼ 0;

where VX=−VID is the voltage at the inverting input. The application of KCL to the
output node gives

+
VID
–

+

–
+
Vo
–

Io = gm(VID – VOS) – goVo

Fig. E8.1 A macromodel of the op amp at low frequencies.
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gm VX þ VOSð Þ þ goVo þ VO � VX

R2
¼ 0:

Using these two KCL equations we find, after some algebra,

VO ¼ �
R2

R1
1� 1

gmR2

� �
VI þ 1þ R2

R1

� �
VOS

1þ 1

gm
go 1þ R2

R1

� �
þ 1

R1

� � :

(b) When gm→∞, the expression for the output voltage becomes

VO ¼ �R2

R1
VI � 1þ R2

R1

� �
VOS;

which is the classical result obtained when the open-loop dc gain of the op amp is
infinite.

(c) From the expression for the output voltage we find, for small gain error ε, that

ε ¼ actual gain� ideal gain

ideal gain
ffi � 1

gm

1

R2
þ go 1þ R2

R1

� �
þ 1

R1

� �
;

which gives ε ffi �2:2%.

Example 8.2

Suppose that, for low frequencies, the op amp of the inverting integrator in Figure 8.2(d)
is modeled as shown in Figure E8.1. (a) Determine the differential equation for the output
voltage in terms of the input voltage and of the circuit parameters. (b) Find the solution
of the differential equation for constant input voltage and initial condition VO(t= 0) = 0.
(c) What is the output voltage for gm→∞? (d) What is the error in the output voltage
compared with the ideal case of a ramp signal at the output?

Answer

(a) The application of KCL to the op-amp inverting input and output gives the following
differential equation relating the output voltage to the input voltage:

RC 1þ ε1 þ ε2ð Þ d VO þ VOS � VI=ðgmRÞð Þ= 1þ ε1 þ ε2ð Þ½ �
dt

þ ε1VO

¼ � VI þ VOSð Þ;
where ε1 = go/gm and ε2 = 1/(gmR).

(b) Since VOS is, in general, a slowly varying signal and, in this example, VI is constant,
we can write

RC 1þ ε1 þ ε2ð Þ dVO

dt
þ ε1VO ¼ � VI þ VOSð Þ;

which gives the solution
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VOðtÞ ¼ �VI þ VOS

ε1
1� exp � ε1t

1þ ε1 þ ε2ð ÞRC
� �� �

: (E8:1:1)

(c) When gm→∞, both ε1 and ε2→ 0. Using the approximation exp(x)ffi 1 + x for
|x|≪ 1, we find the following result for VO(t):

VOðtÞ ¼ � VI þ VOSð Þ t

RC

� �
:

In the ideal case (VOS= 0), the output voltage is a ramp the value of which is the
negative of the input voltage after a time slot equal to RC, the integrator time
constant.

(d) To calculate the error due to the non-infinite op-amp transconductance, we use the
approximation exp(x)ffi 1 + x+ x2/2 for |x|≪ 1 in (E8.1.1). The output voltage then
becomes

VOðtÞ ffi � VI þ VOSð Þ t

1þ ε1 þ ε2ð ÞRC� ε1
2

t

1þ ε1 þ ε2ð ÞRC
� �2

" #
:

For a small value of ε1, the output voltage is composed of both a linear and a
quadratic term in t. The time constant of the linear term is now modified by the errors
ε1 = go/gm and ε2 = 1/(gmR), which must be small. The quadratic term gives rise to a
relative error εlin (see Figure E8.2) in the linearity of the ramp generator given by

εlin ffi ε1
2

t

1þ ε1 þ ε2
:

8.1.3 Performance parameters

In this subsection we present a set of parameters that represent appropriately the character-
istics of the op amp for most of its applications. Most of them have already been described
in the section on differential amplifiers of the previous chapter, but for the sake of
completeness and review, we present here the performance parameters of differential (or
operational) amplifiers, namely the input offset voltage, common-mode input range,
output-voltage swing, differential voltage gain, gain–bandwidth product, input impedance,
output impedance, noise, slew rate, settling time, common-mode rejection ratio, power-
supply rejection ratio, distortion, current consumption, and silicon area. Herein, we

t

εlinVramp

0

Vramp

Fig. E8.2 Error in the linearity of the ramp generator.
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consider in all cases that the gate current is negligible; consequently, the input bias current
is zero. Just to give the reader an idea of common specifications of op amps, we reproduce
here two sets of op-amp specifications provided in the technical literature.

Table 8.1 describes some performance parameters of the buffered operational amplifier of
[6], designed to drive an RC load. The op amp was fabricated through theMOSIS service in
a 2-μm, n-well CMOS, double-polysilicon, double-metal technology. Most of the dc
characteristics were tested with the op amp connected in the voltage-follower configuration.
The ac characteristics were measured with a negative-feedback network consisting of a
3-MΩ resistor between the output and the inverting input and a 2.2-nF capacitor between
ground and the inverting input. Details on the op-amp topology can be found in [6].

Table 8.2 describes the experimental performance of two operational amplifiers pre-
sented in [7]. These two op amps were designed to drive a purely capacitive load. Note

Table 8.1 Measured dc and ac characteristics of the
buffered op amp of reference [6]

Supply voltage 5V

DC gain (163Ω – 33 pF load) 67.2 dB
Gain–bandwidth product 11.4MHz
SR+ (50Ω – 33 pF load) 20.4 V/μs
SR− (50Ω – 33 pF load) 18.8 V/μs
Offset voltage 1mV
Vout+ 4.12V
Vout− 0.88V
Power dissipation 10mW

Table 8.2 Experimental performance of the operational amplifiers of
reference [7](Vsupply= 1 V, 1.2-μm CMOS technology, C= 15 pF)

Parameter Amplifier I Amplifier II

Active die area 0.81mm2 0.26mm2

IDD (supply current) 410 μA 208 μA
DC gain 87 dB 70.5 dB
Unity-gain frequency 1.9MHz 2.1MHz
Phase margin 61o 73o

SR+ 0.8V/μs 0.9V/μs
SR− 1V/μs 1.7V/μs
THD (0.5Vpp at 1 kHz) −54dB −77dB
THD (0.5 Vpp at 40 kHz) −32dB −57dB
vni (at 1 kHz) 267 nV/Hz1/2 359 nV/Hz1/2

vni (at 10 kHz) 91 nV/Hz1/2 171 nV/Hz1/2

vni (at 1MHz) 74 nV/Hz1/2 82 nV/Hz1/2

CMRR 62 dB 58 dB
PSRR+ 54.4 dB 56.7 dB
PSRR− 52.1 dB 51.5 dB
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that the harmonic distortion is specified for two signal frequencies. The power-spectral
density (PSD) of the equivalent input noise voltage is measured at three frequencies. The
measurement of the PSD at several frequencies is generally required for op amps since
they will mostly be employed in applications for which the noise comprises not only
thermal noise (flat spectrum) but also flicker (1/f ) noise.

8.2 The differential amplifier as an operational amplifier

Some topologies of differential amplifiers studied in Chapter 7, usually referred to as
single-stage operational amplifiers, are reviewed next.

8.2.1 The simple-stage differential amplifier

The differential amplifier in its simplest version is shown in Figure 8.4. We recall here
that the differential voltage gain is given by gm1/(gd2 + gd4). Let us assume for now that,
owing to the circuit specifications, we must keep both the amplifier transconductance and
the bias current constant. Since the gm/ID ratio should remain constant, so should the
inversion levels of the transistors. If we use minimum channel lengths for all transistors,
the voltage gain will be typically between 10 and 100. This range of gains is, in general,
not acceptable for common applications. One way to increase the voltage gain is to
increase the transistor channel length (recall that the transistor Early voltage is approxi-
mately proportional to the channel length). However, increasing the channel length has
two adverse effects: (i) for a constant inversion level, which is the case under analysis, the
transistor’s unity-gain frequency decreases with the square of the channel length, which
means that we cannot increase the channel length above a limit value given by frequency
constraints; and (ii) the increase in channel length leads to an increase in channel width
when both the inversion level and the current are constant, which, in turn, results in
increases in silicon area (the gate area is proportional to L2) and in leakage through the
reverse-biased p–n junctions. Therefore, for relatively high-frequency applications, the

VO

M1 M2
+

VG1
–

VDD

+
VG2
–

M3 M4

1:1

IT
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Fig. 8.4 A current-mirror-load differential amplifier.
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voltage gain of the topology in Figure 8.4 is limited to a value that is, in general,
lower than 100. Another limitation of the topology in Figure 8.4 is the reduced output-
voltage swing. For a constant common-mode input range, the output voltage must be
within limits that ensure that both M2 and M4 remain in saturation. Example 8.3 shows
how to calculate the common-mode input range that leads to the optimum output-voltage
swing.

Example 8.3

Determine the value of the common-mode input voltage of the differential amplifier
shown in Figure 8.4 that maximizes the output-voltage swing. The nominal specific
current of transistors M1 to M4 in Figure 8.4 is ISN = ISP= 1 μA, VT0N= 0.5V,
VT0P=− 0.7V, VDD = 3.3V, and IT= 160 μA. Assume that nN = nP= 1.2 and �t= 25mV.
Assume that the current source is implemented with a simple transistor with a specific
current equal to twice that of M1.

Answer

To keep the nominal performance of the differential amplifier, the output voltage must be
within limits that ensure that all transistors operate in saturation. The maximum output
voltage must be such that

Vomax ¼ VDD � VDSsat4j j
to keep M4 in saturation. The dc current through M1–M4 is 80 μA. Since the specific
current of transistors M1 to M4 is 1 μA, their inversion level is equal to 80. The maximum
output voltage is thus

Vomax ¼ VDD � �t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 4

p þ 3
	 
 ¼ 3:0 V:

On the other hand, the minimum output voltage required for M2 to remain in
saturation is

Vomin ¼ VDSsat2 þ VX:

The goal is to minimize Vomin. VDSsat2 is given by

VDSsat2 ¼ �t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 2

p þ 3
	 
 ¼ 0:3 V:

VXmin is the minimum value of VX required in order to keep the current source IT in
saturation, i.e.

VXmin ¼ VDSsatT ¼ 0:3 V:

Note that the minimum output voltage required for the current source to remain in
saturation is the same as that required for M1−M2 because the inversion levels are the
same.

To calculate the common-mode input voltage required to set the current source on the
verge of saturation, we use the UICM.We assume here that the substrate of the n-channel
transistors is connected to ground. In this case, the UICM is written as
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VICMmin � VT0N

nN
� VXmin ¼ �t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 1

p � 2þ ln
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 1

p � 1
	 
� � ¼ 0:227 V:

Thus, VICMmin = 1.13V.
The common-mode input voltage can be generated using the bias circuits described in

[8], [9] and given in Chapter 5.
Since the common-mode input voltage was optimized to impose a voltage at node VX

equal to the saturation voltage of the tail current source, the output voltage swing for
VICM = 1.13V is, thus, equal to 0:6 V � VO � 3:0 V.

8.2.2 The telescopic-cascode differential amplifier

For applications in which the amplifier is required to operate at high frequencies,
increasing the channel length to achieve a high gain is not an appropriate choice due to
the dependence of the transition frequency on the reciprocal of the square of the channel
length. Another way to increase the gain of an amplifier is through the use of cascode
devices. A typical topology of a differential amplifier is shown in Figure 8.5, where load
devices and input devices are stacked in a specific sequence. This telescopic-cascode
differential amplifier has a voltage gain that can be considerably higher, typically by a
factor of 10–50, than that of the simple differential amplifier configuration. The price to
be paid, however, is a reduced output swing due to the stacked transistors. The circuits for
generating VBN and VBP must be designed in order to bias M1–M2 and M5–M6, respec-
tively, on the edge of saturation. Also, to allow for maximum output swing, the common-
mode input voltage must be set to a value that will bias the tail-current source on the verge
of saturation (see Example 8.3). If we assume that the telescopic-cascode amplifier is
optimally biased and that the saturation voltages are all equal to VDSsat, the maximum
output swing will be VDD − 5VDSsat. The data of Example 8.3 give a maximum output
swing of 3.3 – (5 × 0.3) = 1.8V, which is acceptable. However, for more advanced

VO

M7

M6

+
VG1
–

VDD

+
VG2
–

M5

IT

M1 M2

VX

M3 M4

M8

VBN

VBP

Fig. 8.5 A telescopic-cascode differential amplifier.
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technologies, VDD = 1.8V or even less. In this case, the telescopic-cascode amplifier
imposes serious constraints on the signal swing and it is rarely employed, except for
situations where transistors are biased at low inversion levels, for which the saturation
voltage of a transistor is around 100mV.

A single-stage differential amplifier with a topology similar to the telescopic-cascode
is the folded-cascode amplifier. This will be discussed extensively in this chapter due to
its undeniable importance in analog integrated circuits. Before moving to the section on
folded-cascode amplifiers, we present the very simple topology of the symmetric opera-
tional amplifier.

8.3 The symmetric operational amplifier

The inclusion of current mirrors in the topology of Figure 8.4, as shown in Figure 8.6, can be
used to increase the output-voltage range of the differential amplifier at the expense of
higher power dissipation. The topology in Figure 8.6 is referred to as either symmetric op
amp [10], due to the symmetry of the input stage, or current-mirror op amp [11]. There are
two important advantages of this topology comparedwith the simple topology in Figure 8.4:
(i) there is no high-impedance node associated with the input pair M1−M2, which translates
into a negligible Miller effect; and (ii) the output node is not connected to the input stage;
thus, the output-voltage swing depends only on the topology and bias of the output stage,
being insensitive to the common-mode input voltage. In order to increase the voltage gain,
one can use high-output impedance current mirrors. However, to focus on the first-order
analysis of the symmetric op amp, we use the simple topology shown in Figure 8.6.

8.3.1 DC characteristics

We first analyze the op amp in Figure 8.6 as a device that converts the differential input
voltage (VID=VG1−VG2) into an output current (IL). For the analysis, let us assume that

VOM1 M2
+

VG1
–

+
VG2
–

M4

1:B

IT

VX

M3M5

VDD

M6

M7 M8

B :1

1:1

CL

IL

VY

Fig. 8.6 A symmetric operational amplifier.
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all transistors operate in saturation. Also, let us assume that the output node (VO) is
connected to a constant-voltage source and that the Early voltage of all transistors is
infinite. If VID =VG1−VG2 = 0, then I1 = I2 and the (ideal) current mirrors force IL = 0. If
VID > 0, then I1 > I2 and, since IL=B(I2 − I1) we have IL< 0. The current transfer char-
acteristic of the OTA is shown by the solid-line curve of Figure 8.7. The gate of M1 is the
inverting input since an increase in VG1 relative to VG2 forces an incoming current at the
amplifier output; if a resistive load is connected to the output, the output voltage will be
180o out of phase with the gate voltage of M1. Similarly, the gate of M2 is the non-
inverting input since an increase in VG2 with respect to VG1 will give rise to an outgoing
current at the amplifier output.

The shape of the voltage transfer characteristic of the symmetric op amp is very similar
to that shown in Figure 8.7. At sufficiently high negative values of VID, the output voltage
saturates at VDD, whereas at sufficiently high positive values of VID, the output voltage
saturates at the ground level.

The common-mode input range is equal to that calculated in Chapter 7 for the
differential pair with current-mirror load. In fact, the common-mode input voltage
must be greater than a certain value for the current source to remain in saturation and
less than a certain value for the input transistor to remain in saturation. The output-
voltage swing is limited by the need to keep the output transistors in saturation.

The offset voltage caused by the mismatch component can be calculated using the
result previously obtained for the current-mirror-load differential amplifier (see
Section 7.5.3.4 of Chapter 7) added to the contributions from the mismatch of transistor
pairs M5–M6 and M7–M8. In the analysis that follows we define the offset voltage
VOS=VG1−VG2 as the differential input voltage required for the output current to be
equal to zero when M6 and M8 operate in saturation. We are interested in determining the
major contributors of the offset voltage; therefore, in this analysis we assume that all the
Early voltages are infinite. The offset voltage is split into four components, VOSi,i+1 with
i= 1, 3, 5, and 7, each being associated with a specific pair of transistors. Using Pelgrom’s
model for the mismatch (see Section 4.6.1), the components of the offset voltage can be
written as

–1

I1/IT
I2/IT

0 42–2–4

1

IL/(BIT)

VID (a.u.)

Fig. 8.7 The dc transfer characteristic (IL against VID) of the symmetric op amp. The differential input
voltage is expressed in arbitrary units.
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VOS1�2 ¼ VT 01 � VT 02 � IT
gm1

IS1 � IS2
IS1 þ IS2

;

VOS3�4 ¼ gm3

gm1
VT 03 � VT 04ð Þ þ IT

gm1

IS3 � IS4
IS3 þ IS4

;

VOS5�6 ¼ � gm3

gm1
VT 05 � VT 06ð Þ � IT

gm1

IS5 � IS6
IS5 þ IS6

;

VOS7�8 ¼ � gm7

Bgm1
VT 07 � VT 08ð Þ þ IT

gm1

IS7 � IS8
IS7 þ IS8

¼ � VT 07 � VT 08ð Þ þ IT
gm1

IS7 � IS8
IS7 þ IS8

:

(8:3:1)

Note that, to simplify the last term in (8.3.1), we assume that the aspect ratio of
transistor M7 is B times higher than that of transistor M1; consequently, M1 and M7

operate at the same inversion level. The ratio IT/gm can be calculated using once again the
universal current-to-transconductance ratio, which, for first-order analysis, is dependent
on the inversion level and temperature only.

As previously explained for differential amplifiers, the specific-current mismatch does
not play an important role in the determination of mismatch in transistors except for high
inversion levels. Thus, as expected, the offset voltage of differential amplifiers is mostly
affected by threshold-voltage mismatch or, equivalently, by fluctuations in the number of
doping atoms below the MOSFET channel [12].

8.3.2 Small-signal characteristics and noise

To calculate the response to the differential input voltagewemake vg1 = vid/2 and vg2 =−vid/2.
We first perform a simplified ac analysis of the circuit in Figure 8.6 assuming that the
internal capacitances are equal to zero. The differential transconductance is calculated with
the output node connected to a constant-voltage source.

The op-amp transconductance (Gm), which is equal to the transconductance (gm1) of
input transistor M1 or M2 multiplied by the current-mirror gain B, i.e.Gm=−Bgm1, can be
summarily explained as follows. For a small variation of the input voltage vid, the ac
currents that flow through M3 and M4 are gm1vid/2 and −gm1vid/2. Both currents are
amplified by factor B through the action of the current mirrors on the upper part of the
scheme. The current that flows through M5 is inverted and added at the output to the
current that flows through M6, giving an ac load current equal to −Bgm1vid.
Mathematically, we have

Gm ¼ il
vid


VO

ffi B
�gm1vid=2� gm1vid=2

vid
¼ �Bgm1: (8:3:2)

The admittance seen at the output node is Yo = sCL+Go, where Go = gd6 + gd8. Hence,
the differential voltage gain is

Ad ¼ vo
vid

¼ �B
gm1

Go

1

1þ sCL=Go
: (8:3:3)
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In a first-order analysis, the differential voltage gain is a single-pole function with a low-
frequency value equal to Bgm1/Go and a unity-gain angular frequency of Bgm1/CL. A more
accurate result for the frequency response of the differential voltage gain must include the
transfer function of the current mirrors. Note that current mirrors M3–M5 and M4–M6

introduce equal delays in the current paths; as a consequence, they do not introduce any
asymmetry into the frequency response. On the other hand, current mirror M7–M8 acts on
the current that flows on the left side of the circuit, thus giving rise to a pole–zero doublet,
as studied in Section 7.5.3.5. Summarizing, the inclusion of the frequency response of the
current mirrors leads to the following expression for the voltage gain:

Ad ¼ �Bgm1=Go

1þ sCL=Go

1

1þ s=ωmir

1þ sð2Cgd8 þ CyÞ=ð2gm8Þ
1þ sðCgd8 þ CyÞ=gm8

; (8:3:4)

where ωmir= gm4/C4, with C4 equal to the sum of the capacitances between the gates of
M4 and M6 and the ac ground, and Cy is the sum of all capacitances between node VY and
the ac ground. In order to avoid the frequency response of the current mirror adversely
affecting the op-amp response, it is generally advisable to set B= 1. In some low-
frequency applications, however, the current-mirror gain B can be much smaller than
unity in order to provide a very low transconductance [13].

If the reader wishes to calculate the common-mode gain and the voltage gains relative
to the supply rails, they can proceed as previously shown in Chapter 7 for the differential
amplifier.

The noise current at the output of the op amp is calculated by adding the uncorrelated
channel currents at the ac grounded output. A simple ac analysis for the symmetric op
amp in Figure 8.6 gives the following result for the PSD of the output noise current:

i2no
Δf

¼ 2 B2 i2n1 þ i2n3
Δf

 !
þ i2n5 þ i2n7

Δf

" #
: (8:3:5)

On referring the output noise current to the input, we obtain

e2ni
Δf

¼ 2

g2m1

i2n1 þ i2n3
Δf

þ i2n5 þ i2n7
B2Δf

 !
: (8:3:6)

The channel noise currents can be replaced with their expressions associated with both
thermal and flicker noise, as given in Chapter 4.

8.3.3 Slew rate

The maximum rising and falling rates of the output voltage for the topology of Figure 8.6
are given by

dVO

dt



max

¼ BIT
CL

; (8:3:7)

since the maximum sink or source current at the output is BIT.
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8.4 The folded-cascode operational amplifiers

One important problem with symmetric op amps is that the input transistors see a diode-
connected load, which contributes to reducing the common-mode input-voltage range.
On the other hand, the main drawback of the telescopic-cascode amplifier is the stacking
of five transistors between the supply lines, which reduces the allowable output-voltage
swing. Thus, for many applications, the folded-cascode amplifier shown in Figure 8.8 is
the amplifier of choice. It is composed of a p-channel differential input pair (M1, M2),
followed by common-gate stages (M3, M4) and current sources (M9, M10), and a self-
biased cascode current mirror (M5−M8) that inverts the current signal. To allow for
greater output-voltage swing, (i) the self-biased cascode current mirror can be replaced
with a high-swing cascode current mirror, and (ii) Vbias2 can be generated by a bias circuit
such that the current sources (M9, M10) operate on the edge of saturation [8], [9]. The
disadvantage of the folded-cascode amplifier compared with the telescopic-cascode
amplifier is a higher current consumption.

8.4.1 DC characteristics

According to the notation in Figure 8.8, the direct current flowing through M3 and M4 is
IB− IT/2. Therefore, IBmust be higher than IT/2. If IB is slightly higher than IT/2, amismatch
between current sources IB and IT can lead to very small (or even zero) currents throughM3

and M4. A value of IB much higher than IT/2 leads to high current consumption with no
benefit to dynamic parameters such as the gain–bandwidth product and slew rate. In most
cases, the bias current IB is made equal to the tail current IT.

Let us now analyze the circuit in Figure 8.8 as an OTA, assuming that all transistors
operate in saturation. The goal is initially to calculate the output current for constant
output voltage. When the differential input voltage VID =VG1−VG2 = 0, then
ID1 = ID2 = IT/2; and when VID> 0, we have ID1 < ID2 or, equivalently, Δi> 0. The output

IT

IT/2 IT /2

Δi

Δi
2ΔiM1 M2

M3 M4

M5 M6

M7 M8

M9 M10

M11

+ –

IB IB

Δi

Δi
Δi

VDD

VSS

Vbias2
+
vo
–

CL

vi1 vi2

Vbias1

N2N1

Vbias3

Fig. 8.8 A folded-cascode operational amplifier.
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current, which equals 2Δi, flows from the amplifier output into the load; thus, the gate of
M1 is the non-inverting input of the op amp.

In order to calculate the common-mode input range we note that the proper operation of
the input stage requires transistorsM1,M2, andM11 to operate in saturation. The maximum
common-mode input voltage is limited by the saturation voltage of M11. To keep M11 in
saturation we must ensure that the value of VS1 is below a maximum value given by

VS1max ¼ VDD � VDSsat11j j ¼ VDD � �t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT=IS11

p
þ 3

� �
: (8:4:1)

The common-mode input voltage VICM at which M11 is in saturation must be smaller
than a maximum value VICMmax. Application of the UICM, which gives the relationship
between the inversion level if and the bias voltages, to the input transistor leads to

VICMmax ¼ VDD � VDSsat11j j þ VT 0P � nP�tF IT=ð2IS1Þ½ �; (8:4:2)

where

F IT=ð2IS1Þ½ � ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT=ð2IS1Þ

p
� 2þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT=ð2IS1Þ

p
� 1

� �
;

for the case in which the substrate (n-well) is connected to the source (see Problem 8.3).
When the common-mode input voltage decreases, the voltage at the common-source
node of the input transistors also decreases. VD1, the drain voltage of M1, is determined
by both Vbias2 and the forward inversion level of M3, being independent of the input
voltage. Let us now assume that Vbias2 has been designed so that M9 operates on the edge
of saturation. In this case we have

VD1 ¼ VSS þ VDSsat9: (8:4:3)

Since VD1 is constant, a reduction in the common-mode input voltage causes the
source-to-drain voltage of M1 to decrease. The minimum value of the common-mode
input voltage at which M1 remains in saturation is thus determined by the saturation
voltage of M1. Using once again the UICM (see Problem 8.3), we find that

VICMmin ¼ VSS þ VDSsat9 þ VDSsat1j j þ VT 0P � nP�tF IT=ð2IS1Þ½ �: (8:4:4)

The minimum output voltage is limited by the drain-to-source saturation voltages of
M4 andM10 if, as previously mentioned, Vbias2 has been designed so that M10 operates on
the edge of saturation. In this case we have

Vomin ¼ VSS þ VDSsat4 þ VDSsat10: (8:4:5)

The output voltage must be lower than a maximum value Vomax in order for M8 to be in
saturation. For the topology of the currentmirror in Figure 8.8, themaximumoutput voltage is

Vomax ¼ VDD � VSG6 � VDSsat8j j: (8:4:6)

Note that in (8.4.6) we have used VSD6ffiVSG6. The offset voltage is caused by
mismatch in pairs (M1, M2), (M5, M6), and (M9, M10). The effects of mismatch in
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pairs (M3, M4), (M7, M8) can be neglected for the calculation of the offset voltage since,
as before, their mismatch affects the drain voltages of the remaining transistors and,
again, we assume that the Early voltages play a minor role in the determination of the
offset voltage. In the analysis that follows we define the offset voltage VOS=VG1 −VG2 as
the differential input voltage required in order for the output current to be equal to zero.
As in the analysis of the symmetric op amp, we split the offset voltage into three
components, VOSi–i+1 with i= 1, 5, and 9. The components of the offset voltage can
thus be written as

VOS1�2 ¼ VT 01 � VT 02 þ IT
gm1

IS1 � IS2
IS1 þ IS2

;

VOS5�6 ¼ gm5

gm1
VT 05 � VT 06ð Þ þ 2ðIB � IT=2Þ

gm1

IS5 � IS6
IS5 þ IS6

;

VOS9�10 ¼ gm9

gm1
VT 09 � VT 010ð Þ � 2IB

gm1

IS9 � IS10
IS9 þ IS10

:

(8:4:7)

As previously noted for differential pairs, the offset voltage is mainly affected by
threshold-voltage mismatch or, equivalently, by the fluctuations in the number of doping
atoms below the MOSFET channel [12], except for high inversion levels, at which the
specific-current mismatch has an important effect on the offset voltage.

8.4.2 Small-signal characteristics and noise

The transconductance Gm of the folded-cascode op amp is equal to the transconductance
(gm1) of the input transistors M1 or M2. For a small variation of the input voltage
vid = vi1− vi2, two equal and opposite ac currents Δi= gm1vid/2 flow through M1 and
M2. The current that flows through M5 is inverted and added at the output to the current
that flows through M4, giving an ac load current equal to gm1vid. Therefore, the op-amp
transconductance is equal to the input transistor transconductance, i.e.

Gm ¼ io
vid


vo ¼ 0

¼ gm1: (8:4:8)

Assuming that the currents flowing through the input transistors are transferred to the
output without any attenuation or delay, the differential voltage gain is given by

Ad ¼ vo
vid

ffi gm1

Go

1

1þ sCL=Go
; (8:4:9)

where Go is the op-amp output conductance. In this simplified model, the output
impedance of the amplifier is represented by a parallel association of a resistance and a
capacitance CL. The unity-gain frequency is gm1/CL rad/s.

A more accurate result for the frequency response of the differential voltage gain must
include the low-impedance nodes N1 and N2 as well as the frequency response of the
current mirror. Note that nodes N1 and N2 introduce equal delays in the current paths. On
the other hand, the current mirror M5−M8 affects the transference to the output of the
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current that flows through M1. Replacing M5−M8 with a simple current mirror would
give rise to a pole–zero doublet, as previously determined for the differential amplifier.
For the self-biased current mirror shown in Figure 8.8 or another example, such as the
high-swing current mirror, let us assume that its current transfer function is given byH(s),
where H(s) = 1 for frequencies much lower than the transition frequency of M5. The
inclusion of both the influence of nodes N1 and N2 and the frequency response of the
current mirrors leads to the following expression for the voltage gain:

Ad ¼ gm1=Go

1þ sCL=Go

1

1þ sCN1=gms3

1þHðsÞ
2

� �
; (8:4:10)

where CN1 is the sum of all capacitances between node N1 and the ac ground.
To calculate the CMRRwe determine the common-mode transadmittance of the op amp,

which is dependent not only on the impedance of the tail-current source but also
on transistor mismatch. For a first-order approximation in the common-mode transadmit-
tance and using a simplified notation, which gives more insight into the main parameters
that affect the common-mode transadmittance, we note that (i) the short-circuit output
current is io= id1(1− εmir)− id2, where 1− εmirffigm6/gm5 is the current-mirror gain, εmir
being the error gain due to mismatch between M5 and M6; (ii) since the drains of M1, M2,
M3, M4,

1 M9, and M10 are connected to low-impedance nodes, the output conductances of
these transistors are not relevant for the determination of the common-mode gain; and
(iii) for the purpose of obtaining an easily interpretable result we assume that the slope
factors of the input pair of transistors are equal, i.e. gms1 = ngm1 and gms2 = ngm2.

For the small-signal circuit of the folded-cascode amplifier in Figure 8.9 we assume
that the previous assumptions hold and that the local substrate of the input transistors is
connected to VDD. Using these simplifications,

id1 id2

yt (M11)

gm1vicm gm2vicm

gms2vx

vx

gms1vx

gms3vd1 gms4vd2

vd1 vd2

Fig. 8.9 A simplified small-signal model of the folded-cascode operational amplifier (current mirror not
included) for determining the common-mode transadmittance.

1 To calculate io the output is ac short-circuited to ground.
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io
vicm

¼ id1ð1� εmirÞ � id2
vicm

ffi yt
gmi

yt þ 2ngmi
εmir � Δgmi

gmi

� �
; (8:4:11)

where gmi is the average transconductance of the input transistors. The common-mode
transconductance is given by

Gcm ¼ io
vicm

low
frequency

ffi Gt

2n
εmir � Δgmi

gmi

� �
: (8:4:12)

As in the case of the differential amplifier, the common-mode transadmittance is
dependent on the mismatch both of the input transconductances and of the current mirror,
as well as on the output impedance of the tail-current source. Finally, the CMRR can be
calculated by recalling that io/vid= gmi and using (8.4.11), which yields

CMRR ¼ io=vid
io=vicm

ffi 1þ 2ngmi=yt
εmir � Δgmi=gmi

: (8:4:13)

The transconductance from the negative supply to the output is calculated by taking
into account the influence of VSS on the tail current IT and on the bias currents flowing
through M9 and M10.

The effect of VSS on the currents in M9 and M10 is calculated using the equivalent
circuit shown in Figure 8.10. We assume that the bias currents are derived from a
reference current IREF, with sensitivity with respect to the negative supply voltage
equal to gss, as shown in the small-signal model. Note that the drain of M9 is ac grounded,
which is satisfactory for our calculations since it is connected to a low-impedance node.
The derivation that we use to calculate id9 can also be applied to M10. On applying KCL
to the small-signal circuit in Figure 8.10, we find that

id9 ¼ � gss þ gds9ð Þvss: (8:4:14)

Similarly, we have for M10

id10 ¼ � gss þ gds10ð Þvss: (8:4:15)

VDD

ID9

M9

VSS

MREF

VD9
IREF

gds9gdsr

vggmr(vg – vss)

+vss

gm9(vg – vss)

iref = –gssvss
id9

Fig. 8.10 A simplified small-signal model of the folded-cascode operational amplifier (current mirror not
included) used for the determination of the transadmittance relative to the negative supply.
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In a practical circuit, both the tail current IT and the bias current IB are obtained from
the same reference current. Also, in general we have IT = IB. Therefore, the dependence of
the tail current on the negative supply voltage is

it ¼ �gssvss: (8:4:16)

Using small-signal analysis for the input stage, we find that

id1 ¼ gms1

gms1 þ gms2
gssvss (8:4:17)

and

id2 ¼ gms2

gms1 þ gms2
gssvss: (8:4:18)

The transconductance Gvss relative to the negative supply is, from (8.4.14), (8.4.15),
(8.4.17), and (8.4.18),

Gvss ¼ io
vss

¼ id1 þ id9ð Þ 1� εmirð Þ � id2 þ id10ð Þ
vss

ffi gms1 � gms2

gms1 þ gms2
gss þ gds10 � gds9 þ εmir

gss
2

þ gds9

� �
:

(8:4:19)

The reciprocal of the negative power-supply rejection ratio is written as

1

PSRRvss
¼ Gvss

gm1

¼ gms1 � gms2

gms1 þ gms2

gss
gm1

þ gds10 � gds9
gm1

þ εmir
gss
2gm1

þ gds9
gm1

� �
:

(8:4:20)

The first and second terms in (8.4.20) are associated with the mismatch (random error)
of the input pair M1−M2 and the bias current pair M9−M10, respectively. The third term is
associated with the current-mirror error, which is dependent on the mismatch of pair
M5−M6.

An interesting result is obtained when the reference current is independent of the
negative power supply, that is gss= 0. In this case, the input stage, as expected, does not
contribute to PSRRvss.

Using a procedure similar to that used to calculate Gvss, one can also determine the
value of Gvdd, the transconductance relative to the positive power supply (see Problem
8.6). The reader must note, however, that, in comparison with the determination of Gvss,
an additional component of the positive power supply is coupled to the output directly
through the stacked transistors M6 and M8.

To calculate the equivalent noise voltage at the input, we first calculate the noise
current at the ac-grounded output by adding the contributions of the uncorrelated channel
currents. Small-signal analysis for the folded-cascode op amp in Figure 8.8 gives

i2no
Δf

ffi 2
i2n1 þ i2n5 þ i2n9

Δf

 !
(8:4:21)
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for the PSD of the output noise current. To arrive at (8.4.21) we assumed that the output
conductances of the MOS transistors are considerably lower than the source transcon-
ductances. With this simplification, we note that the magnitudes of the current transfer
functions of the channel noise currents associated with M1, M2, M5, M6, M9, and M10 to
the output are slightly smaller than, but very close to, unity. On the other hand, the
magnitudes of the current transfer functions of the channel noise currents associated with
M3,M4,M7, andM8 are much smaller than unity (readers are invited to verify the validity
of the approximations used to derive (8.4.21)). Note that transistor M11 contributes
negligibly to the output noise current, since it generates a common-mode current. Once
again, we assume that the noise at the input can be represented by the equivalent input
noise voltage, for which the PSD is given by

e2ni
Δf

ffi 2

g2m1

i2n1 þ i2n5 þ i2n9
Δf

 !
: (8:4:22)

The channel noise currents can be replaced with their expressions associated with both
thermal and flicker noise, which were given in Chapter 4. Note, however, that in this case
the noise of the reference current, which is transferred to both M9 and M10, must also be
taken into account.

8.4.3 Slew rate

For the folded-cascode op amp in Figure 8.8, the maximum sink or source current at the
output is IT, as long as IT ≤ IB. The currents that flow through M3 and M4 during slewing
are equal to IB− IT and IB or vice versa, thus resulting in a maximum sink or source
current equal to IT. Note that, when IT> IB, for a sufficiently high differential input voltage
VG1 −VG2 all the current provided by M11 flows through M2. Since KCL applied to the
source of M4 is ID2 + ID4 = ID10 = IB, the node voltage at the source of M4 increases in
order to ensure that ID2 + ID4 = IB. This voltage rise at the source of M4 turns M4 off and
also decreases the current ID2 to a value equal to IB. At the same time, the voltage at the
drain ofM11 increases to force the current flowing through it to be equal to IB. Thus, when
IT > IB, the slew rate will be determined by IB. Summarizing, the maximum rising and
falling rates of the output voltage are given by

dVO

dt



max

¼ minðIT; IBÞ
CL

: (8:4:23)

Example 8.4

Figure E8.4 shows a folded-cascode amplifier and its bias circuit. Consider the following
approximate nominal values of a 0.5-μmCMOS technology: ISHN = 40 nA, ISHP = 16 nA,
slope factors nN= nP=1.2, VEN=VEP= 10V/μm, �t= 25mV, VT0N= 0.7V, VT0P=− 0.9V,
C0

ox ¼ 2:5 fF/μm2, CL= 1 pF, VDD = 5V, and VSS= 0. The reference current is IREF=
0.6 μA. Transistor dimensions are given in Table E8.4
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(a) Give the drain currents and forward inversion levels of all transistors. (b) Determine
the low-frequency differential voltage gain and the extrapolated unity-gain frequency of the
voltage gain. (c) Give a rough estimate of the pole associated with the source node of M3.
(d) Determine the slew rate. (e) Estimate the standard deviation of the offset voltage
assuming that AVT=10mVμm and that the errors in the specific currents are negligible. (f)
Estimate the standard deviation of 1/CMRR assuming that the relative standard deviations of
the input transconductances and current mirror are both equal to 1% and uncorrelated.

Answer

(a)

Transistor ID (μA) if Transistor ID (μA) if

M1, M2, M5−M8 3 15 M12−M14 0.6 15
M3, M4 3 15 M15 0.6 100
M9, M10 6 15 M17, M18 0.6 15
M11 6 15 M16 0.6 100

Table E8.4 Channel widths and lengths of transistors of the folded-cascode op amp

W (μm) L (μm) W (μm) L (μm)

M1, M2, M5−M8 12.5 1 M12−M14 10 4
M3, M4 5 1 M15 6 16
M9, M10 10 1 M17,M18 4 4
M11 25 1 M16 7.5 50

IT1

ioM1 M2

M3 M4

M5 M6

M7 M8

M9 M10

M11

+ –

IT IT

VDD

VSS

+
vo
–
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vi1 vi2

VDD

IREF M16

M12

VSS

M13
M14

M15

VB1

VB1

VB4

VB3

VB2

VB2

VB3

VB4

M17 M18

Fig. E8.4 A folded-cascode op amp and bias circuit.
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(b) The low-frequency voltage gain is Ad0 = gm1/Go. The transconductance gm1 of the
input transistor is calculated from the transconductance-to-current ratio of a transis-
tor in saturation

gm1 ¼ 2ISHP W=Lð Þ1
n�t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 1

p � 1
	 
 ¼ 40 μA=V:

The output conductance of the op amp is given by

Go ffi gmd10 þ gmd2

gms4=gmd4
þ gmd6

gms8=gmd8
¼ 0:6þ 0:3

48=0:3
þ 0:3

48=0:3

ffi 7:5 nA=V:

The low-frequency voltage gain is Ad0 = gm1/Goffi 5300V/V. The gain–bandwidth
product is

GB ¼ gm1=CL ¼ 40 Mrad=s:

(c) As a rough approximation, let us consider that the major capacitance for calculating
the pole associated with the source node of M3 is Cgs3 +Cgb3. The values of these
capacitances for a transistor in saturation are given by

Cgs ¼ 2

3
WLC0

ox

1þ 2α

1þ αð Þ2
ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p ; Cgb ¼ n� 1

n
WLC0

ox � Cgs

	 

;

where

α ¼ 1ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p :

The resulting values of the capacitances are Cgs= 6 fF and Cgb= 1.1 fF. The source
transconductance gms3 is calculated from

gms3 ¼ 2ISHN W=Lð Þ3
�t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 3

p � 1
	 
 ¼ 48 μA=V:

The pole frequency is

ωp3 ¼ gms3

Cgs3 þ Cgb3
ffi 6:8 Grad=s � GB:

The secondary pole exceeds the unity-gain frequency by more than two decades.
Hence, the secondary pole affects neither the time response nor the frequency
response over the amplifier frequency range of application.

(d) The slew rate is SR ¼ IT=CL ¼ 6 V=μs.
(e) Using (8.4.7), we find that

σ2ðVOSÞ ffi σ2ðVT 01Þ þ gm5

gm1

� �2

σ2 VT 05ð Þ þ gm9

gm1

� �2

σ2 VT 09ð Þ:
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Given that σ2ðVT 0Þ ¼ A2
VT=ðWLÞ, we find σ2ðVT 01Þ ¼ 8 mV2, σ2ðVT 05Þ ¼

8 mV2, and σ2ðVT 09Þ ¼ 10 mV2. Note that gm5/gm1 = 1 and gm9/gm1 = 2. Using
these values in the formula given above, we find that σ(VOS)ffi 7.5mV.

(f) The reciprocal of the CMRR is, from (8.4.13),

1

CMRR
ffi εmir � Δgmi

gmi

� ��
1þ 2ngmi=gtð Þ:

The conductance of M11 is gt = IT /(VEL) = 6 × 10
−6/(10 × 1) = 0.6 μA/V. The trans-

conductance of the input stage is gmi = 40 μA/V. From the preceding formula we have

σ2 1=CMRRð Þ ffi σ2 εmirð Þ þ σ2 Δgmi=gmið Þ	 

= 1þ 2ngmi=gtð Þ2

¼ 2� 10�4=ð1þ 2� 1:2� 40=0:6Þ2;
thus

σ 1=CMRRð Þ ¼ 8:8� 10�5:

Example 8.5 Folded-cascode design

Consider the approximate MOSFET parameters of Table E8.5.1 for a 0.35-μm CMOS
technology.

Design a folded-cascode amplifier, with p-channel input as in Figure E8.4, to meet the
following specifications:CL= 1 pF, power-supply voltage 3.3V, gain–bandwidth product
100MHz, low-frequency voltage gain greater than 80 dB, slew rate greater than 50V/μs,
common-mode input voltage 1.65V, and output-voltage swing greater than 2V. After
completing the design, estimate the standard deviation of the offset voltage and the input-
referred noise.

Answer

We first calculate the parameters shown in Table E8.5.2, with �t = 25.9mV and
ni= 10

10 cm− 3. For the calculation of the slope factor n we assume that the transistors

Table E8.5.1 MOSFET model parameters for a 0.35-μm CMOS technology

Parameter n-Channel p-Channel

VT 0 (V) 0.60 −0.75
γ (V1/2) 0.63 0.33
K 0(μ0C0

ox=2) (μA/V
2) 80 30

NCH (cm− 3) 2.4 × 1017 8.5 × 1016

TOX (nm) 7.7 7.7
VE (V/μm) 20 20
AVT (mV μm) 10 10
AISH (% μm) 2 2
Not (cm

−2) 2.5 × 107 2.5 × 107
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operate with VPffi 0. Note that the value of n is not very sensitive to VP. For first-order
calculations, we assume that both the slope factor and the sheet-specific current are
independent of the gate voltage.

The transconductance of the folded-cascode stage, which is equal to the transconduc-
tance of the input transistors, is given by

gm1 ¼ 2π � GB � CL ¼ 6:28� 100� 106 � 10�12 ¼ 628 μA=V:

The universal transconductance-to-current ratio of the MOSFET is

gm1n�t=ID ¼ 2=ð ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 1Þ:
Therefore, since the tail current IT= 2ID1, from the transconductance-to-current ratio

we find that the current required for obtaining gm1 is

IT ¼ gm1n�tð
ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 1Þ ¼ 628� 1:18� 25:9� 10�3ð ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 1Þ
IT ¼ 19:2ð ffiffiffiffiffiffiffiffiffiffiffi

1þ if
p þ 1Þ μA:

If we impose that the input transistors operate deep in weak inversion (if≪ 1), the tail
current for the required transconductance is IT= 38.4 μA. On the other hand, the slew rate
imposes a minimum current given by

IT ¼ SR � CL 	 50
V

μs
� 1 pF; IT 	 50 μA:

In order to meet the requirements of the slew rate, the input transistors must operate at
an inversion level higher than unity. However, the inversion level should not be high;
otherwise, power consumption increases considerably. For this design, we decided to set
the inversion level of all transistors (except those in the bias network) equal to 8.
Therefore, the tail current becomes

IT ¼ 19:2ð ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 1Þ ¼ 76:8 μA:

The aspect ratio of each transistor can thus be calculated as

Table E8.5.2 Calculated model parameters (n and ISH) of a 0.35-μm CMOS
technology

Parameter n-Channel p-Channel

2�F ¼ 2�t ln NCH=nið Þ (mV) 880 826

n ¼ 1þ γ= 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�F þ VP

p� �
ffi 1þ γ= 2

ffiffiffiffiffiffiffiffi
2�F

p� �
1.34 1.18

ISH ¼ μ0C
0
oxn�

2
t =2 (nA) 72 23.75

C0
ox ¼ εox=TOX (fF/μm2) 4.5 4.5

μ0 ¼ 2K0=C0
ox (cm

2/V per s) 356 133
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S ¼ W=L ¼ ID=ðISHifÞ:
Table E8.5.3 gives the values for the current, inversion level, and aspect ratio of

transistors M1−M11. We have chosen a channel length of 1 μm to satisfy the voltage-
gain requirement and to enable the use of a lumped model for the transistors up to the
unity-gain frequency of the op amp, as will now be shown.

Table E8.5.4 shows the values for the saturation voltages given by

VDSsat ¼ ð�Þ�tð
ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 3Þ
together with the values for the gate-to-source voltages, which are calculated from the
UICM as

VGS ¼ VT 0 þ VSBðn� 1Þ þ ð�Þn�t½
ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 2þ lnð ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1Þ�:
The minus sign in parentheses in the two preceding formulas must be used for

p-channel devices.
To calculate the low-frequency voltage gain we have to compute the op amp’s output

conductance, which is given by

Go ffi gmd10 þ gmd2

gms4=gmd4
þ gmd6

gms8=gmd8
:

Table E8.5.3 Drain current and transistor dimensions for the folded-cascode amplifier

Transistor if ID (μA) S W (μm) L (μm)

M1, M2, M5−M8 8 38.4 202 202 1
M11 8 76.8 404 404 1
M3, M4 8 38.4 66.7 66.7 1
M9, M10 8 76.8 133.3 133.3 1

Table E8.5.4 Transistor saturation and gate-to-source voltages for the folded-cascode
amplifier in Figure E8.4.

Transistor if VDSsat (mV) VGS (mV) VDS (mV)

M1, M2
a 8 −155 −927 −2395

M11 8 −155 −802 −723
M5, M6 8 −155 −802 −181
M7, M8

b 8 −155 −834 −621d

M3, M4
c 8 155 720 2317d

M9, M10 8 155 659 181

a VGS calculated for VG = 1.65V.
b VGS calculated assuming that VDS5 =VDSsat5 −�t= −7�t
c VGS calculated assuming that VS3 =VDSsat9 +�t = 7�t
dThe drain-to-source voltages of M4 and M8 were calculated assuming that
VD4 =VD3.
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The output conductance and the source transconductance are given by

gmd ¼ ID
VEL

; gms ¼ 1

�t

2IDffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 1

and the resulting output conductances by

gmd2 ¼ gmd4 ¼ gmd6 ¼ gmd8 ¼ 38:4� 10�6

20� 1
¼ 1:92 μA=V;

gmd10 ¼ 76:8� 10�6

20� 1
¼ 3:84 μA=V;

whereas the source transconductances are

gms4 ¼ gms8 ¼ 1

25:9� 10�3

2� 38:4� 10�6ffiffiffiffiffiffiffiffiffiffiffi
1þ 8

p þ 1
¼ 741 μA=V:

The op amp’s output conductance is

Go ffi gmd 10 þ gmd 2

gms4=gmd4
þ gmd6

gms8=gmd 8
¼ ð3:84þ 1:92Þ � 10�6

741=1:92
þ 1:92� 10�6

741=1:92
¼ 19:9 nA=V:

Finally, the resulting low-frequency voltage gain is

Ad 0 ¼ gm1

G0
¼ 628 μA=V

19:9 nA=V
¼ 31 558;

Ad 0jdB ffi 90 dB:

Note that we select L= 1 μm for all transistors, which allows the voltage gain to be of
the order of 90 dB. Also note that the lumped model becomes increasingly less accurate
as ωτ1→ 1, where τ1 is the time constant given by

τ1 ¼ 4

15

L2

μ0�t

1ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p 1þ 3αþ α2

1þ αð Þ3 ; α ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ir

p ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p :

In this design, if =8 and irffi 0 (transistor in saturation), which gives α=1/3. The value of
τ1 = 182 ps for μ0 = 170 cm

2/V per s, L=1μm, and if =8. Since the gain–bandwidth product
is 628Mrad/s, at this frequency ωτ1 = 0.114≪ 1 and the lumped model of the MOSFET is
still very accurate. The reader should note here that, when the lumpedmodel of the transistors
loses accuracy, a simulation using a segmented transistor could be used to obtain a more
accurate model at high frequencies, albeit at the expense of increased simulation time.

To calculate the output-voltage swing we note that the minimum and maximum output
voltages must ensure that transistors M4 and M8 remain in saturation, i.e.

VDS4 ¼ Vo � VDS10 	 VDSsat4; Vo 	 ð155þ 181Þ � 10�3 ¼ 336 mV;

VDS8 ¼ �VDD þ Vo � VDS6 � VDSsat8; Vo � ð3300� 181� 155Þ � 10�3

¼ 2964 mV:
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The output-voltage swing is around 2.63V.
To calculate the random-offset voltage, we write, from (8.4.7),

σ2ðVOSÞ ffi σ2ðVT 01Þ þ gm5

gm1

� �2

σ2 VT 05ð Þ þ gm9

gm1

� �2

σ2 VT 09ð Þ

with the assumption that the contributions due to the mismatch in the specific currents are
negligible in this case. Using σ2ðVT 0Þ ¼ A2

VT=ðWLÞ we find σ2ðVT 01Þ ¼ 0:5 mV2,
σ2ðVT 05Þ ¼ 0:5 mV2, and σ2ðVT 09Þ ¼ 0:75 mV2. Note that gm5/gm1 = 1 and gm9/
gm1 = (nP/nN)(ID9/ID1) = (1.18/1.34)(76.8/38.4) = 1.76. Using these values in the formula
for the offset voltage, we find that σ(VOS)ffi 1.82mV.
The input-referred noise can be calculated from (8.4.22), which is given again below:

e2ni
Δf

ffi 2

g2m1

i2n1 þ i2n5 þ i2n9
Δf

 !
:

To simplify the calculations, we assume that the thermal noise can be approximated by

i2n
Δf


th

ffi 4kT
gms

2
;

which is an acceptable approximation since the inversion level is relatively low. Because
the inversion levels are the same for M1 to M11, we have

gms1 ¼ gms5 ¼ gms9=2

¼ ID1=ð2�tÞ ¼ 741 μA=V:

The input-referred thermal noise thus becomes

e2ni
Δf

ffi 4kT

gm1=ð4nPÞ ¼
4� 41:4� 10�22

628� 10�6= 4� 1:18ð Þ ffi 1:245� 10�16 V2

Hz
:

Roughly speaking, the input-referred noise resistance of the folded-cascode op amp is
equal to 4nP/gm1.

On the other hand, the PSD of the flicker noise is

i2n
Δf


fl

¼ q2NotμID
nC0

oxL
2f

ln
1þ if
1þ ir

� �
;

which gives

i2n1
Δf


fl

¼ 1:6� 10�19
	 
2 � 2:5� 107 � 133� 38:4� 10�6

1:18� 4:5� 10�7 � 10�8 � f
ln

1þ 8

1

� �
A2

Hz
;

i2n5
Δf


fl

¼ i2n1
Δf


fl

¼ 1:35� 10�18

f

A2

Hz
;

i2n9
Δf


fl

¼ 6:36� 10�18

f

A2

Hz
:
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The flicker noise referred to the op-amp input is

e2ni
Δf

ffi 2

g2m1

1:35þ 1:35þ 6:36ð Þ � 10�18

f
¼ 46� 10�12

f

V2

Hz
:

By equating the thermal noise and the flicker noise we find that the corner
frequency fC is

fC ¼ 46� 10�12

1:245� 10�16
ffi 370 kHz:

To complete the design, we show in Table E8.5.5 a possible solution for the transistor
dimensions of the bias network of the folded-cascode amplifier in Figure E8.4 and the
corresponding drain currents. The bias current IREFwas set at 1/10 of the tail current ITof
the differential amplifier. The inversion level and dimensions of M15 and M16 were
calculated using the UICM.

8.5 Two-stage operational amplifiers

8.5.1 Cascade versus cascode amplifiers

We have seen that one way to increase the voltage gain of a single-stage amplifier is to
resort to cascoded stages to increase the output impedance, as in the telescopic- and folded-
cascode amplifiers. However, the stacking of transistors has the consequence of reducing
the output swing for a given supply voltage. This problem becomes more severe for more
advanced CMOS technologies, which require lower supply voltages. To circumvent the
reduction in voltage swing inherent to cascode amplifiers, we can instead use cascaded
stages, with which the low-frequency gain is the product of the voltage gains of the
individual stages. The price to be paid for the use of multiple-stage amplifiers is the
challenging task of frequency compensation, which is required in order to ensure an
acceptable transient response. This is a clear disadvantage of multistage amplifiers com-
pared with cascode amplifiers, since in the latter secondary poles are usually at frequencies
much higher than the unity-gain frequency, which leads to an acceptable time response.

Figure 8.11 shows a two-stage CMOS amplifier composed of a single-ended differ-
ential amplifier followed by a common-source amplifier, whereM6 is the driver transistor
and M7 acts as the current-source load. The current that flows through the second gain

Table E8.5.5 Dimensions and currents of the bias network in Figure E8.4.

Transistor VGS (mV) if ID (μA) W (μm) L (μm)

M12−M14 −802 8 7.7 40.4 1
M15 −1015 73 7.7 44.4 10
M16 901 73 7.7 14.6 10
M17, M18 659 8 7.7 13.3 1
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stage is B times higher than the tail current IT. Labels inv and ninv are associated with the
inverting and non-inverting inputs, respectively. In fact, when the voltage VG1 applied to
the gate of M1 increases, the voltage VOI at the output of the differential amplifier also
increases, which, in turn, forces the output VO of the op amp to decrease through the
action of the common-source stage M6−M7. Thus, the gate of transistor M1 is the op-amp
inverting input since the output signal is 180o out of phase with respect to the input VG1.
Capacitor CC connected between the outputs of the differential and common-source
stages is used for frequency compensation, as will be explained later.

8.5.2 DC characteristics of the two-stage amplifier

For small differential input signals, the current flowing through M1 and M2 is approxi-
mately IT /2. Since the op amp is, in general, connected in a feedback configuration, it
will operate in the high-gain region, where transistors M6 and M7 of the output stage
operate in saturation. In this case, the current that flows through M6 and M7 is BIT.

The common-mode input range, which is defined by the input stage, was calculated in
the section on differential amplifiers in Chapter 7. We note again that the maximum
common-mode input voltage is limited by the saturation voltage of M1. In fact, when
both input voltages increase, the voltage VS at the common-source node of the input
transistors also increases. M1 operates in saturation as long as VS is lower than the drain
voltage ofM1minus its drain-to-source saturation voltage. On the other hand, theminimum
common-mode input voltage is that required for transistor M5 to remain in saturation.

The output-voltage swing is limited by the drain-to-source saturation voltages of
output transistors M6 and M7, i.e.

VDSsat7 � VO � VDD � VDSsat6j j: (8:5:1)

Next, we calculate the offset voltage, which can be split into systematic and random
components. We start with the systematic offset voltage, which is calculated by assuming
that the pairs (M1, M2) and (M3, M4) are perfectly matched.

VOM1 M2+
VG1
–

VDD

+
VG2
–

VDD

IT

M8
M5

CL

M3 M4

IL

1:1

VS

1:B

1:1 1:2B

CC

M6

M7

inv ninv

VOI

Fig. 8.11 A two-stage CMOS amplifier as a cascade of differential and common-source amplifiers.
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Let us initially establish the condition for the aspect ratios of M6 and M7 such that the
systematic offset voltage of the op amp is close to zero. We assume that the differential
input voltage is zero. Since the input devices and the current-mirror load are assumed to be
perfectly matched, the value of the output voltage of the differential amplifier is VOI =VD3.
Under this condition, transistors M1 and M2 operate with the same set of bias voltages,
and the same applies to M3 and M4. The aspect ratios of M3, M5, M6, and M7 are referred
to as S3, S5, S6, and S7, respectively. When both output transistors operate in saturation,
the currents through M6 and M7 are relatively insensitive to the output voltage and we
write

ID6 ¼ S6=S4ð ÞID4 ¼ S6=S4ð ÞID5=2 (8:5:2)

and

ID7 ¼ S7=S5ð ÞID5: (8:5:3)

Finally, taking S7/S5 =B, as in the scheme of Figure 8.11, and noting that ID6 = ID7 we
find that

S6=S4 ¼ 2 S7=S5ð Þ (8:5:4)

or, equivalently, S6/S4 must equal 2B in order to ensure a systematic offset voltage of
approximately zero.

The random offset voltage is caused by mismatch in the pairs (M1, M2), (M5, M7), and
in the triplet (M3, M4, M6). Since the gain of the first stage is relatively high and the
transistors that compose the second stage are usually of larger area than those of the first
stage, we can neglect the contribution of the second stage to the random offset voltage.
Thus, the random offset voltage becomes equal to that previously calculated for the
differential amplifier, as repeated below:

VOS ¼ΔVT 0N � IT
2gmn

ΔISN
ISN

þ ΔVT 0P
gmp

gmn
þ IT
2gmn

ΔISP
ISP

¼ΔVT 0N þ ΔVT 0P
nN
nP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT=ð2ISNÞ

p þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT=ð2ISPÞ

p þ 1

þ nN�t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT=ð2ISNÞ

p þ 1

2

ΔISP
ISP

� ΔISN
ISN

� �
;

(8:5:5)

where subscript N refers to input devices M1 and M2, while subscript P refers to load
devices M3 and M4.

8.5.3 Small-signal characteristics of the two-stage Miller-compensated op amp

To derive a first-order approximation of the small-signal characteristics of the two-stage
op amp shown in Figure 8.11 we make use of the simplified scheme in Figure 8.12 with
the following correspondence between parameters: gmI = gm1, gmII= gm6, goI = gds2 + gds4,
and goII = gds6 + gds7. CoI and CL are the capacitances between the corresponding nodes
and ac ground.
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In Figure 8.11, the frequency-compensation network is composed of the feedback
capacitor CC only. Other compensation networks will be described later in this chapter.
Possible implementations of CC are through a double-poly capacitor, a metal–metal
capacitor, or even a non-linear gate capacitor [14].

Frequency compensation is generally required in a two-stage op amp in order to avoid
the op amp in a feedback configuration being unstable or having an unacceptably
underdamped oscillatory time response. In fact, a necessary condition for the stability
of the feedback amplifier is that the phase lag introduced by the loop gain (op-amp open-
loop gain combined with feedback network) at the unity-gain frequency does not exceed
180°. In order to obtain a time response without excessive overshoot, a phase margin of
45° or more is required [5].

For low-frequency analysis, the frequency-compensation network can be removed.
The differential stage, represented by transconductor gmI, converts the differential input
voltage into a current of gmIvid, which, in turn, is converted back into a voltage equal to
gmIvid/goI. The output voltage of the first stage is converted into a current equal to –

gmIIgmIvid/goI, which, through the action of the second stage, is converted into the output
voltage vo=−gmIIgmIvid/(goIgoII). Thus, the differential low-frequency voltage gain is
gmIIgmI/(goIgoII).

Let us now calculate the frequency response of the amplifier in Figure 8.11, which is
represented by the small-signal equivalent circuit in Figure 8.12. We first recall that, in
order to include the effect of the pole–zero doublet in the frequency response, the
designer simply needs to write the transconductance gmI of the first stage as

gmI ¼ gm1
1þ sCx=ð2gm3Þ
1þ sCx=gm3

; (8:5:6)

where Cx is the capacitance between the gate of M3 and the ac ground. Now, assuming
that for the range of frequencies under analysis gmIffi gm1, nodal analysis shows that

sðCoI þ CCÞ þ goI �sCC

gmII � sCC sðCL þ CCÞ þ goII

� ��
VoI

Vo

�
¼ gmI

0

� �
VID: (8:5:7)

The frequency response of the voltage gain calculated from (8.5.7) is

Vo

VID
¼ �gmI gmII � sCCð Þ

D sð Þ ; (8:5:8)

voI

goI

+
vid
–

gmI

+

–
CoI

vo

goII
CL

–gmII

Frequency
compensation

ioI

Fig. 8.12 A two-stage operational amplifier represented as an association of two transconductors. The
frequency-compensation network is included for stability.
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where

D sð Þ ¼ s2 CoIðCL þ CCÞ þ CLCC½ �
þ s goIðCL þ CCÞ þ goIIðCoI þ CCÞ þ gmIICC½ � þ goIgoII:

Let us start the analysis of the voltage gain assuming that the compensation capaci-
tance is zero.2 In this case, the voltage gain becomes

Vo

VID


CC¼0

¼ �gmIgmII=ðgoIgoIIÞ
1þ sCoI=goIð Þ 1þ sCL=goIIð Þ : (8:5:9)

Typically, the pole frequencies goI/CoI and goII/CL are located relatively close to each
other, as shown in Figure 8.13.When the compensation capacitance is included, the poles
move to frequencies considerably farther apart, given by the roots ofD(s) in (8.5.8). This
technique of placing the poles widely distant from each other, called pole splitting [15], is
widely employed for frequency compensation of amplifiers. Next, we calculate the
position of the poles after the inclusion of CC, assuming that the dominant-pole approx-
imation [15] is valid, i.e. the frequency of the secondary pole p2 is much higher than that
of the dominant pole p1. Using such an approximation, we find that

p1 ¼ �goIgoII
goIðCL þ CCÞ þ goIIðCoI þ CCÞ þ gmIICC

ffi �goIgoII
gmIICC

; (8:5:10)

p2 ¼ � goIðCL þ CCÞ þ goIIðCoI þ CCÞ þ gmIICC

CoIðCL þ CCÞ þ CLCC

ffi � gmIICC

CoIðCL þ CCÞ þ CLCC
:

(8:5:11)

The approximation applied to both (8.5.10) and (8.5.11) is generally valid since
transconductances are typically much higher than output conductances. The value of
the dominant pole in (8.5.10) can be interpreted with the help of the Miller effect
described in Chapter 7. The output of the first stage in Figure 8.12 sees a capacitor
equivalent to the parallel association of CoI and the Miller capacitance with a value equal

s-planejω

p1
p2 –goI/CoI –goII/CL z α

Poles for CC = 0

Poles for CC ≠ 0

Fig. 8.13 Locus of poles and zeros of the operational amplifier scheme in Figure 8.12. The arrows on the
horizontal axis indicate the displacement of poles and zero after the inclusion of the compensation
capacitance CC. The zero for CC= 0 is at infinity.

2 Note that, in the scheme of Figure 8.11, the capacitance between the input and output of the second stage is
never equal to zero due to the drain overlap capacitance of M6.
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to CC(1 + |AV0II|), where |AV0II| = gmII/goII is the low-frequency gain of the second stage.
Thus, the pole frequency given in (8.5.10) is simply determined by the output conduc-
tance goI of the first stage and the Miller capacitance, which is approximately equal to
CCgmII/goII.

The overall gain of the op amp can be written as the product of the voltage gains of the
two stages, i.e.

Vo

VID
¼ AVIAVII; AVI ¼ VoI

VID
; AVII ¼ Vo

VoI
: (8:5:12)

Using (8.5.7), we find that

AV ffi � gmIgmII

goIgoII

1� sCC=gmII

1� s=p1ð Þ 1� s=p2ð Þ ;

AVI ffi gmI

goI

1þ s CL þ CCð Þ=goII
1� s=p1ð Þ 1� s=p2ð Þ ;

AVII ¼ � gmII

goII

1� sCC=gmII

1þ s CL þ CCð Þ=goII ;

(8:5:13)

where the values of p1 and p2 are given by (8.5.10) and (8.5.11).
Note that there is a zero in the transfer function of the voltage gain given by

z ¼ gmII

CC
; (8:5:14)

which can be understood with the aid of Figure 8.12. Two current paths, one through the
compensation capacitance and another through the second transconductor, inject current
into the output impedance. There is a complex frequency, given by (8.5.14), for which the
sum of the two currents is zero. This zero on the positive real axis of the s-plane has a
deleterious effect on the phase margin of the amplifier, as we will see next. Figure 8.13
shows the loci of poles and zeros for the two-stage op amp with and without compensa-
tion capacitance.

For CoI much less than CL and CC, which is the typical situation, p2ffi −gmII/CL. Now,
considering these cases, the secondary pole p2 can be given a simple interpretation [5]
with the aid of Figure 8.12. In a well-designed op amp, the secondary pole frequency is
higher than ωu. At frequencies exceeding ωu, the reactance of the compensation capaci-
tance is lower than 1/(ωuCC) = 1/gmI. Since this reactance is much lower than that
associated with CoI, the voltages at the input and output nodes of the second stage are
approximately equal. As a result, the output current of the second transconductor
is −gmIIVo, which yields an output impedance equivalent to the parallel association of
the output capacitance and the second-stage transconductance.

Since the op amp is generally used in a negative-feedback configuration, its design
should prevent the feedback circuit from being prone to instability or having a poor
transient response. For stability analysis, we use the magnitude and phase plots of the
voltage gain shown in Figure 8.14. The plots on the left represent the frequency response
of the uncompensated amplifier. At low frequencies the voltage gain is gmI gmII/(goIgoII).
In the asymptotic magnitude plot, the gain drops at a rate of 20 dB/dec between the
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frequencies of the two poles and, for frequencies higher than goI/CoI, the drop rate of the
gain is 40 dB/dec. The phase plot in the lower part of Figure 8.14(a) shows that, at the
unity-gain frequency ωu, the output signal is around 180° out of phase with respect to
the input signal. Thus, the uncompensated amplifier has a phase margin close to zero
as a result of the close proximity of the two poles. The phase margin can even be
negative, owing to the presence of other singularities in the transfer function that exist
in a real amplifier and have not been accounted for in this simplified analysis. Therefore,
some kind of modification of the frequency response of the uncompensated two-stage
amplifier is required in order to give the feedback circuit stability and an acceptable time
response.

Using CC as the frequency-compensation network leads to the magnitude and phase
plots shown in Figure 8.14(b). We note that, for the case illustrated, the frequencies of the
two poles have moved farther apart. Also, the secondary-pole and zero frequencies are
higher than the extrapolated unity-gain frequency ωu, a condition that is generally
desirable since it leads to acceptable phase margins. Calculating ωu as the gain–band-
width product yields

ωu ¼ AV0ð�p1Þ ¼ gmIgmII

goIgoII

goIgoII
gmIICC

¼ gmI

CC
: (8:5:15)

gmIgmII

goIgoII

gmIgmII

goIgoII

|AV|dB |AV|dB

0
ωu

ωu ωu

ωu
goII/CL goI/CoI

goII/CL goI/CoI

(a)

φ (rad) φ (rad)

0

–π/2

–π
log ω

z
0

–p1

–p2

log ω

(b)

0

–π

–π/2

z–p1 –p2

PM

Fig. 8.14 Asymptotic magnitude and phase plots of the op-amp transfer function (a) without and (b) with
compensation capacitance.
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The extrapolated unity-gain frequency (or gain–bandwidth product) is determined by
the transconductance of the first stage and the compensation capacitance. From now on,
we will use the value calculated in (8.5.15) for the unity-gain frequency of a two-stage
amplifier.

Since we know the values of the secondary-pole, zero, and unity-gain frequencies, we
can now determine the phase margin (PM), as defined in Figure 8.14(b). We first note that
the dominant-pole frequency is considerably lower than the unity-gain frequency; there-
fore, the contribution of the dominant pole to the phase of the voltage transfer function
is −π/2 rad at frequency ωu. Including the contributions of the secondary pole and zero to
the phase margin, we find that

PM ¼ π
2
� tan�1 ωu

�p2

� �
� tan�1 ωu

z

� �

¼ π
2
� tan�1 gmI

gmII

CL

CC
1þ CoI

CC
þ CoI

CL

� �� �
� tan�1 gmI

gmII

� �
: (8:5:16)

We note that the zero on the positive real axis has a detrimental effect on the phase margin
given by the last term in (8.5.16).

It is of interest to rewrite the expression for the phase margin as

PM ¼ π
2
� tan�1 ωuCL

gmII
1þ CoI

CC
þ CoI

CL

� �� �
� tan�1 ωuCL

gmII

CC

CL

� �
(8:5:17)

since, for most practical cases, one of the specifications to be achieved is the unity-gain
bandwidth ωu for a given load capacitance CL. We will now discuss the usefulness of
writing the phase margin as in (8.5.17) for a particular design example.

Example 8.6

Design the two-stage operational amplifier shown in Figure 8.11 for the following
specifications: VDD = 5V, CL= 1 pF, ωu= 200 Mrad/s, AV0 ≥ 1000, peak-to-peak output
voltage swing ≥4V, common-mode input voltage 2.5V, PM ≥ 45° in 0.5-μm CMOS
technology. Assume that the technology parameters are μN= 427 cm

2/V per s,
μP= 171 cm

2/V per s, slope factors nN= nP= 1.2, VEN=VEP = 10V/μm, �t= 25mV,
VT 0N= 0.7V, VT 0P=− 0.9V, and C0

ox ¼ 2:5 fF=μm2.

Answer

For the design that follows, all transistors operate at the same inversion level; however,
the procedure developed next can be applied to more general cases.

We first calculate the constraints imposed by the common-mode input voltage and the
output-voltage swing on the inversion level.

The pinch-off voltage of the input transistors is

VP1 ¼ VGB1 � VT 0N

nN
¼ 2:5� 0:7

1:2
¼ 1:5 V:
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Application of the UICM to M1 yields

VP1 � VSB1

�t
¼ F if 1

	 

; F if

	 
 ¼ ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 2þ ln
ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1
	 


:

Since

VSB1 ¼ VDS5 	 VDSsat5 ¼ �t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 5

p þ 3
	 


;

by combining this restriction with the UICM and noting that if1 = if5 we find that

F if 1
	 
þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ if 1
p þ 3 � VP1=�t ¼ 60 ! if 1 � 780:

On the other hand, the output-voltage swing is constrained by the saturation voltages
of M6 and M7, which are the same since the inversion levels of M6 and M7 are equal. In
this case, we have

VDSsat6 ¼ �t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ if 6

p þ 3
	 
 � 0:5 V ! if 6 � 288:

Examination of Equation (8.5.17) for the phase margin can be used to give an idea of the
values required for both the transconductance gmII of the second stage and the compensation
capacitance. CCmust be of the order of CL or lower; otherwise, the value of the transconduc-
tance gmIIwill need to be very high in order to achieve the appropriate phasemargin. Also,CC

cannot be lower than the output capacitance CoI of the first stage because the compensation
would be ineffective. Since the value ofCoI is dominated by the input capacitance of transistor
M6, which drives the load capacitance, CoI increases with CL. Therefore, the value of CC

should be at least a significant fraction ofCL. As a rule of thumb, a value of CC between 20%
and 100% of CL is suitable for two-stage amplifiers. For this design, we use CC=0.5CL, but
the reader is invited to test other solutions for different values of CC. Now, using the value
CC=0.5CL, and assuming initially that CoI is negligible, (8.5.17) becomes

PM ¼ π
2
� tan�1 ωuCL

gmII

� �
� tan�1 ωuCL

2gmII

� �
	 45
;

which givesωuCL/gmII≤ 0.56. Since we have neglected the degradation of the phase margin
due toCoI, we attempt to compensate for this by usingωuCL/gmII = 0.50, i.e. gmII=2ωuCL=
400μA/V. The value of gmI is then calculated from gmI=ωuCC=100μA/V.

In the following, we show two design alternatives provided by inversion levels in the
moderate-inversion region, the first equal to 8 and the second to 80.

For the calculation of the transistor aspect ratios and direct currents from the inversion
level, we must determine the sheet-specific currents. Using the technology parameters,
we find ISHNffi 40 nA and ISHPffi 16 nA.

Now, recalling that in saturation

ID ¼ gmn�t

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 1
	 


=2; S ¼ W=L ¼ ID= ISHif
	 


;

we can find the values required for the drain current and aspect ratio of each transistor.
Tables E8.6.1 and E8.6.2 show the values found for ID and S for each transistor, when the
inversion levels are 8 and 80, respectively.
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A comparison between these two tables shows that, for the inversion level of 80, the
current consumption is 2.5 times higher, but, assuming that the channel lengths are the
same, the active area is about 4 times smaller.

For both designs, the channel length of all transistors is 1μm.Thus, the value of the channel
widthW, in μm, is equal to S.As seen inTable E8.6.1, transistorM6 has a gate area of 188μm

2.
The estimate for Cgs6, using the formula for its intrinsic value, is around 200 fF. In addition to
Cgs6,othercapacitancescontribute toincreasingthevalueofCoI,whichfor thedesignwith if = 8
can be around 50% of Cgs6 or more. In this case, a simulation can be very useful to indicate
whether the phase-margin requirement is still beingmet.On the other hand, for the designwith
if = 80,thevalueofCoI isaboutfourtimeslowerthanthatwith if = 8andisnotofmajorconcern.

Finally, we calculate the dc voltage gain for both designs. The dc gains of the first and
second stages are

AV0I ¼ gm1

gd2 þ gd4
¼ gm1

ID2 1=VA2 þ 1=VA4ð Þ ;

AV0II ¼ gm6

gd6 þ gd7
¼ gm6

ID6 1=VA6 þ 1=VA7ð Þ :

Since all transistors have the same channel length L=1μm, VA=10V. The low-frequency
voltage gains are AV0I=250/3, AV0II=250/3, and total op-amp gain AV0 = 62 500/9 for
if =8, whereas AV0I =100/3, AV0II =100/3, and total op-amp gain AV0 = 10

4/9 for if =80.

Table E8.6.1 Drain currents and aspect ratios for the design with if= 8a

Transistor ID (μA) S

M1, M2 6 19
M3, M4 6 47
M5, M8 12 38
M6 24 188
M7 24 76

a Since the values of S were taken as integers close to the calculated
values using an inversion level of either 8 or 80, the real values of the
inversion level are slightly different from those used for the
calculations.

Table E8.6.2 Drain currents and aspect ratios for the design with if= 80a

Transistor ID (μA) S

M1, M2 15 5
M3, M4 15 12
M5, M8 30 10
M6 60 48
M7 60 20

a Since the values of S were taken as integers close to the calculated
values using an inversion level of either 8 or 80, the real values of the
inversion level are slightly different from those used for the
calculations.
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The common-mode rejection ratio of the two-stage op amp is the same as that of the
differential amplifier calculated in Chapter 7, since the second stage is a single-input
stage and, thus, amplifies any incoming signal by the same factor, whatever its origin.

The power-supply rejection ratio for either positive or negative supply can be calcu-
lated using the result obtained for the PSRR of the differential amplifier and including the
contribution of the common-source stage.

First, let us calculate the PSRR for the negative (or ground) supply VSS. For the two-
stage op amp in Figure 8.11, we can write the output current ioI of the first stage as a
combination of the effects of the differential input voltage vid and negative supply
variation vssI according to

ioI ¼ YmIvid þ YmvssIvssI: (8:5:18)

Here, YmI and YmvssI are the small-signal transconductances from the differential input
and negative supply, respectively, to the output of the first stage. vssI is the negative
supply variation that is coupled to the output of the first stage through transistors M8 and
M5, and also through current source IT, as described in Chapter 7.

The output current io, obtained by superposing the effects of the output current of the
first stage and those of VSS coupled to the output via the second stage, is written as

io ¼ AiIIioIjvssII¼0þYvssIIvssIIjvssI¼0: (8:5:19)

Here, vssII is the negative supply variation that is coupled to the output of the second
gain stage through transistor M7 and current source IT. AiII is the short-circuit current gain
of the second stage. Now, substituting the expression of ioI from (8.5.18) into (8.5.19)
results in

io ¼ AiII YmIvid þ YmvssIvssIð Þ þ YmvssIIvssIIjvssI¼0: (8:5:20)

In (8.5.19) and (8.5.20) we used subscripts I and II for vss to emphasize the conditions
under which the gains are measured, but, of course, vssI = vssII. YmvssII is the transconduc-
tance of the output stage in response to a signal at the negative supply. By applying the
definition of the PSRR to (8.5.20), we find that

1

PSRRvss
¼ 1

PSRRvssI
þ YmvssII

AiIIYmI
¼ 1

PSRRvssI
þ YoI

YmIPSRRvssII
; (8:5:21)

where PSRRvssI and PSRRvssII are the power-supply rejection ratios for the negative supply
of the first and second stage, respectively, and AiII=YmII/YoI, with YmII equal to the
transconductance of the second stage and YoI equal to the admittance at the output of
the first stage, with the op amp’s output connected to ground. Note that the ratio YmI/YoI, the
voltage gain of the first stage with the output short-circuited to the ac ground, is given by

YmI

YoI
¼ gmI

goI þ s CC þ CoIð Þ ffi
gmI

goI þ sCC
: (8:5:22)

For the calculation of PSRRvssII we use the equivalent small-signal circuit shown in
Figure 8.15 with the output short-circuited. We assume that the variation in the reference
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current ITwith respect to the negative supply is gss. The drain current flowing throughM7

due to vss is

io ¼ �id 7 ¼ Bgss þ gds7 þ sCLð Þvss: (8:5:23)

The output current of the second stage for a signal equal to voI applied to its input is

io ¼ YmIIvoI ¼ � gmII � sCCð ÞvoI; (8:5:24)

where the transconductance of the second stage is equal to that of M6, i.e. gmII= gm6.
Thus, the PSRR of the second stage is

PSRRvssII ¼ YmII

YmvssII
ffi �gmII

Bgss þ gds7 þ sCL
: (8:5:25)

In (8.5.25) we have neglected the effect of the zero of the transconductance of the
second stage on the PSRR. The value of gss can be written as gss/IT= −(ΔIT/IT)/ΔVSS,
where gss/IT is the relative sensitivity (regulation) of the current source with respect to
VSS. Since gds7 =BIT/VA, (8.5.25) can be rewritten as

PSRRvssII ffi �gmII

BIT
1

VA
þ ΔIT=IT

ΔVSS

� �
þ sCL

ffi �gmII

BIT
VA

þ sCL

; (8:5:26)

where the last approximation holds for well-regulated current sources.
The calculation of the positive PSRR is the task in Problem 8.9. The reader can note

that the value of PSRRvddII is gm6/gms6 = 1/n6, which is slightly smaller than unity. The
PSRR of the second stage referred to the input of the first stage must be multiplied by the
first-stage gain.

gds7
gds8

vggm8(vg – vss)

+
–

vssII

gm7(vg – vss)

it = –gssvss

CL

CC

voI

gds6

gm6voI

id7

io

Fig. 8.15 A simplified small-signal model of the op-amp second stage for determining the power-supply
rejection ratio.
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To calculate the equivalent noise voltage at the input, we assume that the noise model
can be represented by two noise-voltage sources connected at the inputs of the two
amplifying stages, as shown in Figure 8.16. To determine the input-referred noise source
enII,i, equivalent to enII, we first calculate the current io,nII that flows through the grounded
output due to enII. Circuit analysis shows that

io;nII ¼ �gmIIenII: (8:5:27)

Therefore, the value of enII,i is

enII;i ¼ io;nII
Ym

¼ gmIIenII
goI þ s CC þ CoIð Þ
gmI gmII � sCCð Þ ; (8:5:28)

where Ym is the op-amp transadmittance. Neglecting the effect of the zero of Ym, the
frequency of which is usually higher than the unity-gain bandwidth, and assuming that
CC≫CoI, a condition that is generally fulfilled, the input-referred PSD of enII,i
becomes

e2nII;i
Δf

¼ e2nII
Δf

goI
gmI

� �2

þ ω
ωu

� �2
" #

¼ e2nII
Δf

1

A2
V0I

þ ω
ωu

� �2
" #

: (8:5:29)

For low frequencies, the input-referred PSD is equal to the PSD of enII,i divided by
the square of the first-stage voltage gain. For frequencies such that ω>ωu/AV0I, the
term in square brackets in (8.5.29) increases proportionately to the square of the
frequency. Note that for ω=ωu the term in square brackets becomes very close to
unity.

Example 8.7

Assume that the small-signal parameters of the equivalent circuit of the op amp shown in
Figure 8.16 are gmI = 50 μA/V, gmII= 500 μA/V, goI = 1 μA/V, goII = 10 μA/V, CC= 1 pF,
CL= 2 pF, and CoI≪CC. Assume that the noise sources are white and that their PSDs are

e2nI=Δf ¼ 8� 10�16 V2=Hz; e2nII=Δf ¼ 0:5� 10�16 V2=Hz:

Determine (a) the open-loop voltage gain and phase margin; (b) the op-amp transcon-
ductance; and (c) the PSD of enII referred to the input. Assume that the op amp is
connected in the unity-gain configuration and that the effect of the noise associated

voI

goI

gmI

+

– CoI

vo

goII
CL

–gmII

enII

enI CC

Fig. 8.16 A simplified small-signal model of the two-stage op amp for determining the input-referred noise.
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with the second gain stage can be neglected, and (d) calculate the noise power at the
output both for the open-loop op amp and for the unity-gain buffer.

Answer

(a) Using (8.5.10), (8.5.11), and (8.5.13), we find

AV ffi � gmIgmII

goIgoII

1� sCC=gmII

1� s=p1ð Þ 1� s=p2ð Þ ¼ �2500
1� s=500

1þ s=0:02ð Þ 1þ s=250ð Þ :

The unit of frequency in the formula above is Mrad/s. The unity-gain frequency of
the operational amplifier is ωu= 50Mrad/s. The phase margin is

PM ¼ 90
 � tan�1 ωu

�p2

� �
� tan�1 ωu

z

� �
¼ 90
 � tan�1 0:2ð Þ � tan�1 0:1ð Þ ffi 73
:

(b) The op-amp transconductance is

Ym ¼ gmIgmII

goI

1� sCC=gmII

1þ sCC=goI
¼ �25 000

1� s=500

1þ s=1
μA=V:

(c) From (8.5.29) we have

e2nII;i
Δf

¼ e2nII
Δf

goI=gmIð Þ2þ ω=ωuð Þ2
h i

¼ e2nII
Δf

1=50ð Þ2þ ω=50ð Þ2
h i

:

The noise of the second stage is referred to the input stage by shaping its PSD with
function g2mII= Y2

m

 , the magnitude of which is dependent on the frequency, as shown
in the plot of Figure E8.7.1

(d) The noise power at the output for the open-loop op amp is

e2no ¼
ð1
0

e2nI
Δf

AVj j2 df ffi e2nI
Δf

ð1
0

A2
V0

1þ ωAV0=ωuð Þ2 df ¼ e2nI
Δf

AV0ωu

2π
tan�1 x

1
0
:

Note that we have approximated the voltage gain of the op amp using a single-
pole transfer function. Since AV0 = 2500 and ωu= 50Mrad/s, the noise power at the
output is

1 50

logω

10 log(gmII
2 2/ mY ) 

0 dB

–34 dB

20 dB/dec

Fig. E8.7.1 Themagnitude response of the transfer function required to refer the noise of the second stage to the
op-amp input.
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e2no ¼
e2nI
Δf

AV0ωu

2π
tan�1x

1
0
¼ 8� 10�16 2500� 50� 106

2π
π
2
¼ 25� 10�6 V2:

The rms value of the output noise voltage is 5mV.
For the unity-gain buffer shown in Figure E8.7.2, the closed-loop transfer function

AVCL is

AVCLðsÞ ¼ AVðsÞ
1þ AVðsÞ ffi

1

1þ jω=ωu
:

Thus, the mean-square value of the output noise voltage of the unity-gain buffer is

e2no ¼
ð1
0

e2nI
Δf

AVCLj j2df ¼ e2nI
Δf

ωu

2π
tan�1x

1
0
¼ 8� 10�16 50� 106

2π
π
2
¼ 10�8 V2:

The rms value of the output noise voltage for the closed-loop amplifier is 0.1mV.

8.5.4 Slew rate

A simplified schematic diagram of the two-stage amplifier of Figure 8.11 is shown in
Figure 8.17. In the following, we analyze the behavior of the operational amplifier when
the differential input voltage is such that either M1 or M2 is cut off, thus making the
differential amplifier behave as either a current source or a sink. In such cases, the rate of

AV(s)
+

–

enI

+–

eno

Fig. E8.7.2 A unity-gain buffer with equivalent noise source at the input.
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Fig. 8.17 A simplified schematic diagram of the two-stage operational amplifier to calculate the slew rate.
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change of the output is limited by the maximum currents that can flow through either the
compensation capacitance or the load capacitance.

For the analysis of the rising slew rate, assume first that the op amp is operating with
vid= 0. In this case, the currents flowing through M1 and M2 are equal to IT/2 and the
current in M6 is BIT. Now, assume that a voltage difference is applied to the input such
that M1 turns off or, equivalently, the bias current (IT) of the differential stage flows
entirely through M2. In this case, the current through M2 pulls down the gate voltage of
M6, which, in turn, increases the current flowing throughM6. After a very short transient,
the gate voltage of M6 becomes constant and the current IT supplied by the differential
stage flows through the compensation capacitance, resulting in a rate of change of the
output voltage such that

SRþ ¼ IT
CC

: (8:5:30)

Note that for this rate of change of the output voltage, the gate voltage of M6 is such
that the drain current through M6 is ID6 = (B + 1 +CL/CC)IT. In general, transistor M6 can
provide such a current in a well-designed op amp.

To analyze the falling slew rate let us assume that a step voltage applied to the amplifier
input turns off M2. Thus, the tail current IT flows through M1 and the action of current
mirror M3−M4 sets a current equal to IT in M4 which, in turn, pushes up the gate voltage
of M6. After a quick transient required to charge the gate of M6, the current in M4

flows entirely through CC, thus generating a voltage drop across CCwith a rate of change
equal to

d Vo � VoIð Þ
dt

ffi dVo

dt
¼ � IT

CC
: (8:5:31)

The approximation in (8.5.31) is valid as long as VoI has reached the steady state or its
variation is much smaller than that of Vo. In this case, the current that flows through M6 is

ID6 ¼ BIT þ CC þ CLð Þ dVo

dt
¼ B� 1þ CL

CC

� �� �
IT: (8:5:32)

Since ID6 > 0, (8.5.31) holds only for B> 1 +CL/CC. In other words, the descending
slew rate given by the approximation in (8.5.31) is valid only when the current source BIT
is sufficient to discharge load capacitance CL with a rate given by (8.5.31). However,
when B< 1 +CL/CC , transistor M6 shuts off and, as a result, the maximum falling rate of
the output voltage [10] becomes

IT ¼ CL
dVo

dt
þ BIT;

dVo

dt
¼ �B� 1

CL
IT: (8:5:33)

Therefore, the descending slew rate is

SR� ¼ min
B� 1ð ÞIT

CL
;
IT
CC

� �
: (8:5:34)
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8.5.5 Alternative forms of compensation of the two-stage op amp

8.5.5.1 Elimination of the feedforward effect of CC using a buffer
A simple way to eliminate the right-half-plane (RHP) zero introduced by the feedforward
path through the compensation capacitance is by placing a unity-gain buffer in series with
the compensation capacitance, as shown in Figure 8.18 [16]. To calculate the open-loop
transfer function of the op amp, we assume that the unity-gain buffer is ideal. Applying
KCL to nodes voI and vo in Figure 8.18 and using the dominant-pole approximation, we
find that

vo
vid

¼ �gmIgmII=ðgoIgoIIÞ
1� s=p1ð Þ 1� s=p2ð Þ (8:5:35)

with

p1 ¼ �goIgoII
goICL þ goIIðCoI þ CCÞ þ gmIICC

ffi �goIgoII
gmIICC

; (8:5:36)

p2 ¼ � goICL þ goIIðCoI þ CCÞ þ gmIICC

ðCoI þ CCÞCL
ffi � gmII

CL

1

1þ CoI=CC
: (8:5:37)

Note that, in comparison with the case in which a simple compensation capacitance is
used, the zero in the RHP has been removed and the secondary pole has been moved to a
slightly lower frequency, whereas the dominant pole is the same.
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–
CoI

vo

goII
CL

–gmII

ioI

CC

+1

(a)

M5

VOM1 M2

VDD

IT

CL
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Fig. 8.18 (a) The small-signal equivalent circuit and (b) a schematic diagram of the two-stage op amp with
elimination of the feedforward path using a unity-gain buffer.
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The previous analysis is valid when the buffer is ideal. Designating the output resistance
of the buffer as 1/gmo and assuming that it is much lower than both the output resistances of
the first and second stages results in an additional pole and a zero [5] given by

p3 ffi �gmo

CC
1þ CC

CoI

� �
; (8:5:38)

z ffi � gmo

CC
: (8:5:39)

This technique works well, but at the cost of more silicon area and power required by
the unity-gain buffer [5], [17].

8.5.5.2 Elimination of the feedforward effect of CC using a common-gate amplifier
Another simple way to remove the RHP zero introduced by the feedforward path through
the compensation capacitance is by including a common-gate amplifier in the feedback
path of the second stage, as shown in Figure 8.19 [15], [18]. Ideally, the source of the
common-gate transistor M8 acts as an ac ground. The current flowing through the
compensation capacitor is given by ic ¼ CCdðvo � vS8Þ=dt ffi CC dvo=dt. This current
flows through transistor M8 and is fed back to the input of the second stage of the op amp.
Using this simplifiedmodel of an ideal current-controlled current source for the common-
gate transistor, the application of KCL to nodes voI and vo in Figure 8.19 leads to
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–
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IT
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M3 M4

1:1
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(b)

ic

Fig. 8.19 (a) The small-signal equivalent circuit and (b) a schematic diagram of the two-stage op amp with
elimination of the feedforward path using a common-gate amplifier.
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vo
vid

¼ �gmIgmII=ðgoIgoIIÞ
1� s=p1ð Þ 1� s=p2ð Þ (8:5:40)

with

p1 ffi �goIgoII
gmIICC

; (8:5:41)

p2 ffi � gmII

CL þ CC

CC

CoI
: (8:5:42)

The extrapolated unity-gain frequency is, as before, given by ωu ¼ gmI=CC.

8.5.5.3 A nulling resistor
Another approach to eliminating the RHP zero introduced by the compensation capacitor
is to insert a resistor in series with the compensation capacitor, as illustrated in
Figure 8.20. The application of KCL to nodes voI, vx, and vo in Figure 8.20 leads to the
following voltage gain [5]:

vo
vid

¼ �½gmIgmII=ðgoIgoIIÞ�ð1� s=zÞ
ð1� s=p1Þð1� s=p2Þð1� s=p3Þ (8:5:43)

with

z ¼ 1

CCð1=gmII � RzÞ ; (8:5:44)
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Fig. 8.20 (a) The small-signal equivalent circuit and (b) a schematic diagram of the two-stage op amp with
insertion of a nulling resistor in series with the compensation capacitance.
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p1 ffi �goIgoII
gmIICC

; (8:5:45)

p2 ffi � gmII

CL
; (8:5:46)

p3 ffi � 1

RzCoI
: (8:5:47)

The frequencies given by (8.5.45)–(8.5.47) have been calculated assuming that the
poles are widely spaced [5]. Once again, the unity-gain frequency is gmI/CC. Note that, as
expected, for Rz= 0 the zero is situated in the RHP and thus contributes to degrading the
phase margin. When Rz = 1/gmII, the zero is at infinity. Any increase in Rz places the zero
in the left half-plane and, with further increases in RZ, the zero can be positioned close to
the secondary pole p2 to improve the phase margin. For the complete cancellation of the
secondary pole p2 and z we equate (8.5.44) and (8.5.46), which yields

Rz ¼ 1

gmII
ð1þ CL=CCÞ: (8:5:48)

Resistor Rz is commonly implemented as a transistor, which operates in the triode
region [11], [19] since no direct current flows through it due to the series capacitor. The
value of Rz is determined by the aspect ratio of the transistor and the dc voltages at
transistor gate and source.

8.6 Three-stage operational amplifiers

Sometimes the cascade of two simple gain stages is not sufficient and a three-stage
amplifier may be required in order to achieve the high voltage gain needed for the
application. In this case, the frequency compensation becomes more complicated
since the op amp will have three poles. Nested Miller compensation (NMC), schemati-
cally represented in Figure 8.21 for a three-stage amplifier, is a common method for
frequency compensation of operational amplifiers implemented with more than two gain
stages. This technique uses Miller capacitors to split poles, as presented previously for
the two-stage op amp. The reader is referred to [15], [20]–[22] for more detailed analysis
of the NMC op amp. The transfer function of an NMC amplifier is complicated by
the zeros associated with pole splitting. An alternative compensation method, similar to
the NMC technique, is also shown in Figure 8.21, where extra feedforward stages gmfI
and gmfII, represented by the dashed lines, have been added to the original NMC
topology. If transconductances gmfI and gmfII are equal to gmI and gmII, respectively, the
zeros of the original amplifier are cancelled out. Further details on the design of nested
transconductance–capacitance compensation (NGCC) op amps can be found in [15],
[20], [23], [24].
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8.7 Rail-to-rail input stages

The common-mode (CM) input voltage for the circuits shown in Figure 8.2 is constant
(and equal to zero), except for the voltage follower in Figure 8.2(b), for which the CM
input equals vi. In typical applications, the voltage applied to the voltage follower swings
between the two supply rails. Therefore, the differential input stage of the op ampmust be
able to respond correctly to input signals between VSS and VDD. Another important
application in which the input pair must be able to process properly an input signal that
swings between the supply rails is the common-mode feedback amplifier required in fully
differential amplifiers [20], to be analyzed in the next section.

The main limitation of using the conventional differential pair as the op-amp input
stage is its reduced CM input range. To analyze the limitation of the conventional
differential stage in processing rail-to-rail input voltages, we redraw in Figure 8.22 the
input differential amplifier of the folded cascode of Figure 8.8.

The maximum CM input voltage must ensure that the current source M11 remains in
saturation, i.e.

VSD11 ¼ VDD � VG1 þ VSG1ð Þ 	 VSDsat11: (8:7:1)

Since the CM input voltage VICM equals VG1, we have

VICM � VDD � VSG1 � VSDsat11: (8:7:2)

The common-mode input voltage of the differential pair with p-channel input must be
below VDD, typically by several hundred mV. This is the main limitation of the p-channel
differential pair. On the other hand, the CM input voltage must be such that M1 and M2

remain in saturation. To calculate the minimumCM input voltage for the saturation ofM1

(M2) we write

+
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gmII
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CL

–gmIII

CmII

CmI

–gmfII

gmfI

+

–

Fig. 8.21 A three-stage op amp with nested Miller compensation (NMC). The nested transconductance–
capacitance compensation (NGCC) amplifier is obtained through the addition of two
transconductors (dashed lines) to the op amp with NMC.
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VSD1 ¼ VS1 � VD1 ffi VICM þ VSG1ð Þ � VSS þ VDSsat9ð Þ 	 VSDsat1: (8:7:3)

The approximation in (8.7.3) is valid for an optimally biased folded cascode where the
gate voltages of M3 and M4 (see Figure 8.8) are such that M9 and M10 are approximately
biased on the edge of saturation. Finally, we rewrite (8.7.3) as

VICM 	 VSS þ VDSsat9 þ VSDsat1 � VSG1: (8:7:4)

Typically, the source-to-gate voltage of the input transistor is higher than the sum of the
saturation voltages of transistors M9 andM11. Therefore, the p-channel differential pair is
able to operate with input voltages down to the negative supply but does not operate
appropriately when the input voltage approaches VDD. In contrast with the p-channel
input pairs, the CM input voltage for the n-channel differential pairs can go up to VDD but
cannot be close to VSS. A solution to circumvent the reduced CM input voltage of a
conventional differential pair is to connect it to its complementary differential pair as
shown in Figure 8.23 [25]. Note that, for a CM input voltage close to VDD, the tail current
IT1 tends to zero, thus turning off the p-channel input pair, whereas, for input voltages
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M1 M2

M9 M10
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+ –
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Vbias1

Vbias3 VSDsat11

VSG1

VSD1

VDS9 ≅ VDSsat9

Fig. 8.22 Limitations of the CM input voltage of a differential amplifier with p-channel input. The drain-to-
source voltage VDS9 is set by the coupled stage (see Figure 8.8).
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Fig. 8.23 A rail-to-rail input differential amplifier.
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approaching the negative supply, IT2 becomes zero and, thus, the n-channel input devices
are off. For an input voltage close to the mid-range power supply, the two tail currents
provide the nominal bias currents to the corresponding differential pairs. The output
currents of the differential pairs are added by connecting them at the high-swing cascode
current mirror. Even though the topology shown in Figure 8.23 is able to deal with a rail-
to-rail input range, it has several drawbacks. First, the offset voltage is not constant over
the input voltage range. For low CM input, the offset voltage is strongly dependent on the
p-channel input pair of transistors, whereas for a CM input approaching VDD the offset
voltage is strongly dependent on the n-channel input pair of transistors. In the inter-
mediate range of the CM input, the offset voltage is dependent on a weighted sum of the
mismatch of the two input pairs. An offset voltage that is dependent on the CM input
increases the distortion. Mismatch also degrades the common-mode rejection ratio [26].
Another drawback of the topology in Figure 8.23 is the dependence of the amplifier’s
transconductance on the CM input voltage, which translates into variable low-frequency
voltage gain, gain–bandwidth product, and noise. Several schemes have been proposed
in the technical literature to provide a constant-transconductance input stage in order to
avoid the aforementioned problems. The common approach to many of these schemes is
to connect a set of current switches, as shown by the dotted/dashed lines in Figure 8.23.
The purpose of the current switches is to control the bias currents of the differential pairs
in such a way that the overall amplifier transconductance remains approximately constant
over the CM input range. For input voltages close to midway between the positive and
negative supplies, the direct currents for the p- and n-channel input pairs are IT1 and IT2,
respectively. For input voltages close to VDD, the p-channel input pair turns off and IT1 is
injected into the current-switch circuit, which, in turn, provides a scaled copy of IT1 that is
added to IT2 to increase the transconductance of the n-channel input pair. This increase in
the bias current of the n-channel input pair compensates for the loss of transconductance
due to the turning-off of the p-channel input pair. A similar analysis holds for input
voltages close to VSS. For information on the schemes for the current switches the reader
is referred to [21], [27]–[31].

8.8 Class-AB output stages for operational amplifiers

In some applications the operational amplifier must drive a large capacitance and/or a
small resistance with acceptably low levels of signal distortion [32]. This is the case when
the op amp has to drive off-chip loads [33], such as headphones for portable electronic
devices [34]. Two desirable properties of output stages of operational amplifiers are large
output current capability and voltage swing. Also, they must have low output impedance
and low standby power [32], and, in addition, should not degrade the frequency response
of the amplifier [15].

Class-A amplifiers have a poor efficiency and high power dissipation even when the
output signal is zero. In order to reduce power consumption, more efficient output stages
are required. One way to improve the power efficiency of operational amplifiers is the
employment of class-AB output stages, which are introduced in this section.
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Before showing two commonly used CMOS class-AB output stages, we review the
class-A source follower, which is shown in Figure 8.24. The small-signal properties of
the unloaded source follower have been discussed previously, in Chapter 7. For the case
of the resistively loaded voltage follower, when the substrate is connected to VSS, the
small-signal voltage gain is

AV0 ¼ vo
vi

¼ 1

nþ 1= gmRLð Þ ; (8:8:1)

where n is the transistor slope factor, gm the gate transconductance, and RL the load
resistance. The output voltage is an attenuated copy of the input voltage. The gain is
lower than unity and is approximately 1/n when gmRL≫ 1, but this inequality requires a
high gm value and, as a consequence, too much power. Also, the voltage gain is slightly
dependent on the input voltage through n and gm.

The voltage transfer characteristic of the source follower is shown in Figure 8.24(b).
When the source follower is employed as the output stage of the op amp, distortion and
variation in the voltage gain of the source follower are not of major concern. In common
applications of op amps the negative feedback makes the overall gain less sensitive to
variations in the op-amp gain and reduces the distortion effects of the output stage.

For the sake of simplicity, let us assume that in Figure 8.24 we have VSS= −VDD. The
highest value of the current IO that can be sourced into the resistive load is dependent on
both the drive capability of theMOS transistor and the highest voltage that can be applied
to the gate, which is usually close to VDD. On the other hand, the highest current that can
be sunk from the load is equal to IB. Thus, to provide the amplifier with a current
capability equal to IB, a quiescent current equal to IB must be supplied by the current
source even when no signal power is delivered to the load [32]. Another limitation of this
class-A amplifier is the highest output voltage that can be reached. Since the input voltage
VI is an internal voltage of the op amp, its highest value is slightly lower than VDD. Thus,
the highest value of the output voltage is around VDD −VGS. Since the gate-to-source
voltage is typically several hundred mV, the highest value of the output voltage can be
very low, especially for a low supply voltage, which in some cases is around 1V. A class-
A source follower has the advantages of simple topology and low output impedance, and

VI

VDD

VSS

VO

IB

(a)

IO

–RLIB

VO

VDD – VDSsat

VI

(b)

RL

Fig. 8.24 (a) A CMOS class-A source follower and (b) its voltage transfer characteristic.
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the main disadvantages are high quiescent power, asymmetric current-drive capability,
and significant reduction in voltage swing for low power-supply voltages.

An alternative topology that can be used to avoid the excessive standby power
consumption and limited current-sink capability of the class-A amplifier [15], [32] is
the class-B source follower shown in Figure 8.25. For positive input voltages, the
conductive n-channel transistor pushes current into the load whereas the p-channel
device is off. For negative input voltages the p-transistor pulls current from the load
whereas the n-transistor is off. The conduction of each transistor for alternate half cycles
is the origin of the name push–pull [15].

One of the drawbacks of the class-B amplifier is the dead band in the voltage transfer
characteristic around the origin, as shown in Figure 8.25(b). In effect, for small input
voltages, the current through both M1 and M2 is very small and, as a result, the output
current is negligible. Thus, the output voltage does not respond to input voltages lying
within the dead zone. The effect of the dead band on the transfer function of the feedback
op amp can be reduced with a large loop gain [21], but a non-linear static transfer
characteristic, although not so prominent as the one shown in Figure 8.25, also appears.
Also, since the stage previous to the class-B amplifier has a limited slew rate and,
consequently, cannot impose a fast variation on VI, a crossover distorted output occurs
in response to quickly varying input signals [21].

In the class-AB amplifier in Figure 8.26(a), for which the transfer characteristic is shown
in Figure 8.26(b), two diode-connected transistors, M3 and M4, are used to avoid the dead
band of the transfer characteristic of class-B amplifiers. When the MOS transistors are
replaced with bipolar transistors, the closed loop formed by the base–emitter junctions is
denominated a translinear loop. Class-AB output stages are just one example of a class of
circuits denominated translinear circuits [35]. The term translinear, coined by B. Gilbert in
1975 [36], is associated with the fact that the transconductance of a bipolar transistor is
linearly dependent on the collector current. The translinear concept can also be applied to
MOS transistors operating in weak inversion [37]. An extension of the translinear principle
to MOS transistors operating in strong inversion was presented in [38].

On applying KVL to the closed loop that comprises the gate-to-source voltages of
transistors M1 to M4 we find that
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Fig. 8.25 (a) A CMOS class-B source follower and (b) its voltage transfer characteristic.
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VGS1 þ VSG2 ¼ VGS3 þ VSG4: (8:8:2)

To simplify the analysis of the translinear loop, let us assume that the voltage drop
across the diode-connected transistors does not change with variations in input voltage,
i.e. VGS1 +VSG2 is constant (in fact, the drops in diode voltage change slightly with the
input variations when the sources are not connected to their respective substrates). The
quiescent current, which is the direct current when the signal current IO= 0, is NIB, where
N=S1/S3 = S2/S4. The input voltage at which the output current is equal to zero is VI0.
When VI>VI0, the current flowing through M1 is greater than that flowing through M2,
since VGS1 +VSG2 is constant. For increasingly higher values of the input voltage, the
output current can become several times greater than the quiescent current. When
VI<VI0, the current in M2 is greater than that in M1 and, thus, the amplifier sinks current
from the load.

As mentioned previously, one of the main drawbacks of the use of a source follower as
the output stage of an op amp is that the output voltage cannot swing close to the supply
rails. This is especially troublesome for deep-submicron technologies, where supply
voltages are around 2V or less. To achieve an output voltage range as large as possible,
the output transistors are generally connected in the common-source configuration [39], as
shown in the scheme of Figure 8.27, where vIP and vIN are in-phase signals, since, when IP
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Fig. 8.26 (a) A CMOS class-AB source follower and (b) its voltage transfer characteristic.
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Fig. 8.27 A CMOS common-source output stage and push (IP) and pull (IN) currents versus output current.
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increases, IN must decrease and vice versa. As the graph of the push–pull characteristics
shows, the output (push or pull) current can be considerably higher than the quiescent
current IQ. Note that a desirable characteristic of these class-AB amplifiers is that the
current through the p- or the n-channel transistor does not fall below a certain minimum
level Imin. This prevents the turn-on delay of the non-active output transistor from being
significant, which in turn reduces the crossover distortion [39], [40]. The output voltage of
this stage is almost rail-to-rail since the output can reach either one of the supply voltages
minus one drain-to-source saturation voltage [39] and still maintain the performance.
When operating as an op-amp output stage, the transistors of the common-source amplifier
can operate in the linear region (with VDS equal to some tens of mV) and the op-amp gain
can still be relatively high. The common-source amplifier is said to be rail-to-rail because it
is capable of reaching the supply rails within some tens of mV.

The obvious choice for the push–pull output stage of Figure 8.27 is the static CMOS
inverter, where the input voltages are tied together. The CMOS inverter has the push–pull
characteristics with shapes close to those shown in Figure 8.27, but has two fundamental
shortcomings: (i) the quiescent current is dependent on both the supply voltage and
technological parameters; and (ii) the minimum current Imin is zero.
Another way to bias a class-AB output stage is to include a floating voltage source

between the gates of the driver transistors, as Figure 8.28 shows. Probably, the simplest
way to realize the floating source is by means of the common-drain amplifier, as shown in
Figure 8.28(b). The lowest current in this topology, however, also tends to zero.

Figure 8.29 gives the simplified scheme of a class-AB amplifier [39], [41] that has
current characteristics similar to those shown in Figure 8.27. For the dc analysis we
assume that the currents provided by the top and bottom current sources are equal and
that the aspect ratios obey [39] the following relationships:

S3

S1
¼ S4

S2
¼ S5

S6
¼ SP

SN
: (8:8:3)

One can see that the gate-to-source voltages of MP and MN are controlled by two
translinear loops, namely M1, M2, M6, MN and M3, M4, M5, MP, respectively. The gate

Mn
Mn

Mp
Mp

Vx
Vx

Vb Vb

Ib

+

Vy

Vo Vo

(a) (b)

Fig. 8.28 A class-AB output stage with (a) floating source voltage and (b) an implementation of the floating
source using a common-drain amplifier.
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voltage of M5 (M6), which is set by the stacked pair of diode-connected transistors M3

and M4 (M1 and M2), is independent of the input signal; thus, the currents flowing
through the complementary devices MP and MN, which are set by their corresponding
gate-to-source voltages, are determined in response to the complementary common-gate
level shifters M5 and M6.

To gain an insight into the class-AB operation of the circuit in Figure 8.29, let us
assume that vN increases. The increase in vN reduces the current flowing through M6,
which, in turn, forces the current in M5 to increase and, thus, so does the voltage vP.
Therefore, vP and vN are in-phase voltages, as required in class-AB amplifiers.

For the determination of the quiescent current IQ for IP= INwe assume that, in addition
to the relationships given in (8.8.3), we also have IB,top = IB,bottom = 2IB. Thus, the currents
that flow throughM5 andM6 are equal to IB. Since S5 = S4,

3 the inversion levels ofM4 and
M5 (both assumed to be in saturation) are equal and, consequently, their gate-to-source
voltages are also equal. As a result, the gate-to-source voltage of MP is equal to that of
M3. The same conclusion holds for the other translinear loop. The quiescent current is
then given by

IQ ¼ SP

S3
IB ¼ SN

S1
IB: (8:8:4)

In the scheme of Figure 8.29, the current in the inactive output transistor cannot be
lower than a certain fraction of the quiescent current IQ. For decreasing input currents, the
node voltage vP can decrease to such an extent that M5 shuts off. In this case, the bias
current 2IB flows completely throughM6; therefore, the voltage applied to the gate of MN

is clamped at a value equal to that at the gate of M6 minus the gate-to-source voltage
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M4
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VP

IB

bottom
IB

VN
iin

Fig. 8.29 A rail-to-rail output stage and bias circuit for class-AB operation (adapted from [41]).

3 For the sake of simplicity, the aspect ratios and currents of our bias scheme have beenmodified with respect to
the original paper [41].
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across M6. Thus, a minimum current, typically a fraction within the range 30%–60% of
the quiescent current, is established in the inactive output transistor. A similar reasoning
can be used to explain why the current through MP is always greater than a minimum.

In order to analyze the small-signal behavior of the class-AB bias stage, we assign the
symbols gbb and gbt to the output conductances of the bottom and top current sources,
respectively. From KCL we can readily derive the following relationships:

vp ¼ vn
gms6 þ gmd5

gms5 þ gmd6 þ gbt
; (8:8:5)

iin ¼ gbbvn þ gbtvp ¼ vn gbb þ gbt
gms6 þ gmd5

gms5 þ gmd6 þ gbt

� �
: (8:8:6)

For balancing reasons, M5 and M6 are usually designed such that their transconduc-
tances are equal in the quiescent state [42]. This is simply obtained bymaking the specific
currents IS5 and IS6 of the level-shift transistors equal. When the input current increases,
the node voltage vn also increases and the voltage at node vp follows that at node vn. Thus,
for operation of the class-AB amplifier close to the quiescent state, the association
M5−M6 operates as a floating-voltage source. As previously explained, for high dc
values at the input node, M6 turns off and, consequently, gms6 can be considered zero,
which causes the voltage at node vp to become almost unaffected by that at node vn. This
“disconnection” of the nodes that control the currents ensures that, when one of the
output transistors is driving the load, the other is still conducting some current. It can be
observed that the input conductance of the class-AB stage is usually low; under the
quiescent condition it is approximately equal to the sum of the output conductances of the
top and bottom current sources, when gms5 = gms6.

Example 8.8

For the class-AB output stage in Figure 8.29, assume that all transistors operate in weak
inversion. Assume that nN= nP= 1.2, ISi = 10 μA, for i= 1,...,6, ISP = ISN = 1mA, and
IB= 0.1 μA. (a) Derive an equation for the relationship between the output currents IDp
and IDn. (b) Calculate the quiescent current. (c) What is the current flowing through MP

and MN when the load current is 30IQ? The technology is n-well. The n-wells are
connected to VDD. Assume that (8.8.3) holds and IBtop= IBbottom = 2IB.

Answer

(a) We first rewrite the UICM for transistors operating in weak-inversion saturation,

VGB � VT 0

n�t
� VSB

�t
¼ �ð Þln ID

IS

� �
;

where the sign (−) must be used for p-channel devices.
Using the UICM for the translinear loops M1−M2−M6−MN and M3−M4−M5−MP

and considering that we have VSB2=VGS1 and VGSn =VSB6 and the analogous relation
for the p-loop, we find that
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nN ln
IB
IS1

� �
þ ln

IB
IS2

� �
¼ nN ln

IDN

ISN

� �
þ ln

ID6

IS6

� �
;

nP ln
IB
IS3

� �
þ ln

IB
IS4

� �
¼ nP ln

IDP

ISP

� �
þ ln

ID5

IS5

� �

for the n- and p-loops, respectively, which can be rewritten as

IB
IS1

� �nN IB
IS2

¼ IDN

ISN

� �nNID6

IS6
and

IB
IS3

� �nP IB
IS4

¼ IDP

ISP

� �nPID5

IS5
:

The substitution of ID5 + ID6 = 2IB into the two previous equations gives, after
some algebra,

IQ=IDN

	 
nNþ IQ=IDP

	 
nP¼ 2;

where IQ= (SN/S1)IB. Note that the specific currents of the n-channel devices are
equal to those of the corresponding p-channel devices and also that M2 (M4) and M6

(M5) are equally sized. It is interesting to note that, if one of the output currents tends
toward infinity, then the other tends toward IQ/2

(1/n). For typical slope factors, the
minimum current is around 0.6IQ.

(b) The quiescent current IQ = (SN/S1)IB= 10 μA.
(c) Using

IQ=30IQ
	 
1:2þ IQ=IDP

	 
1:2¼ 2

we find that IDPffi 0.565IQ, which is very close to IDPmin = 0.561IQ.

Figure 8.30 shows the scheme of a two-stage op ampwith a rail-to-rail class-AB output
stage. The first stage is a conventional folded-cascode amplifier and the second stage is
the class-AB amplifier described previously. The two-stage topology is compensated
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Fig. 8.30 A two-stage op amp with rail-to-rail class-AB output stage [42].
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using Miller capacitors CM1A and CM1B. One of the disadvantages of the circuit in
Figure 8.30 is that it cannot be used for very low power-supply voltages [42] since the
minimum supply voltage required for its proper operation is equal to two gate-to-source
voltages plus one saturation voltage (see, for example, the mesh formed by I15, transistors
M15 and M17, and power supply rails). Class-AB output stages for very low supply
voltages are presented in [39], [42]–[44].

8.9 Fully-differential operational amplifiers

In this section we introduce the fully-differential (FD) op amp, which in an ideally
balanced configuration has two inverted outputs (vo1 and vo2) with the same dc voltage
level, Vocm, as shown in Figure 8.31. The magnitude of the differential output voltage
(vod), which is twice that of a single output, allows an improvement of the signal-to-noise
ratio (SNR) by a factor of 3 dB [15] over that of a single-ended amplifier. The higher
output-voltage swing is particularly important for operation at low power-supply voltage.
Other advantages of FD circuits include the cancellation of common-mode signals and
noise, as well as the power-supply noise [45]. The proper use of FD amplifiers can help
reduce the effects of charge injection and clock feedthrough, which degrade the perfor-
mance of switched-capacitor circuits. Overall, the use of FD circuits can improve the
SNR by over one order of magnitude compared with their single-ended counterparts [46].
The absence of even-order non-linearities is another benefit of balanced FD amplifiers
[15], [45], [46]. The disadvantage of FD op amps is the need for both two matched
feedback networks and a common-mode feedback (CMFB) circuit, to be discussed later.
The latter is required in order to set the value of the common-mode output voltage (Vocm
in Figure 8.31), which is usually around midway between the power-supply voltages to
allow for maximum signal swing.

In order to explain the need for the CMFB circuit,4 we start by showing in Figure 8.32
the scheme of an idealized FD amplifier together with the bias circuit to the right of
the dotted line. The FD amplifier is composed of matched transistor pairs (M1, M2),

t
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vod
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+
vod
–

–

+

R1

+
vid
–

R1

+
-

R2

vo1

vo2

t

t

Vocm

Vocm

vi1

vi2

Fig. 8.31 A fully-differential op amp and representation of input and output waveforms.

4 Even though FD amplifiers without CMFB have been discussed in the technical literature [47], we restrict our
analysis to those that employ CMFB, which is widespread in FD amplifiers currently in use.
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(M3, M4), and (M5, M6). The bias circuit is composed of “one half” of the main amplifier,
in which transistors M1r, M3r, and M5r are matched copies of M1, M3, and M5, and an
additional amplifier A1. Amplifier A, the cascade of amplifiers A1 and the common-
source amplifier, composed of the drive transistor M3r loaded by stacked transistors M1r

andM5r, is configured as a voltage follower. For the sake of simplicity we assume that the
common-mode (CM) input voltage is equal to zero (ground potential) and that amplifier
A has a very high gain. Under such conditions, we can see that the bias circuit, except for
amplifier A1, is an exact replica of one of the branches of the main amplifier. Amplifier A1

drives the gate of M3r in such a way that the current through it is equal to IT/2 while its
drain voltage is approximately Vcm,ref. Since the dc voltages at the inputs of the FD
amplifier are assumed to be zero and the bias circuit is matched to the FD amplifier, the dc
voltages at both vo1 and vo2 equal the drain voltage of M3r. Thus, for the idealized FD
amplifier in Figure 8.32, the CM output voltage is approximately Vcm,ref. However, since
mismatch is unavoidable, the dc voltage at the FD amplifier output nodes can be
anywhere between the supply voltages.

To explain the effect of mismatch on the CM output voltage, let us assume that the op
amp is connected in the unity-gain configuration, that is, vi1 = vo1 and vi2 = vo2. Of course,
the currents that flow through M1 and M3 are the same, as are the currents that flow
through M2 and M4. The mismatch between the pairs (M1, M2) and (M3, M4) is
compensated for by means of a small voltage difference between the inputs (input-
referred offset voltage). Thus, the feedback stabilizes the differential-mode output
voltage, but what can be said about the CM output voltage? To see what happens with
the CM output voltage, let us assume that the pairs (M1, M2), (M3, M4), and (M5, M6) are
matched, which is acceptable for the analysis of the CM voltage since the mismatch
between components is compensated for by the offset voltage. In this case, a p-type
current source in a cascode configuration (M5, M6 and M1, M2) must be balanced by an
n-type current source (M3, M4). Note that, in the unity-gain configuration, a replica of the
output voltage is transferred to the drains of M5, M6 through a voltage follower. Since the
pairs (M1, M2) and (M5, M6) operate in saturation, a large variation of vo1 (or vo2) can be
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Fig. 8.32 An example of an idealized FD amplifier, where transistors are assumed to be matched, and the bias
network employed to set the common-mode output voltage to Vcm,ref.
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necessary in order to accommodate differences between the CM currents of the p-type
and n-type current sources. Thus, the bias circuit shown in Figure 8.32 is unfeasible for
controlling the CM output voltage.

A practical scheme that employs feedback to control the CM output voltage of the FD
amplifier in Figure 8.32 is illustrated in Figure 8.33. When the FD amplifier operates
properly, the output voltages are inverted signals and the resistive divider provides a
sample of the CM output voltage ((vo1 + vo2)/2) to the non-inverting input of the high-
gain operational amplifier A, which is composed of two stages. The first stage is the low-
gain differential amplifier M1r−M5r which, except for the connections of the load
transistors as diodes, is a replica of the main amplifier. The second stage is a double
common-source stage, composed of M3 and M4 loaded by the input pair (M1, M2). The
gate voltage of M3/M4 sets the CM output voltage at Vcm,ref. Note that amplifier A in the
CM signal path is connected as a voltage follower.

The open-loop low-frequency gain of amplifier A is given by

AV0;CMFB ¼ vo;cm
vþr � v�r

¼ �gm1;r

2ðgm3;r þ gds1;r þ gds3;rÞ
gm3

gds1 þ gds3
ffi � 1

2

gm1;r

gds1 þ gds3
;

(8:9:1)

where v+r and v−r are the input voltages of amplifier A. Note that the resistive network
used to determine the CM output voltage does not affect the open-loop gain but affects
the differential voltage gain of the FD amplifier. If we assume that the value of R is
considerably higher than the parallel association of the output resistances of M1 and M3,
then the differential amplifier gain, measured at one of the outputs, is given by (8.9.1).
Even though the resistive CM detector is highly linear, its main drawback is its effect on
the differential voltage gain for practical values of resistors integrated in CMOS tech-
nologies [46].

At this point we recall that the FD op amp operates in a closed-loop configuration;
therefore, under no ac input signal, a differential input voltage equal to the offset voltage
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Fig. 8.33 A simplified scheme of an FD amplifier employed to illustrate how to set the common-mode output
voltage to Vcm,ref. On the right is the scheme of the low-gain amplifier, a replica of the main
amplifier but with diode-connected loads.
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of the op amp forces the two outputs to have the same dc voltage, which, in turn, due to
the action of the CMFB circuit, equals Vcm,ref.

As noted in [46], [48], a CMFB network must satisfy the following set of require-
ments: it must be possible (i) to set the CM voltage at a given value Vcm,ref to allow for
maximum signal swing and/or maximum differential voltage gain; (ii) to process the CM
signal with speed and accuracy similar to those of the differential-mode (DM) component
processed by the FD op amp; and (iii) to avoid the influence of the CMFB circuit on the
DM output voltage.

In the example of Figure 8.33, we have seen that requirement (i) is achieved once we
set Vcm,ref at the proper value. Condition (ii) is also fulfilled since the scheme devised for
the CMFB is identical to that of the FD amplifier. Strictly speaking, however, the CM
signal path in the example of Figure 8.33 is slightly slower than the FD signal path. This
is due to the extra delay generated in the CM signal path by the conversion of the current
flowing through M2r into a voltage across load M4r, which is then converted back into
currents that flow throughM3 andM4. Requirement (iii) can be satisfied if the resistors of
the CM detector do not affect too much the differential gain or if buffers are included at
the FD op-amp outputs to avoid their being loaded by the resistive components. In
general, the CM detection using the resistive network requires large silicon area and/or
additional power overheads.

Since the CMFB circuit operates in a negative-feedback configuration, stability must
be accounted for. As mentioned in [45], when the CM and DM signal paths at the very
front end of the amplifier are merged and the remaining parts are identical, stability and
accuracy of the CM loop are achieved automatically by the design of the DM path. The
introduction of additional non-dominant poles in the CM path with respect to the DM
path can, however, decrease the phase margin significantly. Thus, in this case, to obtain a
phase margin of the CM loop close to or even better than that of the DM loop, one must
introduce some kind of modification to the CM loop, as shown next.

Let us take a closer look at the frequency response of the FD amplifier in Figure 8.33.
The extrapolated unity-gain frequency of the voltage gain, in rad/s, is, for a single output,

ωu ¼ gm1=2

CL
¼ ISH;PðW=LÞ1

CLnP�t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IT

2ISH;PðW=LÞ1

s
� 1

" #
; (8:9:2)

where gm1 is the transconductance of the input transistor of the FD amplifier and CL the
capacitance of the output node. In a typical op amp, the phase margin, degraded by
secondary poles and right-half-plane zeros, is usually about 45° or more. On the other
hand, as regards the open-loop gain associated with the CMFB loop in Figure 8.33, the
extrapolated unity-gain frequency is also given by (8.9.2). However, the phase margin of
the CMFB loop is degraded by an additional secondary pole. In the example of
Figure 8.33, the extra path in the CM feedback loop relative to the DM gain creates an
additional pole that reduces the phase margin of the CMFB loop gain. To avoid this
degradation being significant or even causing instability of the feedback amplifier, a
possible solution to increase the phase margin of the CMFB loop is to reduce the unity-
gain frequency of the op amp [15].
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In the FD amplifier shown in Figure 8.34,5 which is a modified version of the op amp in
Figure 8.33, the unity-gain frequency of the CMFB loop is about half that of the DM
amplifier. Note that this decrease is obtained through a reduction in the effective
transconductance of the differential amplifier on the right, since just half of the current
through M4 is now transferred to transistor M4/2. This modification not only decreases
the unity-gain frequency of the CM control amplifier with respect to that in Figure 8.33
but also increases slightly the frequency of the secondary pole introduced by the diode-
connected transistor M4 due to the lower capacitance seen by the drain of M4. A
disadvantage of this approach to reducing the unity-gain frequency of the CM control
amplifier is the simultaneous reduction in the dc voltage gain of the CMFB loop. In most
cases, however, a smaller dc gain is not of major impact on the accuracy of the (closed-
loop) voltage follower employed to control the CM output voltage.

Some other comments about the bandwidth required for the CMFB loop are in order.
As described in [45], the bandwidth of the CM loop has to be at least as wide as the
highest frequency at which output balancing is required. In integrated circuits there are
several sources of CM signals, which can be coupled to the FD amplifier outputs. The
CM input signal and power-supply noise are coupled to the amplifier outputs due to finite
CMRR and PSRR, respectively. Substrate-induced noise can also appear at the amplifier
outputs via transistors or coupling capacitances. Readers are referred to [15] for further
details on the requirements regarding the bandwidth of the CMFB loop. In the examples
that follow we assume that, unless stated otherwise, the unity-gain frequency of the
CMFB loop has been designed to be approximately equal to the unity-gain frequency of
the DM amplifier. This assumption is, in general, not needed in practice, but it will be
used here just for the sake of exemplification.

Figure 8.35 shows a modified version of the FD amplifier of Figure 8.34. Note that, to
simplify the schematic drawing, we do not show the load capacitors. Two major
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Fig. 8.34 An FD amplifier with resistive CM detector and the error amplifier on the right employed to set the
common-mode output voltage to Vcm,ref.

5 In some of the schemes, we have assigned the symbol αMi to transistors. Here α is a number equal to the
aspect ratio of the transistor under consideration relative to that of transistor Mi. For example, M3/2 is a
transistor whose aspect ratio is half the aspect ratio of M3.
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modifications relative to Figure 8.34 are (i) the output currents of the CM transconductors
(the two rightmost transistors 4M1) are directly injected into the DM amplifier output
nodes, and (ii) the CM transconductor is biased with a current that is twice that of the DM
transconductor. Thus, the input differential pairs of the CM and DM amplifiers both
operate at the same inversion level and their transconductances are the same.
Consequently, except for mismatching, the frequency response of the two amplifiers is
the same since they share a common load. Note that the transistor labels in Figure 8.35
represent parallel associations of transistors; this representation is employed for the sake
of comparison with the circuit shown in Figure 8.36.

The topology of Figure 8.35 has two drawbacks: it makes use of resistors and the
current that flows through the rightmost transistor 8M1 is wasted.

An often employed alternative to the use of resistors for a CM detector is based on two
identical differential pairs. For one of them the inputs are vo1 and Vcm,ref, whereas for
the other the inputs are vo2 and Vcm,ref. The drain currents of the transistors, the gates of
which are connected to vo1 and vo2, are approximately proportional to the differences
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Fig. 8.35 An FD amplifier where the two CM transconductors are replicas of the DM transconductor.
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Fig. 8.36 An FD amplifier employing CM detection based on differential pairs that are replicas of the DM
transconductor.
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vo1−Vcm,ref and vo2 −Vcm,ref, respectively. If these two drain currents are added, a current
that increases in proportion with the CM signal results. This is the principle used in the
FD amplifier of Figure 8.36 to detect the CM signal. Another advantage of the circuit in
Figure 8.36 over that in Figure 8.35 is the power saving due to the advantageous use of
the current flowing through the transistors with the gates connected to Vcm,ref. Note that
the transconductances of the CM transconductors in Figure 8.35 and 8.36 are the same
even though the total current in the core cell of the FD amplifier of Figure 8.35 is 50%
higher than that in Figure 8.36.

The action of the CMFB amplifier in Figure 8.36 can be explained as follows.
Assuming that the CM output voltage (vo1 + vo2)/2 =Vcm,ref, the output currents ic1 and
ic2 injected at nodes vo1 and vo2 equal zero. Now, assume that a disturbance causes
(vo1 + vo2)/2 >Vcm,ref. In this case, the currents ic1 and ic2 are negative, i.e. they flow out of
nodes vo1 and vo2. Assume for a while that the currents that flow through the input
transistors 4M1 and the load transistors 2M3 of the main differential amplifier do not
change with the CM output voltage. In this case, ic1 and ic2 produce the discharge of
the capacitances at nodes vo1 and vo2 down to the CM reference voltage, reinstating
(vo1 + vo2)/2 =Vcm,ref and ic1 = ic2 = 0. Thus, the CMFB circuit provides a negative feed-
back, a condition required for stability. Note that the transconductances relating to the
CM and DM signals are about the same.

The main disadvantage of the circuit in Figure 8.36 compared with that in Figure 8.35
is the non-linearity of the CM detector. This non-linearity makes the detector sensitive
not only to CM signals, which is a desirable characteristic, but also to DM signals, which
is undesirable.

A simple principle used to stabilize the CM voltage is shown in Figure 8.37, where
transistors M6A, M7A, M6B, and M7B are biased in the triode region [15], [49]. The
subscript A refers to the main amplifier, whereas B refers to the bias network. Transistors

VDD

IT

M1A M2A

M5A

M3A
M4A

+ –

VSS

vo2

vi1 vi2

vo1

Vcm,ref

M5B

Vcm,ref

2M4C

IT /2 IT /2

IT

M6A M7A M6B M7B

2M4B

Fig. 8.37 An FD amplifier using transistors in the triode region to set the common-mode output voltage to
Vcm,ref [15], [49].
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indicated by the same subscript numbers are matched. For an initial analysis of the
CMFB loop, let us assume that the currents flowing through the triode-biased transistors
M6A and M7A respond linearly to their gate voltages. With this simplifying assumption,
the current flowing throughM5A is proportional to the sum of the gate voltages applied to
M6A andM7A. Assuming the perfect matching of networks A and B and that the effect of
the drain voltage of M5A on its current is negligible, the sum of the gate voltages of M6A

andM7A is forced to be equal to 2Vcm,ref. In this way, the control of the CM output voltage
is achieved.

Transistors M6A and M7A in the topology of Figure 8.37 can also operate in saturation
but the dependence of the drain current on the gate voltage becomes more non-linear,
thus introducing a CM detection that has a greater dependence on the DM output voltage.
It is also worth mentioning that this kind of CM detection is not appropriate for rail-to-rail
output stages since transistors M6A and M7A turn off for gate voltages approaching VDD

[15]. In this topology the CM loop gain is relatively low due to the employment of
transistors M6A and M7A in the triode region, which contributes to reducing their
transconductances in comparison with their operation in saturation. The same principle
as shown in Figure 8.37 for a simple differential amplifier has also been applied to a
folded-cascode amplifier [49].

An FD two-stage Miller amplifier that employs resistive CM detection is shown in
Figure 8.38. The integrated resistors are, in fact, RC lines distributed between their
terminals and the substrate/well. Therefore, the high-frequency components of the CM
signal are delayed at node Vcm and can severely degrade the phase margin of the CMFB
loop. The purpose of the capacitors being added in parallel with the resistors is to provide
a high-frequency bypass of the distributed capacitance between the integrated resistors
and the substrate to guarantee the stability of the CMFB loop [45]. Note that the CM
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Fig. 8.38 A complete scheme of an FD two-stage op amp including the CM control circuit [50].
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transconductor (M11, M12, M15, M16) is a replica of the DM transconductor (M1, M2, M5,
M6), but, as previously mentioned, the phase margin of the CM loop is smaller than that
of the DM loop due to the two-output current mirror (M13, M3−M4). Since the DM and
CMpaths are identical, except for slightly different phase margins, capacitorsCM provide
the compensation required for both DM and CM loops.

An example of an FD folded-cascode amplifier designed for a MOSFET-C
continuous-time filter application in a 1.75-μm CMOS technology is shown in
Figure 8.39 [45]. MOSFET-C filters will be introduced in the next chapter. The differ-
ential pair (M1A, M1B), biased by the cascode current source (M5, M10), converts the
differential input voltage into a differential current, which, in turn, is converted into a
differential output voltage at the drain nodes of M9A and M9B. Two source followers,
M12A−M13A and M12B−M13B, “sense” the amplifier output voltages and provide two
outputs, OUT+ and OUT−, which are dc-shifted copies of the amplifier output voltages.
The resistive network averages the values of OUT+ and OUT−. The CM voltage at the
middle node of the resistive network is then compared with the balancing level at the CM
input stage. The balancing level, which is a dc-shifted copy of the CM reference level
Vcm,ref, is 3.5 V. The CM error is injected into the amplifier output through M7A. In order
to obtain a low offset voltage, the authors of [45] used no direct injection of the CM signal
into the output stage even though this was at the expense of a lower CM loop gain.

Some other schemes for detecting and controlling the CM output voltage of FD
amplifiers exist. For a description of the most commonly employed CM detectors in
CMOS technology together with such important properties such as gain or transconduc-
tance, sensitivity to mismatch in devices, and the (undesirable) dependence of CM
detection on DM signals, the reader is referred to [46].
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Fig. 8.39 A complete scheme of an FD folded-cascode op amp fabricated in 1.75-μm CMOS technology [45].
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Appendix

A8.1 Systematic offset of a two-stage op amp

Refer to Figure 8.11 of a two-stage CMOS amplifier. In the following we estimate the
value of the systematic offset voltage due to modulation of the current by the drain
voltage. Since devices M5 and M7 are fully matched, except for a scaling factor, the
current flowing through M7 can be written as

ID7 ¼ BID5 þ gds7ðVO � VSÞ; (A8:1:1)

where the last term in (A8.1.1) has been included to account for the difference between
the drain voltages of M5 and M7. In the following, we calculate the current ID6 that flows
through M6 as a result of an incremental variation voI, around the dc value VG6, at the
output node of the differential amplifier. Recalling that the current throughM6 is a replica
of the current through M4 (or M3) with slight deviations due to differences in their gate
and drain voltages, we can write the current through M6 as

ID6 ¼ 2B
ID5

2
þ gm6ðVG3 � voI � VG3Þ þ gds6ðVG3 � VOÞ: (A8:1:2)

Note that ID6 is a replica of the current that flows through M3 (or M4) for differential
input voltage equal to zero plus two additional components that account for differences
between both the gate and the drain voltages of M6 and M4. VG3 is the dc gate voltage of
M3 for VG1 =VG2 and voI is the small variation required in the output voltage of the
differential amplifier such that the op-amp output voltage equals VO. The value of voI can
be calculated in terms of VOS as

voI ¼ gm1

gds2 þ gds4
VOS; (A8:1:3)

since VOS is the input voltage required in order to obtain a voltage equal to VO at the op
amp output. Now, equating (A8.1.1) and (A8.1.2), and using (A8.1.3), we find that the
systematic offset voltage VOS,s is

VOS ¼ 1

AV0

gds6
gds6 þ gds7

ðVG3 � VOÞ þ gds7
gds6 þ gds7

ðVS � VOÞ
� �

; (A8:1:4)

where AV0 is the low-frequency voltage gain of the two-stage op amp:

AV0 ¼ gm1gm6

gds2 þ gds4ð Þ gds6 þ gds7ð Þ :

We note that the value of the systematic offset voltage is dependent on the value of the
output voltage. Suppose, for example, that the offset voltage is defined as the differential
input voltage such that the output voltage equals VDD/2. In this case, we have

VOSjVO¼VDD=2
¼ 1

AV0

gds6VG3 þ gds7VS

gds6 þ gds7
� VDD

2

� �
: (A8:1:5)
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Also, note in the above equation that the systematic offset voltage is dependent on the
CM input range through VS. It is interesting to note that, if we select VO=VG3 to define
the systematic offset, the influence of VG3 on the offset voltage disappears, as can be
readily observed from (A8.1.4).

Problems

8.1 The output current of the OTA employed for the integrator of Figure P8.1 is given by
Io= gmVX+ goVo. Plot the magnitude and phase response of the voltage transfer
function of the non-ideal integrator. What are the dc gain and the unity-gain
frequency of the integrator?

8.2 Derive Equation (8.3.1) for the offset voltage of the symmetric op amp in Figure 8.6.
Examine and interpret carefully the sign of each term. Calculate the CM input range
for an n-well technology.

8.3 Calculate the CM input range of the folded-cascode amplifier in Figure 8.8 when the
n-well of the input devices is connected to the positive supply. Also, derive the
equation of the offset voltage and interpret carefully the sign of each term.

8.4 Refer to Example 8.4 and the data therein to solve this problem. (a) Calculate the CM
input range. (b) Verify whether M5 and M9 operate in saturation. (c) Determine the
maximum output-voltage swing. (d) Verify whether the expression for the output
conductance is correct. (e) Estimate the standard deviation of 1/PSRRvss assuming that
the relative standard deviations of the transconductances, conductances, and current-
mirror gain are 1% and that the sensitivity of IREF to the negative supply is 1%/V.

8.5 Use the data given in Example 8.4 for a 0.5-μm CMOS technology to design a
folded-cascode amplifier with a unity-gain frequency of 1000Mrad/s for a load
capacitance of 1 pF and VDD = 5V. Calculate the drain currents and dimensions of
all transistors, including the bias network. The dc voltage gain must be higher than
500. Calculate the standard deviation of the offset voltage for AVT = 10mV μm and
AISH = 2% μm. What is the slew rate? What is the intrinsic unity-gain frequency of
the input transistors and of the transistors in the current mirror? What is the input-
referred thermal noise? How would you change your design in order to save power?

8.6 Determine PSRRvdd in terms of the ac and mismatch parameters for the folded-
cascode amplifier shown in Figure 8.8.

8.7 Check whether the values in Table E8.5.4 are appropriate for the design of Example
E8.5.

C

+
vo
–

–

+

R
+
vi

– Io

VX

Fig. P8.1 An active RC integrator with non-ideal OTA.
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8.8 Use the approximate data given in Example 8.4 for a 0.5-μm CMOS technology to
design the two-stage Miller-compensated amplifier in Figure 8.11 with a unity-gain
frequency of 1000Mrad/s, load capacitance of 1 pF, and VDD = 5V. Calculate the
drain currents and dimensions of all transistors. The dc voltage gain must be higher
than 500. Calculate the standard deviation of the offset voltage for AVT = 10mV μm
and AISH = 2% μm. What is the slew rate?

8.9 Determine PSRRvdd in terms of the ac and mismatch parameters for the two-stage
Miller-compensated amplifier shown in Figure 8.11.

8.10 Show that the small-signal voltage gain of the amplifier in Figure 8.24(a) is

AV0 ¼ vo
vi

¼ 1

1þ 1=ðgmRLÞ þ gmd=gm

when the bulk is connected to the source.
8.11 Analyze the class-AB amplifier in Figure P8.11 in either weak inversion or strong

inversion, assuming that nP= nN, IS1 = IS2, and VT0P=−VT0N. Write the output
current in terms of the input voltage for both cases.

8.12 Assume that the dimensions of the transistors in Figure 8.33 are those given in
Table P8.12. The tail current IT= 150 μA and R = 1MΩ. The load capacitance at
each output is 10 pF. Use the data given in Example 8.4 for a 0.5-μm CMOS
technology to calculate (a) the DM and CM open-loop gains and (b) the unity-gain
frequency of the differential mode gain.

8.13 Verify whether the scheme of the amplifier in Figure P8.13, which employs both
direct current injection and current injection via current mirrors, has approximately
the same transconductances for the DM input and CM output signals. This can be

+VDD

–VDD

VO

IO
VI

IB

M1

M2
M4

M3

1:N

1:N

IB

–VDD–VDD

+VDD
+VDD

Fig. P8.11 A CMOS class-AB source follower.

Table P8.12 Dimensions of transistors in Figure 8.33

Transistor W (μm) L (μm)

M1, M2, M1r, M2r 125 1
M5, M5r 250 1
M3, M4, M3r, M4r 312.5 1
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Fig. P8.13 Simplified schematic diagrams of (a) a folded-cascode op amp and (b) a common-mode feedback
circuit.
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Fig. P8.14 The fully differential amplifier of [51] for low-voltage applications.
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carried out by comparing current ioA, due to a variation in the CM output signal,
with that flowing through 4M1, due to a variation in the DM input signal. For the
sake of simplicity, the load capacitors and the bias circuit that generates VB1−VB4

are not shown.
8.14 The circuit shown in Figure P8.14 is an FD amplifier for low-voltage applications

[51]. (a) Explain the behavior of the DM amplifier and why the compensation
capacitors are needed. (b) Assuming that the transconductance of the folded-
cascode stage is equal to that of the common-source stage, determine the relation-
ship between the aspect ratios of M11 and M1 for equal drain currents flowing
through them and ISHN = 2ISHP. (c) Give the dc currents flowing through the
transistors of the DM circuit. (d) What is the CM reference voltage of this circuit?
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9 Fundamentals of integrated
continuous-time filters

Analog filters, essential parts in many different electronic systems, can be implemented
in CMOS using switched-capacitor (SC), switched-current (SI), active-RC, MOSFET-C,
or OTA-C techniques. Owing to their considerable importance in analog CMOS circuits,
Chapter 10 will focus on SC circuits. In this chapter, we study the MOSFET-C and OTA-C
techniques, which have been the most important ones for the realization of continuous-
time (CT) integrated filters in CMOS technologies. Applications of CT filters include
anti-aliasing and reconstruction filters, read channels of disk drives, data-communication
circuits, and high-speed data links. A disadvantage of CT filters is that the filter
coefficients are sensitive to process and temperature variations and aging. Therefore,
tuning of the components that determine the frequency response is required. In this
chapter, we will concentrate on the fundamental aspects of filter design at the component
level and on the basic building blocks for each technique. We will describe some of the
main limitations of the MOSFET-C and OTA-C techniques and the concepts of some
tuning schemes used for keeping the filter transfer function close to the nominal speci-
fications. The synthesis of high-order filters, which can be found in more specialized texts
such as [1]–[5], is not the subject of this chapter.

9.1 Basics of MOSFET-C filters

The MOSFET-C (MOSFET-capacitor) is a mature technique [6]–[10] for the integration
of CT filters in CMOS technologies. MOSFET-C circuits are similar to the active-RC
topologies composed of operational amplifiers, resistors, and capacitors.

MOSFET-C filters make use of floating capacitors, which can be implemented by, e.g.,
poly-to-poly capacitors. The implementation of floating capacitors can pose difficult
challenges in technologies where linear capacitors are unavailable and the gate capacitors
are used for floating capacitors. We will not discuss in this chapter the implementation
of capacitors for use in either MOSFET-C or OTA-C filters. The reader is referred to
Chapter 3 for material on capacitors in CMOS technologies or to [9] for the use of
capacitors in CT filters.

MOSFET-C filters use MOS transistors in the ohmic region to replace the resistors of
their active-RC counterparts. MOS transistors, however, are inherently non-linear resis-
tors that limit drastically the dynamic range [6]. The use of fully balanced networks
significantly reduces the distortion introduced by the triode-biased MOS transistors.



Apart from the harmonic distortion due to the MOSFET non-linear resistance, time
constants of MOSFET-C filters suffer from high variability owing to temperature varia-
tions, process deviations, and aging. Therefore, some kind of tuning is required in order
to keep the frequency response close to its nominal specification. Usually, MOSFET-C
filters are tuned by controlling the gate voltage of MOS transistors, as will be seen next.
Alternatives to tune the frequency response of MOSFET-C filters involve digital pro-
grammability of either MOSFET-only current dividers or banks of capacitors.

9.1.1 The MOSFET as a tunable resistor

The output characteristics of a MOSFET for two different values of the gate voltage are
shown in Figure 9.1. We can readily note that the MOSFET in the triode region acts as a
voltage controlled resistor, i.e. the (non-linear) resistance between source and drain is
controlled by the gate voltage. The value of the ac resistance R can be calculated for
VDS = 0 as

1

R

����
VDS¼0

¼ dID
dVD

����
VDS¼0

¼ �dID
dVS

����
VDS¼0

¼ gms ¼ 2IS
�t

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1
� �

: (9:1:1)

The value of the inversion level if is dependent on the values of the source and gate
voltages according to the unified current-control model (UICM). By controlling the gate
voltage, we can obtain a variable resistance, the linearity of which will be examined in
Appendix A9.1.

Assuming that the MOSFET operates in strong inversion, (9.1.1) can be rewritten as

1

R

����
VDS¼0

¼ gmsðdÞ ¼ μC0
ox

W

L
VG � VT0 � nVQ

� �
; (9:1:2)

where VQ is the dc source (or drain) voltage. Thus, the MOSFET conductance in strong
inversion is a linear function of the gate voltage. It is also dependent on technological
parameters, namely mobility, oxide capacitance, and threshold voltage. As the MOSFET
enters the weak-inversion regime, the conductance becomes an exponential function of
the gate voltage (see Example 9.2).

(a)

VG VB

VS = VQ

VD = VQ + Vin

ID

VD (V)
0 1 2 3 4 5

0
VQ

Vin

ID (μA)

–25

25

(b)

VG = 4.5 V

3 V
IF

Fig. 9.1 (a) MOSFET symbol and applied voltages. (b) MOSFET output characteristics for VG = 4.5V and
3V, with VQ = 1Vand VB = 0V.
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Example 9.1

Consider that, for the MOSFET in Figure 9.1, μ= 500 cm2/V per s, n = 1.2, VT0 = 0.8V,
C0

ox ¼ 2 fF/μm2, and W/L = 4 μm/40 μm. Determine the transistor conductance for
VDS= 0V, VG= 4.5V, and VG= 3V.

Answer

Using (9.1.2) we find that

gms ¼ 500� 2� 10�7 � 1:2� 4

40

4:5� 0:8

1:2
� 1

� �
¼ 25 μA=V for VG ¼ 4:5 V

and

gms ¼ 500� 2� 10�7 � 1:2� 4

40

3� 0:8

1:2
� 1

� �
¼ 10 μA=V for VG ¼ 3 V:

Example 9.2

Assume that the MOSFET in Figure 9.1(a) is biased in weak inversion. What is the
expression for the transistor conductance for VDS= 0?

Answer

The application of (9.1.1) to operation in weak inversion gives

gms ffi 2IS
�t

1

2
if

� �
¼ 2IS

�t
exp

VG � VT 0 � nVQ þ n�t

n�t

� �
:

The distortion in the I–V characteristic of the MOSFET shown in Figure 9.1 is
analyzed in Appendix A9.1 [11]. As expected, the second-order harmonic is the main
component of distortion. Theoretically, the even-order terms of the harmonic distortion
can be canceled out in fully-differential topologies, as we will see in the next section.

9.1.2 Balanced transconductors for MOSFET-C filters

A balanced transconductor, which can be used to reduce harmonic distortion since it
cancels out the even-order harmonics, is shown in Figure 9.2. The device terminals of the
right-hand side, as will be shown later, are at the same potential due to the action of a
feedback op amp. To see how the even harmonics are eliminated, we write for the
currents ID1 and ID2 flowing through the matched transistors M1 and M2

ID1 ¼ ISf VQ þ Vin;VQ;VG

� �
; ID2 ¼ ISf VQ � Vin;VQ;VG

� �
: (9:1:3)
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As we will see later, the output of the basic building blocks of a MOSFET-C filter is
proportional to the differential output current IOD = ID1 − ID2. Since IOD is an odd function
of Vin, i.e.

IOD Vinð Þ ¼ �IOD �Vinð Þ; (9:1:4)

the even-order terms of its power series are zero. Note that the complete canceling out of
the even harmonics requires the transconductor to be fully balanced. In practical cases,
however, the even-order harmonic distortion can be higher than the odd-order harmonic
distortion owing to op-amp offsets, transistor mismatching, and unbalanced input signals
[10].

There are various techniques, summarized in [7], that can ideally eliminate the
transconductor non-linearities. One of them [7], [12] is shown in Figure 9.3. This circuit
can, in principle, cancel out both even- and odd-order harmonics when biased in strong
inversion (see Problem 9.1). The voltage-to-current conversion factor is dependent on the
difference between the gate control voltages. In practice, however, the topology in
Figure 9.3 does not cancel out the harmonics completely due to the non-idealities
mentioned previously, in addition to differences in slope factor and mobility of the

VG

VQ

ID2

ID1

VQ

VG

VD2 = VQ – Vin

VD1 = VQ + Vin

M1

M2

Fig. 9.2 A fully-differential MOSFET transconductor.

VQ

ID2

ID1

VQ

VA

VQ – Vin

M1

VA

M2

VQ + Vin VB

M3

M4 ID4

ID3

VB

I12

I34

Fig. 9.3 A fully-differential MOSFET transconductor that can cancel out even and odd harmonics. The
substrate is connected to VSS.
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transistors owing to the different gate voltages. As pointed out in [7], either the scheme in
Figure 9.2 or that in Figure 9.3 may be preferable, depending on practical constraints in a
given application.

9.1.3 MOSFET-C integrators

In this section, we analyze the integrator, a basic building block for MOSFET-C filters.
Among the different schemes for the transconductor, we have chosen the one in
Figure 9.2 as the input of the MOSFET-C integrator, which is shown in Figure 9.4.
The time constant RC of the integrator is adjusted by means of the gate voltage VG. Some
possible implementations of the fully-differential op amp have been described in
Chapter 8 and will not be addressed in this section. The effects of some non-ideal
op-amp characteristics will be examined later. The floating capacitors can be either linear
capacitors from analog CMOS technologies or non-linear gate capacitors [13] with
appropriate bias schemes [9] in any CMOS technology.

In the analysis that follows, we assume that the op-amp voltage gain is infinite and the
offset voltage is zero. Also, the dc levels at the integrator inputs and outputs are both equal
to VCM. As seen in Chapter 8, the common-mode output voltage can be set to a given VCM

through the action of a common-mode feedback network. For an ideal op ampwe can write

vo1ðtÞ ¼ vyðtÞ � 1

C

ð
ID1ðτÞdτ;

�vo2ðtÞ ¼ vyðtÞ � 1

C

ð
ID2ðτÞdτ:

(9:1:5)

The combination of the two equations in (9.1.5) gives, for the differential output
voltage,

vo ¼ vo1 � vo2 ¼ � 1

C

ð
ID1 � ID2ð Þdt: (9:1:6)

Note that vy appears as a common-mode component at the output. Since ID1 − ID2 is an
odd function of vi, so is the differential output voltage vo. Neglecting the odd-order
harmonics, we can finally write for vo

VCM + vo1
VCM + vi –

+

+

–

C

CVG

VG

VCM  – vi

VSS

ID1

ID2
M2

M1

VCM – vo2

VCM + vy

VCM + vy

Fig. 9.4 A MOSFET-C integrator. The time constant of the integrator is tuned by the gate voltage VG.
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vo ¼ vo1 � vo2 ¼ � 2

RC

ð
vi dt; (9:1:7)

where R = 1/gms is the linearizedMOSFET resistance calculated for VDS= 0. In a practical
MOSFET-C filter, some kind of tuning is required in order to set the time constants of the
integrators to accurate values. This can be done by adjusting the value of gms by means of
the gate voltage.

As regards non-idealities, the effects of component mismatch, unbalanced input
signals, and op-amp offset voltage and finite gain on integrator distortion have been
analyzed elsewhere [8]. We will restrict our analysis to the effects of the parasitics and
unity-gain frequency of the op amp on the integrator performance. Later, we will also
describe the effects of the non-ideal integrator frequency response on the transfer
function of a biquadratic section.

To analyze the effects of transistor capacitances on the performance of the integrator, we
represent in Figure 9.5 the small-signal equivalent to M1 (see Figure 2.18 in Chapter 2) of
Figure 9.4. To draw the equivalent ac circuit of Figure 9.5, we make the following
assumptions: (i) the gate and the bulk are connected to ideal dc voltage sources; (ii) the
rightmost terminal voltage of M1 is constant due to the action of the feedback op amp; and
(iii) the lumped model is an acceptable equivalent ac circuit of the distributed MOSFET, at
least for the input frequency range of the problem under analysis.

The MOSFET transadmittance yds in Figure 9.5 is given by

yds ¼ id
vs

¼ gms þ jωCds ¼ gms 1� jωL2

6μ�t

1ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p
 !

: (9:1:8)

To arrive at the result in (9.1.8) we calculate the value of the drain-to-source capaci-
tance for VDS= 0 or, equivalently, for α = 1

Cdsjα¼1¼ � 4

15
nC0

oxWL
1þ 3αþ α2

1þ αð Þ3
�����
α¼1

q0IS
q0IS þ 1

¼ � nC0
oxWL

6

q0IS
q0IS þ 1

and

gms ¼ μ
W

L
nC0

ox�tq
0
IS:

B

G

DS

Cgs

Cbs

(gms + jωCds)vs

id

Fig. 9.5 The equivalent ac circuit for the MOSFET in Figure 9.4.
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The quasi-static model in Figure 9.5 is valid as long as

gms � �ωCds or
ωL2

6μ�t

1ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1:

It is interesting to note here that the lumped model of Figure 9.5 gives the same result
for the transadmittance as the distributed MOSFET model (see Problem 9.2), provided
that the signal frequency ω≪−gms/Cds. Expression (9.1.8) shows that the current id that
flows into the capacitor is delayed with respect to the input voltage. This delay affects the
integrator response and, as a consequence, it affects the performance of biquadratic filters
based on integrators, as we will see later.

In the previous analysis we have assumed that the integrator input is a low-impedance
node; in this case, neither the intrinsic nor the extrinsic capacitances of the transistor
associated with the input node affect the conversion of the input voltage into a current.
Additionally, the inverting input of the op amp has been assumed to be an ac ground.

After having analyzed how the distributed capacitance of the MOSFET affects the
voltage-to-current conversion, we now proceed to determine the deviation in the ideal
integration due to both the op-amp finite gain and the integrator output capacitance. For a
first-order analysis we will use the ac model of the half-circuit of the integrator repre-
sented in Figure 9.6. The capacitance between the inverting input of the op amp and
ground is assumed to be a very small fraction of C that does not have a significant
influence on the voltage transfer function. Nodal analysis in Figure 9.6(b) gives the
following transfer function

VO

VIN
sð Þ ¼ �ðGm � sCÞ

s2CCoRþ C Gm þ Goð ÞRþ Cþ Coð Þ½ �sþ Go

: (9:1:9)

Since the integrator is designed to have a unity-gain frequency (equal to 1/(RC)) much
higher than the low-frequency pole of the integrator, the dominant-pole approximation
can be applied to the transfer function in (9.1.9). With such an approximation, we have,
for the dominant pole p1,

p1 ffi � Go=C

Gm þ Goð ÞRþ 1þ Co=Cð Þ ffi � Go

Gm

1

RC
¼ � 1

AV0RC
; (9:1:10)

+
vo
–

C

–

+

(a)

vin R

C

vin

+
vx
–

Gmvx Go Co

(b)

vo
R

Fig. 9.6 (a) A simplified scheme of the half-circuit of theMOSFET-C integrator where the input transistor has
been replaced with a resistor. (b) The corresponding small-signal circuit with the op amp represented
as a transconductance.Go is the op amp’s output conductance in parallel with the input conductance
of the following stage, while Co includes all capacitances associated with the output node.
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where AV0 is the low-frequency voltage gain of the op amp. To simplify (9.1.10) we have
assumed that GmR≫ 1, i.e. the op-amp transconductance is high enough to allow the op
amp to have a high voltage gain even when it is loaded with a load resistance equal to R.
On the other hand, the non-dominant pole is

p2 ffi � Gm þ Go

Co
þ Cþ Co

RCCo

� �
ffi �Gm

Co
: (9:1:11)

The integrator transfer function in (9.1.9) can thus be written as

VO

VIN
sð Þ ffi � 1� sC=Gm

RC sþ 1=ðAV0RCÞ½ � 1þ sCo=Gmð Þ (9:1:12)

The ideal result −1/(RC) is obtained for negligible Co, infinite AV0, and infinite unity-
gain frequency Gm/C of the op amp. Finally, on substituting the value of yds in (9.1.8) for
1/R in (9.1.12) we find that

VO

VIN
sð Þ ffi � gms 1� sτ1ð Þð1� sC=GmÞ

C sþ gms=ðAV0CÞ½ � 1þ sCo=Gmð Þ ; (9:1:13)

where τ1 ¼ L2=ð6μ�t

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p Þ:
Since the zero and secondary pole frequencies must be much higher than the integrator

unity-gain frequency, (9.1.13) can be simplified to

VO

VIN
sð Þ ffi � gms

C sþ gms=ðAV0CÞ½ � 1þ τeqs
� � ; (9:1:14)

where

τeq ¼ τ1 þ Cþ Coð Þ=Gm;

for frequencies ω ≤ gms/C. To derive (9.1.14) from (9.1.13) we make the approximation
1− xffi 1/(1 + x) for |x|≪ 1 and neglect second-order terms.
As shown in Figure 9.7, the magnitude and phase plots of the ideal and non-ideal

integrators are almost coincident, except for low frequencies and for frequencies exceed-
ing the unity-gain frequency gms/C. An important factor to be considered in the imple-
mentation of filters is the phase error at the unity-gain frequency, which can profoundly
affect the filter performance, especially filters of high selectivity, as we will see next.

0

|VO /VIN|dB

(gms /C )/AV0 (gms /C)

log ω

(a)

log ω

(b)

φ (rad)

0

π/2

π

(gms /C )/AV0
(gms /C )

phase
error

Fig. 9.7 (a) Magnitude and (b) phase plots for the ideal (dashed line) and non-ideal (solid line) MOSFET-C
integrators.
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The quality factor, or simply Q-factor, is an important parameter that indicates the
deviation of the integrator from ideality. In the ideal integrator, the transfer function
contains a purely imaginary term in the denominator (the ideal transfer function of the
integrator in (9.1.14) would be –gms/(sC)), the deviation from ideality being the real part
of the denominator. The ideal integrator would have a phase shift of −π/2 rad. In an actual
MOSFET-C integrator, non-ideal effects such as the finite unity-gain frequency of the op
amp, the distributed model of the MOS transistor, and the finite dc gain of the op amp
cause phase deviations relative to the ideal case. These can give rise to significant
variations in relation to the desired filter transfer function. Next, we analyze the quality
factor of the integrator, which corresponds to the reciprocal of the phase deviation.

In the case of the integrator, the quality factor is the ratio between the imaginary and
real parts of the denominator of (9.1.14), i.e.

Q¼ ω
1þ τeqgms=ðAV0CÞ
gms=ðAV0CÞ � τeqω

2
: (9:1:15)

In the ideal case, AV0→∞ and τeq→ 0; thus, Q→∞. The quality factor QI
1 at the

integrator unity-gain frequency (gms/C), an important limitation for the implementation
of biquad and higher-order filters, is given by

1

QI
ffi 1

AV0
� τeqgms

C
: (9:1:16)

To calculate QI, we assume that τeqgms/(AV0C)≪ 1 in (9.1.15), a quite acceptable
approximation since the phase deviation τeqgms/C must be small at the integrator unity-
gain frequency. The reciprocal of QI is the phase deviation of the integrator in relation to
the phase π/2 rad of the ideal integrator at the integrator unity-gain frequency, as indicated
in Figure 9.7. In an actual MOSFET-C integrator, both the finite unity-gain frequency of
the op amp and the distributed effect of the MOS transistor generate phase lag, whereas
the finite dc gain of the op amp causes phase lead. The phase deviation relative to the
ideal integrator at the unity-gain frequency, which is generally dominated by phase lag, is
an important factor that can degrade significantly the performance of filters and must be
compensated for in several cases, especially in highly selective and/or high-frequency
filters.

Example 9.3

Assume that the MOSFET-C integrator in Figure 9.4 is implemented in a 0.35-μm
technology for which μ= 356 cm2/V per s, C0

ox ¼ 4:5 fF=μm2, nffi 1.34, and VT0 =
0.60V. Assume that the op amp has a negligible output capacitance and that
Gm= 0.1mA/V and Go = 0.1 μA/V. Discuss the implementation of the MOSFET-C inte-
grator for a unity-gain frequency equal to 1Mrad/s with integrating capacitances of
(a) 1 pF and (b) 10 pF. Consider that the parasitic capacitance at the output node of the
integrator is 25% of the integrating capacitor and that the minimum channel width of

1 In this chapter, the notation QI, which has been used to represent the integrator Q-factor at the unity-gain
frequency, should not be mistakenly taken as the transistor inversion charge.
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this technology is 1 μm. The values of the gate, substrate, and drain-to-source dc voltages
are VG= 4.6V, VB= 0V, and VQ= 1.5V, respectively.

Answer

Expression (9.1.2), which can be written as

L

W
¼ μC0

oxR VG � VT0 � nVQ

� �
; (E9:3:1)

will be used to calculate the value of the transistor aspect ratio.

(a) For C= 1 pF, the required resistance is R= 1MΩ. From (E9.3.1) we find that

L

W
¼ μC0

oxR VG�VT0�nVQ

� �
¼ 356� 4:5� 10�7 � 106½4:6� 0:6� ð1:34� 1:5Þ� ffi 320:

Choosing the minimum value of W so as to avoid an excessively long-channel
device, we have L= 320 μm. This channel length results in

τ1 ¼ L2

6μðVP � VSBÞ ¼
320� 10�4
� �2

6� 356 4:6� 0:6ð Þ=1:34� 1:5½ � ¼ 0:32 μs:

The equivalent time constant is

τeq ¼ τ1 þ Cþ Coð Þ=Gm ¼ 0:32þ ð1þ 0:25Þ=100 ffi 0:333 μs;

which is dominated by the distributed capacitance of the MOSFET. Using (9.1.16)
we find that, for the integrator Q-factor,

1

QI
¼ Go

Gm
� τeq
RC

¼ 1

1000
� 0:333

1
! QI ffi �3;

a value that is not acceptable for most applications.
(b) For C= 10 pF, the required resistance is R = 0.1MΩ and L/W = 32, as calculated

through (E9.3.1). If we choose the minimum value of W once again, we have
L= 32 μm. This channel length results in τ1 = 3.2 ns, which is 100 times smaller
than the previous one. In this case, the equivalent time constant is

τeq ¼ τ1 þ Cþ Coð Þ=Gm ¼ 3:2þ ð10þ 2:5Þ=0:1 ffi 128 ns:

Note that the value of τeq is now dominated by the unity-gain frequency of the op
amp. Using (9.1.16), we find for the integrator Q-factor

1

QI
¼ Go

Gm
� τeq
RC

¼ 1

1000
� 0:128

1
! QI ffi �8:

A value of the integrating capacitor between 1 and 10 pF can be chosen in order to
minimize the phase deviation at the unity-gain frequency (see Problem 9.3).
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We now proceed to analyzing the effect of the non-infinite quality factor of the
integrator on the transfer function of a biquad filter. Specifically, we will exemplify the
effect of the finite Q-factor of the integrator on the two-integrator loop shown in
Figure 9.8. For the sake of simplicity, we assume here that the integrators are identical.
Ideally, the integrator transfer function isω0/s, whereω0 is the unity-gain frequency. Two
transfer functions are achievable, associated with the low-pass (VLP) and band-pass (VBP)
outputs. Using the ideal integrator transfer function, we obtain the following transfer
function for the band-pass output:

VBP

VIN
sð Þ ¼ ω0s

s2 þ ω0=Q0ð Þsþ ω2
0

¼ ω0s

DðsÞ : (9:1:17)

Now, let us assume that the integrator transfer function is given by (9.1.14). After some
algebraic manipulations and neglecting second-order terms [9], we find that

D sð Þ ¼ s2 þ ωN=QNð Þsþ ω2
N; ω2

N ffi ω2
0;

1

QN
¼ 1

Q0
þ 2

QI
: (9:1:18)

The pole frequency ωN of the filter implemented with non-ideal integrators is close to
that obtained assuming the integrators to be ideal; however, the pole Q-factor QN can be
strongly affected by the integrator Q-factor QI. As an example, assume the design of a
two-integrator loop filter with Q0 = 20, but, due to non-idealities of the op amp and
distributed effects of the input transistor, the value of the integratorQ-factor isQI= −100;
in this case, QNffi 33, which is considerably different from the nominal value. One might
think of pre-distorting the nominal quality factor Q0; indeed, if we choose Q0 = 100/7 in
this example, the resulting filter will haveQNffi 20. This pre-distortion strategy, however,
is not appropriate since the value of the integrator quality factor is seldom known with
accuracy. Compensation of the phase error of the integrators can be achieved using
(automatically tuned) small resistors in series with the integrating capacitors or small
capacitors in parallel with the MOSFETs [14].

9.1.4 Filter examples

The simplest form of a MOSFET-C filter is the first-order low-pass filter (or lossy
integrator) shown in Figure 9.9. The ideal transfer function of the filter is

vo
vi

sð Þ ¼ � R2=R1

1þ sCR2
; (9:1:19)

1/Q0

VIN

∫ −∫ΣΣ
VBP VLP

Fig. 9.8 A two-integrator loop for implementing a biquad.
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where R2 and R1 are the small-signal resistances for VDS=0. The −3 dB frequency can be
controlled by means of the transistor gate voltage. The dc gain of the filter, −R2/R1,
however, is not affected by the gate voltage since the resistances of the input and feedback
transistors have the same dependence on the gate control voltage; the ratio −R2/R1 is, in
principle, equal to the ratio (L/W)2/(L/W)1.

In Figure 9.10, a second-order Tow–Thomas biquad composed of the two-integrator
loop filter of Figure 9.8 is shown. The output of the op amp on the left is band-pass
whereas the output of the op amp on the right is low-pass. This biquad can be orthogon-
ally tuned [2] by the following procedure: (i) adjusting simultaneously the resistances of

VG

–

+

+

–

C

VG

VG

M1B

M1A

–vo–vi

+vi +vo

M2A

VG

C

M2B

Fig. 9.9 A first-order low-pass MOSFET-C filter.

VC

VIN

M4A

M3A

M2A

M1A

M2B

+

+

–

–

+

+

–

–

M1B

M3B

M4B

–VIN

VC

VC

VC

VC

VC

VC

VC

VOUT

–VOUT

Fig. 9.10 A second-order MOSFET-C filter.
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the pairs M1A, M1B and M2A, M2B to a specified value of the center frequency ω0 of the
filter; (ii) M3A, M3B can then be adjusted to give the specified value of the quality factor
Q0 without changing ω0; and, finally, (iii) M4A, M4B can be adjusted to the desired value
of the gain without affecting the value of either ω0 or Q0.

9.2 Basics of OTA-C filters

The Gm-C (transconductance-capacitor), also sometimes called OTA-C [15], is the most
popular technique employed for the integration of continuous-time filters in CMOS
technologies [16]. The basic elements of Gm-C circuits are voltage-to-current converters,
or transconductors, and capacitors. Ideally, the transconductor is an infinite-bandwidth
circuit that converts an input voltage linearly into an output current with input and output
impedances ideally infinite, as shown in Figure 9.11(a). A transconductor can be used as a
(grounded) resistor, as shown in Figure 9.11(c). The block in Figure 9.11(d) gives an output
voltage that is, ideally, proportional to the integral of the input voltage. The transconductor
converts the input voltage into an output current, which, in turn, is integrated in capacitorC.

Gm-C filters make use of grounded capacitors, which can be implemented more easily
than can floating capacitors. Gate capacitors can be used in this technique since a dc
voltage can be applied to the ac-grounded capacitor terminal for appropriate biasing. On
the other hand, the integrating capacitor (see Figure 9.11(d)) is directly affected by the
sum of all parasitic capacitances in parallel with C.

Gm-C filters, similarly to MOSFET-C filters, suffer from high variability owing to
temperature variations, process deviations, and aging; thus, some kind of tuning is
required in order to keep the frequency response within its specifications. Fortunately,
the frequency response of OTA-C filters can be controlled by the transconductance of the
V-to-I converters and/or the capacitances. The usual form of tuning the transfer function
of a filter is by adjusting the bias current of the transconductors. In the next sections, we
will introduce some simple transconductor schemes and filter examples, and will study
the influence of the non-idealities of both the transconductor and the capacitor on the
performance of the integrator.
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Fig. 9.11 (a) The small-signal equivalent circuit of the ideal transconductor. (b) Its symbol. (c) The use of a
transconductor as a resistor (ii/vi =Gm). (d) The Gm-C integrator.
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9.2.1 Transconductors

The main component of Gm-C filters is the adjustable transconductor. An abundance of
topologies in the technical literature is available for CMOS transconductors. The inter-
ested reader is referred to [16] for an extensive list of references on Gm-C filters and their
applications, together with transconductor topologies and linearization techniques. We
will describe just some of the simplest architectures of CMOS voltage-to-current con-
verters. Basically, a transconductor, a device with high input and output impedances, is a
combination of transistors aimed at obtaining an adjustable linear voltage-to-current
conversion.

Figure 9.12(a) is the scheme of the simplest version of a transconductor, composed of a
transistor and a current source that provides the appropriate bias for the transistor.
Assuming that the transistor operates in saturation, a condition required for high output
impedance, the relationship between the transistor current and the input voltage is,
assuming the slope factor n to be constant, given by

VIN � VT0

n�t
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IB � iO

IS

r
� 2þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ IB � iO

IS

r
� 1

� �
; (9:2:1)

where the drain current ID = IB− iO. In the scheme of Figure 9.12(a), an increase in the
input voltage causes a decrease in the output current; thus, this is an inverting transcon-
ductor. Note that the relationship between current and voltage is non-linear. The input
voltage range for low distortion is very narrow and independent of the inversion level IB/
IS for weak inversion, whereas it increases with the square root of the inversion level for
strong inversion (see Problem 9.4).
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Fig. 9.12 (a) Simple MOSFET, (b) simple differential, and (c) fully-differential transconductors.
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The circuit in Figure 9.12(b) shows a transconductor with a differential input. In this
case, the linearity range is improved by a factor of two compared with the transconductor
in Figure 9.12(a) for the same inversion level of the input transistors. In Figure 9.12(c),
we have a fully-differential transconductor. In many applications, particularly those in
low-voltage technologies, fully-differential topologies are widely employed. Although
the topologies in Figure 9.12 can be highly non-linear, all of them can be used in
applications for which the signal amplitude is low [17]–[20]. Some schemes intended
to increase the linearity of the transconductor will be shown next.

A plethora of techniques for linearization of transconductors is based on the cancella-
tion of non-linear terms. Most of them exploit the square law of the voltage-to-current
characteristic of MOS transistors operating in strong inversion and combine transistors to
eliminate the quadratic dependence of the current on the input voltage and to keep only
the linear term [21]–[26].

In other transconductors, the input signal is either split into several sections [27] or
attenuated at the input devices as a result of the use of a source degeneration structure
[28], [29], resulting in an increased input range. A good choice to improve linearity is the
use of balanced topologies, in which the even-order harmonics would be eliminated if
matching were perfect. The authors of the majority of technical papers on transconduc-
tors employ fully-differential topologies as a way to reduce distortion.

Figure 9.13 illustrates a V–I converter in which the input voltage simply divides
equally between two source-coupled input pairs [27]. In this case, the transconductance
is divided by a factor of 2 compared with the conventional differential pair. On the other
hand, the magnitude of the second harmonic is divided by a factor of 4. This circuit,
besides providing improved linearity, is also useful for the detection of common-mode
voltages (see Problem 9.5).

Figure 9.14 shows an interesting implementation of a fully balanced transconductor with
source degeneration realized through voltage-controlled transistorsM2A andM2B [29]. The
authors of [29] analyze the circuit in Figure 9.14 using the square-lawMOSFETmodel and
verify how the linearity of the voltage-to-current conversion is affected by the ratio S1/S2
and conclude that S1/S2ffi 7 gives the best linearity performance.

The transconductance of the circuit in Figure 9.14 [29] is

M1 M2
+
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–

+
v2
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Fig. 9.13 A transconductor that divides the input voltage between two source-coupled pairs [27].
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Gm ¼ GmðS2!1Þ
1þ S1=ð4S2Þ : (9:2:2)

As compared with the simple differential pair, the transconductance of the circuit in
Figure 9.14 is lower by a factor of 1 + S1/(4S2). The common-mode output voltage is
stabilized by transistors M4A and M4B, which operate in the triode region, as previously
explained in Chapter 8 (see Figure 8.37).

Several factors can degrade the performance of transconductors and, consequently, of
the filters in which they are embedded. Important factors that affect the performance of
transconductors are offset voltage, non-linearities, limited bandwidth, parasitic compo-
nents, finite input and output impedances, and noise.

The offset voltage of a transconductor, as was previously examined for operational
amplifiers, is one of the major problems in Gm-C filters. Some potential effects of the
offset voltage of the transconductor are a reduction in voltage swing, a change in the
effective transconductance, and an increase in harmonic distortion. In fact, each node of
a Gm-C filter is affected by the offset of each transconductor multiplied by the dc
transfer function from the input of the offset-generating transconductor to the node
under consideration. As a result, if the designer is not aware of this problem, the dc
input voltage of a transconductor can even be, in some cases, higher than the maximum
allowable differential input voltage, giving rise to high distortion and a transconduc-
tance lower than the design value. A simple example to illustrate this issue is given in
association with the first-order low-pass filter in Figure 9.15, for which the (ideal)
transfer function is
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Fig. 9.14 A fully balanced transconductor with source degeneration [29].
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Fig. 9.15 A first-order low-pass Gm-C filter.
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VO

VI
sð Þ ¼ Gm1=Gm2

1þ sC=Gm2
: (9:2:3)

The dc output voltage VO1 due to VOS1, the offset voltage of the first transconductor, is
VO1 = (Gm1/Gm2)VOS1, i.e. the dc gain times the offset voltage. As an example, assume
that VOS1 = 5mV and that the dc gain Gm1/Gm2 = 20. In this case, the differential input
voltage for the second transconductor would be VO1 = 20 × 5 = 100mV, a value that, in
some cases, can drive the transconductor into a highly non-linear region, thus increasing
harmonic distortion and lowering the transconductance.

Example 9.4

Assume that the voltage-to-current transfer function of the transconductors in Figure 9.15
can be approximated by that given in Figure E9.4. The nominal values of the components
are Gm1 = 1 μA/V, Gm2 = 0.1 μA/V, C= 0.2 pF, and ΔV= 100mV. Calculate the −3 dB
frequency of the filter and the maximum offset voltage of transconductor 1 for a peak-to-
peak input voltage of (Gm2/Gm1)ΔV/2 = 5mV.

Answer

According to (9.2.3), the −3 dB frequency is

ω�3dB ¼ Gm2=C ¼ 0:1� 106=0:2 ¼ 0:5 Mrad=s:

The combined effect of the input offset voltages VOS1 and VOS2 on the output voltage is
(Gm1/Gm2)VOS1 +VOS2ffi 10VOS1. This approximation is valid since the dc output voltage
is mostly affected by transconductor 1 for comparable values of the offset voltages. Using
this approximation, the input of transconductor 2 is within its linear range when

�ΔV=2 � VO � ΔV=2:

Let us assume that the frequency of the input signal is below the −3 dB frequency. In this
case, we have

VO ffi Gm1=Gm2ð Þ VI � VOS1ð Þ ¼ 10 VI � VOS1ð Þ:
Using this expression together with the previous one and when VI=VP cos(ω0t), with
VP= 5/2mV, we find that |VOS1| ≤ 2.5mV.

The distortion in transconductors is another degradation factor of the filter perfor-
mance. Basically, the second- and third-order harmonic components are of major

VOS

ΔV

IO

VI

Fig. E9.4 The transfer characteristic of the transconductors in Figure 9.15.
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concern. Obviously, the distortion is essentially dependent on the transistor non-
linearities and on the transconductor topology. As a general rule, the linearity range of
a transconductor is not affected by the inversion level in weak inversion and increases
roughly with the square root of the inversion level in strong inversion. Fully balanced
structures are preferable to single-ended topologies, since they are capable of reducing
significantly the second-order harmonic. The price to be paid is the need for a CMFB
circuit to stabilize the common-mode dc output voltage.

Owing to the existence of many variants of transconductor topologies, we will not
calculate here the harmonic distortion. The interested reader can use the UICM for
each particular topology to give a rough estimate of the harmonic distortion, simi-
larly to the derivation of harmonic distortion calculated in Appendix A9.1 for the
MOSFET acting as a resistor. For the sake of simplicity, one can assume that neither
the mobility nor the slope factor is dependent on the gate voltage, which can
sometimes lead to relatively poor approximations for calculating the harmonic
distortion.

Another fundamental drawback associated with Gm-C filters is the finite transcon-
ductor bandwidth, which can be limited both by the distributed nature of the MOSFET,
as previously explained in the section on MOSFET-C filters, and by internal nodes,
which can attenuate the signal transferred at higher frequencies. In this section we will
analyze the effect of the frequency-dependent transconductance on the performance of
the integrator, a basic building block of Gm-C filters. In an IC design, the parameters
responsible for the frequency-dependent response of the transconductor must be
properly accounted for so that the designer can, at least approximately, correct or
compensate for this error. To explain the effects of the parasitic components and
limited bandwidth of the transconductor on filters, we now proceed to analyzing the
Gm-C integrator. In fact, it is very important to study the integrator since, in many
filters, the main building blocks are integrators. In fact, the minimum dc gain and
phase specifications required for the integrators can be derived from the filter speci-
fications [30].

9.2.2 Gm-C integrators

Figure 9.16 shows schematically a Gm-C integrator that includes a frequency-dependent
transconductance and other elements that degrade its performance. Here, Go denotes the
output conductance and CP is a parasitic capacitance, which includes the capacitance
associated with the transconductor output, the input capacitance of the following stage,
and the parasitic capacitance associated with the top plate of the integrating capacitor C.
The transfer function of the ideal integrator is

VO

VI
sð Þ ¼ Gm0

sC
; (9:2:4)

where Gm0 is the low-frequency transconductance, which, in the ideal integrator, is
independent of frequency. The unity-gain frequency of the ideal integrator is exclusively
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determined by the transconductance and the load capacitanceC. In practice, however, the
transfer function becomes

VO

VI
sð Þ ¼ Gm0FðsÞ

Go þ s Cþ CPð Þ ; (9:2:5)

where F(s) represents the dependence of the transconductance on frequency. Since the
singularities of F(s) must be located at frequencies much higher than the integrator unity-
gain frequency, (9.2.5) can be simplified to

VO

VIN
sð Þ ffi Gm0

Cþ CPð Þ sþ Go= Cþ CPð Þ½ � 1þ τeqs
� � (9:2:6)

for frequencies ω ≤Gm0/(C+CP). In (9.2.6), τeq represents the effects of the singularities
of the transconductance on the frequency response of the integrator. This is an acceptable
approximation at least for frequencies not exceeding the unity-gain frequency of the
integrator. If the singularities are not located at frequencies much higher than the
integrator unity-gain frequency, the performance of the integrator will be highly affected
by the singularities of the transconductor. At the unity-gain frequency, the phase devia-
tion given by (9.2.6) with respect to the ideal deviation of − π/2 rad at the unity-gain
frequency is

Δ� ¼ tan�1 G0

ωu Cþ CPð Þ
� �

� tan�1 ωuτeq
� � ffi G0

Gm
� Gm

Cþ CP
τeq: (9:2:7)

Note the similarities between expressions (9.2.7) and (9.1.16). Considering that the
phase deviation is the reciprocal of the integrator Q-factor, both equations contain a first
term equal to the inverse of a dc gain plus a second term equal to the phase lag created
by the transistor’s distributed RC effects and the finite unity-gain frequency of the op amp
in the case of a MOSFET-C or by the transconductor delay at the unity-gain frequency
and the parasitic capacitance in the case of a Gm-C.

Example 9.5

Assume thatW/L = 120 μm/4 μm, n= 1.2, �t= 25mV, μ= 400 cm2/V per s, ISH= 100 nA,
and the transistor Early voltage per unit length VE= 5V/μm for the circuit in Figure E9.5.
(a) Calculate the unity-gain frequency of the ideal integrator. (b) Calculate the phase
deviation relative to the ideal inverting integrator due to both the distributed effect of the
MOSFET and the finite gain of the transconductor. (c) What would be the unity-gain
frequency in the case of a parasitic capacitanceCP= 0.25CL, and what would be the value
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Gm(s)
vi

vo

CCPGo

Fig. 9.16 A Gm-C integrator and parasitic elements.
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of the bias current required to restore the nominal value of the unity-gain frequency?
Assume that the current source is ideal and the transistor is operating in saturation.

Answer

(a) The unity-gain frequency of the ideal integrator is ωu = gm/CL. To calculate the
transconductance gm we have to calculate the inversion level if, which is given by

if ¼ IB=IS ¼ IB=ðSISHÞ ¼ 300=ð30� 0:1Þ ¼ 100:

Using the transconductance-to-current ratio we find that

gm ¼ 2IB

n�tð
ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 1Þ ¼
600� 106

30� 10�3ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 100

p þ 1Þ ¼ 1:8 mA=V:

Consequently, ωu= 1.8mA/V/10 pF = 180Mrad/s.
(b) We use the expression for the drain-to-gate admittance

ydg ffi gm 1� jωτ1ð Þ;
with

τ1 ¼ 4

15

L2

μ�t

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p 1þ 3αþ α2

1þ αð Þ3 ffi 4

15

4� 10�6
� �2

400� 10�4 � 25� 10�3
ffiffiffiffiffiffiffiffi
101

p ffi 425 ps

to find the contribution of the distributed MOSFET model to the phase deviation in
the transconductance. Note that the rational function in α in the formula above isffi1.
The phase shift of this integrator at the unity-gain frequency compared with that of
the ideal integrator is

Δ� ¼ �ωuτ1 þ IB=ðVELÞ½ �=gm
¼ �180� 106 � 425� 10�12 þ 0:3� 10�3= 5� 4ð Þ� 	

= 1:8� 10�3
� �

¼ �0:068 rad:

The term in square brackets in the formula above is the transistor output conductance.
The result we obtained for the phase deviation corresponds to an integrator Q-factor
of approximately −14.7.

(c) When a parasitic capacitance of 0.25CL is included in parallel withCL¸ the unity-gain
frequency will reduce to 80% (1/1.25) of the value calculated considering that the

VDD

vi M1

IB = 300 μA

vo

CL = 10 pF

Fig. E9.5 A Gm-C integrator.
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parasitic capacitance is zero. To keep the unity-gain frequency unchanged, the
transconductance would have to increase by 25%; thus gm= 1.25gm|if = 100. In this
case, the inversion level must be increased to the value given below, in order to
satisfy the unity-gain bandwidth requirement:

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1 ¼ gm=gmjif¼100


 � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 100

p � 1

 �

! if ffi 151:

Consequently, the bias current must increase to IB= (151/100) × 300 = 450 μA, which
amounts to a 50% increase in power consumption.

Since the frequency response of high-frequency filters is very sensitive to phase errors
in integrators, it is sometimes advisable to use some kind of phase compensation in order
to keep the phase deviation within limits that will not significantly affect the filter
response. However, the phase errors caused by parasitic components or parasitic effects
in active devices are, in general, too difficult to predict and, therefore, to compensate for
or eliminate by design [31]. Thus, high-frequency filters usually employ some phase
compensation, either at the transconductor [32], [33] or at the integrating capacitor [34].
The compensation method introduced in [34] is simply to connect an MOS transistor,
which can be tuned to compensate for the relatively unpredictable phase lag introduced
by the transconductor (see Problem 9.7), in series with the integrating capacitor. Another
form of compensation of the phase lag is, as indicated in [4], the use of the series
resistance of the integrating capacitors to create a phase lead.

9.2.3 Signal-to-noise ratio, dynamic range, and power

To develop some concepts in this section we recall some results of the fundamental noise
theory discussed in Chapter 4. The application of the energy equipartition principle (see
Problem 4.4) to the RC circuit in Figure 9.17 leads to the following mean-square value for
the output voltage noise:

v2on ¼ kT=C: (9:2:8)

In (9.2.8) we have included the subscript n (for noise) in the symbol for the output
voltage to emphasize that (9.2.8) is the noise contribution to the output voltage, that is, it
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Fig. 9.17 (a) An RC circuit, (b) aGm-C lossy integrator with dc gain of unity, and (c) aGm-C lossy integrator
with dc gain of Gm/Go.
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represents the mean-square value of the output-voltage noise for vi= 0. Now let us
consider that the instances of noise of the transconductors in Figures 9.17(b) and (c)
have a white PSD given by

i2on=Δf ¼ 4kTγGm; (9:2:9)

where γ is the excess noise factor, which usually has a minimal value of unity2 [35]. In
this textbook, as in [35], [36], we consider only the fundamental thermal noise, i.e. we
assume that the effect of the 1/f noise is negligible. Under this assumption, the output
noise power in the circuit of Figure 9.17(b) is given by

v2on ¼
ð1
0

i2on
Δf

H jωð Þj j2 df ¼
ð1
0

4kTγGm
1

G2
m þ ωCð Þ2

dω
2π

¼ γ
kT

C
; (9:2:10)

where H( jω) is the transfer function that represents the conversion of the output
noise current ion of the transconductor into the output noise voltage. To derive the
output noise voltage of the low-pass filter in Figure 9.17(c), we assume that
Gm≫Go. In this case, the dominant noise source is the transconductor (regardless
of whether Go is a resistor or another transconductor). Using the same procedure as
that used to derive (9.2.10) and assuming that Go contributes negligibly to the output
noise, we find that

v2on ¼
ð1
0

4kTγGm
1

G2
o þ ωCð Þ2

dω
2π

¼ γ
Gm

Go

kT

C
: (9:2:11)

The signal-to-noise ratio (SNR) is the ratio of the power of the output signal to the
power of the noise signal, i.e.

SNR ¼ v2o=v
2
on ¼ V2

opp=8

 �

v2on

.
; (9:2:12)

where the term in parentheses is the power of a sinusoidal signal with a peak-to-peak
voltage of Vopp. In practice, the output voltage is generally limited to a value such that the
distortion is acceptable for the intended application.

We define here the dynamic range DR of a circuit as the maximum achievable SNR,
that is

DR ¼ SNRmax ¼ v2o;max=v
2
on ¼ V2

opp;max=8

 �

v2on

.
: (9:2:13)

The dynamic range is the ratio of the maximum output signal power for distortion
below an acceptable level to the noise power. In our definition we consider that the noise
level is independent of the signal level (quasi-equilibrium conditions). In syllabic
companding, a technique in which the signal is expanded and compressed on the basis
of the envelope of the signal, the definitions of dynamic range and maximal SNR are not

2 For the case in which the transconductor is a simple long-channel MOS transistor in saturation, γ is n/2 in
weak inversion and 2n/3 in strong inversion. More elaborate transconductors have values that are typically
slightly higher than those in a simple transistor transconductor.
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coincident [37]. Note that the maximal output signal can be limited by the linearity range
of any of the input, internal, or output nodes. In the example that follows the dynamic
range is limited by the output node.

Example 9.6

Assume the following values for the components in Figure 9.15: Gm1 = 1 μA/V,
Gm2 = 0.1 μA/V, C = 0.2 pF, and γ= 1. Calculate the dynamic range when the maximal
differential input voltage for acceptable distortion is (a) 50mV for both transconductors
and (b) 50mV for transconductor 1 and 200mV for transconductor 2. Assume that the
offset voltage of both transconductors is zero.

Answer

(a) The mean-square value of the noise voltage for the low-pass filter (see (9.2.11)) is

v2on ¼ γ
Gm1 þ Gm2

Gm2

kT

C
¼ 11

kT

C
:

The linear range is limited to a 50-mV peak signal at transconductor 2. Therefore, the
maximum signal swing is Vopp,max = 100mV. For a sine wave, the DR is

DR ¼ V2
opp;max=8


 �
v2on

.
¼ V2

opp;max=8

 �

11kT=Cð Þ ffi 5:5� 103
.

or, equivalently, DRdB= 10 logDR= 37.4 dB. Note that the maximum peak-to-peak
input signal is 10mV in this case.

(b) The maximum output voltage is Vopp,max = 400mV. In comparison with the previous
case, the dynamic range is greater by a factor of 16; this is equivalent to an increase of
12 dB. Thus, DRdB= 37.4 + 12 = 49.4 dB. This improvement is obtained with an
increase in the linear range for transconductor 2, which, in turn, is generally obtained
through an increase in power consumption.

Now, using simplemodels, as in [37], [38], wewill determine how the powerP delivered
by the source of energy is related to the required dynamic range and bandwidth of an
analog circuit. Let us consider the simple example of the unity-gain low-pass filter shown
in Figure 9.18. As in [37], we assume that the transconductor operates in class B, that is,
during capacitor charging the current through the negative supply is zero, whereas during
discharging the current through the positive supply is zero. In this case, writing
VO= (Vopp/2)sin(ωt), the instantaneous power p at the positive supply is

p ¼ VDD

2
IDþ ¼ VDD

2
IC ¼ VDD

2
C

dVO

dt
¼ VDD

2
ωC

Vopp

2
cosðωtÞ: (9:2:14)

The energy delivered by the positive power supply is thus

ðT=4
�T=4

VDD

2
ωC

Vopp

2
cosðωtÞdt ¼ C

VDDVopp

4
sin θjπ=2�π=2¼ C

VDDVopp

2
: (9:2:15)
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The average power P delivered by the positive source is

P ¼ 1

T=2

CVDDVopp

2
¼ fCVDDVopp; (9:2:16)

which is the same as the average power delivered by the negative power supply. Note
that, for Vopp =VDD, the result given by (9.2.16) is identical to that for power dissipation
in the CMOS static inverter. Using (9.2.10), which is valid for the low-pass filter under
analysis with γ= 1, and (9.2.12), we find the SNR as

SNR ¼ V2
opp=8


 �
v2on

.
¼ V2

opp=8

 �

kT=Cð Þ:
.

(9:2:17)

Now, by combining the results of (9.2.16) and (9.2.17), we find that

P ¼ 8
VDD

Vopp
kTf 	 SNR: (9:2:18)

The power consumption given by (9.2.18) is important as a criterion by which to
compare various circuit solutions in terms of power efficiency [37]. In the most favorable
(and hypothetical) scenario, the output-voltage (and common-mode input-voltage in the
particular case of Figure 9.18) swing equals the power-supply voltage with acceptable
distortion, i.e. Vopp =VDD. In this case, the power delivered by the source is, at least, the
minimum value [37], [38] given by

Pmin ¼ PjVopp¼VDD
¼ 8kTf 	 SNR (9:2:19)

for a given temperature, frequency, and SNR. As noted in [37], [38], the frequency f is the
bandwidth of this low-pass filter. In conclusion, the power delivered by the energy source
is proportional to the dynamic range required for the application.

It is worth noting that the application of the same reasoning to calculate the minimum
power for the circuit in Figure 9.15 leads to the result

P ¼ 8kTΔ f
VDD

Vopp
	 SNR 	 ð1þ AV0Þ; (9:2:20)

where AV0 =Gm1/Gm2 is the low-frequency gain and Δ f=Gm2/(2πC) is the bandwidth
For readers who wish to deepen their knowledge on trade offs among power consump-

tion, SNR, and signal bandwidth, we recommend the reading of [37], an excellent reference
in which the power efficiency of some commonly employed circuits is analyzed.
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T

Fig. 9.18 A Gm-C unity-gain low-pass filter.

Fundamentals of integrated continuous-time filters 389



9.2.4 Filter examples

An interesting example of a low-pass filter for signals below 1Hz is presented in [20] and
reproduced in Figure 9.19. The nominal parameters are Gm4 = 90 pS and C = 50 pF.

The plot in Figure 9.19 shows the frequency response of a low-pass filter based on an
integrator. The −3 dB cut-off frequency was measured as 0.302Hz. An independently
powered unity-gain buffer was also incorporated into the circuit to drive the output pad.
The transconductor was implemented as a symmetric differential core followed by a current
divider composed of a parallel–series association of transistors, as shown in Figure 9.20
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Fig. 9.19 A Gm-C low-pass filter and its measured transfer function (adapted from [20]).
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Fig. 9.20 A p-MOS-input symmetric OTAwith parallel–series current division to reduce transconductance
without loss in the linear range.
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[19], [20]. The linear range of the differential input pair is 500mVand its transconductance
is around 69nS. A division factor of 784 : 1 for transconductance attenuation was achieved
employing two current mirrors with 28 identical parallel-connected transistors at the input
and 28 identical series-connected transistors at the output. The resulting transconductance is
Gm4 = 69/784 nS=90 pS.

A transconductance element for the realization of high-frequency filters was presented
in [4], [39]. The transconductor, reproduced in Figure 9.21, is a fully-differential
structure based on CMOS inverters. The voltage-to-current conversion is performed by
two inverters driven by a differential input voltage balanced around a common-mode
level equal to Vc [39]. It can be shown (see Problem 9.8) that in strong inversion and
saturation of both p- and n-channel devices the output current is, to a first-order
approximation, proportional to the input voltage when the current scaling factors βn
and βp of the n- and p-transistors are matched (βn = βp). In this case, the transconductance
of the CMOS inverter is

Gm ¼ β Vdd � VT0n þ VT 0p

� �
; β ¼ μC0

ox W=Lð Þ=n: (9:2:21)

As can be seen in (9.2.21), the transconductance can be adjusted by means of the local
supply voltage Vdd.

The common-mode voltage Vc is generated by an inverter with input and output short-
circuited. Note that, when the input voltage of the CMOS inverter is Vc, the output current
of the transconductor is zero.

The complete transconductor is composed of six inverters, two of them responsible for
the voltage-to-current conversion at the input and the remaining four for controlling the
common-mode voltage. The dc gain of the Gm-C integrator is limited only by mismatch;
a relative transconductance mismatch of less than 0.5% results in a dc gain larger than
200 [40].

Vdd

IN OUT –Gm

–Gm–Gm

–Gm

–Gm

–Gm

–Gm

IN OUT Vc

Vdd

(a) (b) (c)

C

Io

Vc – Vi

Vc + Vi

Vc + Vo

Vc – Vo–Io

–Ip

–Ip Ip

Ip

(d)

Fig. 9.21 (a) A CMOS inverter and (b) its symbol. (c) The circuit for generation of the common-mode
voltage. (d) The complete transconductance element used in an integrator.
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The transconductance of Figure 9.21(d) was employed in a third-order elliptic filter
[40], which was derived from the passive ladder filter in Figure 9.22. The scheme of the
Gm-C filter is shown in Figure 9.23. The active filter uses a gyrator (G3–G6) loaded with a
capacitor pair (C2, C0

2) to simulate the floating inductor L2 of Figure 9.22. The usefulness
of the gyrator and its realization on the basis of transconductors will be explained next.
More details about the filter implementation can be found elsewhere [40].

In many cases, the design of analog integrated filters is based on classical LC filters
with resistive source and load terminations [2], [41], [42]. An example of such an LC
circuit is shown in Figure 9.22, where the filter components, apart from source and load
terminations, are lossless. Designs based on LC filters, which lead to circuits with very
low sensitivity to component tolerances, are the most appropriate for successful imple-
mentation of high-selectivity filters [41]. When inductors are either too bulky or the
desired values are unavailable (or require very large areas), inductors can be eliminated
with the help of gyrators. A gyrator is a two-port device (see Figure 9.24) described [2] by
the equations

I1 ¼ �GmV2 and I2 ¼ GmV1: (9:2:22)

The implementation of a gyrator using transconductors, together with the simulation of
grounded and floating inductors using gyrator-C circuits, is shown in Figure 9.23. It is

1 1
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C4
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0.2016

1.2030
R1
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Fig. 9.22 A passive prototype filter for the generation of the Gm-C filter of Figure 9.23 [40].
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Fig. 9.23 Active implementation of the prototype filter in Figure 9.22 [40].
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worth noting that the inductor value assumes an idealized model for the transconductors.
In a real implementation, one must be aware of the input capacitance, output conduc-
tance, and phase shift of the transconductors, as well as mismatch between them [41]. In
addition, transconductors also introduce noise into the filter. It has been demonstrated
[41] that the noise power of an LC-tank where the inductor is simulated with a gyrator-C
circuit is Q times (Q is the quality factor) higher than that of its passive counterpart.

9.3 Digitally-programmable continuous-time filters

Programmable filters are employed in several applications, such as storage systems [43]–
[45], multistandard radio receivers [46]–[48], and cochlear implants [49]. Continuous-
time filters are programmed by changing capacitances, or transconductances (or resistances
inMOSFET-C filters), or both. The components can be controlled either continuously or in
a quantized fashion. We will show here a simple component, the MOSFET-only current
divider (MOCD), with which the parameters of a MOSFET-C filter [50], [51] can be
digitally programmed.

The scheme of the MOCD [52], which is similar to the traditional R-2R network, is
depicted in Figure 9.25. For an array of identical transistors, the current is successively
halved through the branches of the MOCD. The output current is thus a fraction of the
input current selected by the on state of the left-hand-side transistors in the parallel
connections. This programmable current divider has two interesting properties: (i) the
MOSFETs operate simultaneously as elements of the divider network and as switches
and (ii) the resistance of the current attenuator is independent of both the number of bits
and the attenuation factor. The high linearity of this division technique has been proved
adequate for analog signal processing [52]. Note that for proper operation of the MOCD
lines αI (the output line) and (1 − α)I (the dump line) must be at the same potential.
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Fig. 9.24 (a) Implementation of a gyrator with transconductors. (b) Realization of a grounded inductor. (c)
Realization of a floating inductor.
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The scheme of the digitally controlled V–I converter for application in MOSFET-C
filters is represented in Figure 9.26. Note that the dump and output lines of the MOCDs
are (virtually) at the same potential. Assuming that the MOCDs are matched and
programmed with equal binary words, i.e. with equal attenuation factors (β= α), the
fundamental component of the difference between the output currents is given by

IF1 � IF2 ¼ 2ð2α� 1ÞgmsVIN; (9:3:1)

where gms is the conductance of the MOCD (equal to half the transconductance of a
single transistor of the array) calculated for VDS= 0. The attenuation factor can vary in the
range from approximately 0 to 1− 2−N (N is the number of bits). Thus, the digitally
programmable factor (2α − 1) can vary between approximately 1 and −1. If the feedback
components are capacitors, then the structure in Figure 9.26 can be either an inverting
(α> 1/2) or a non-inverting (α< 1/2) integrator with a digitally controlled unity-gain
frequency equal to 2(2α − 1)gms/C.

sum
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I

bN–1 bN–1

bN–1 b0

bi bi b0 b0
I αI

(1 – α)I
dump
line (a) (b)
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Fig. 9.25 A MOSFET-only (binary) current divider and its symbol.
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Fig. 9.26 A digitally programmable V–I converter for application in MOSFET-C filters.
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Examples of programmable MOSFET-C and active-RC filters using MOCDs are
presented in [51] and [46], respectively. Even though the programmability of continuous-
time filters is conceptually simple to implement, an important problem that arises from
programmability is that of maintaining adequate dynamic range and frequency-response
accuracy across the filter tuning range [9], [44].

9.4 On-chip tuning schemes

The transfer function of a filter is dependent on pole and zero frequencies, and gain
constants. These parameters, in turn, are dependent on the accuracy of element values,
which, in an integrated implementation, suffer deviations from their nominal values due
to process and thermal variations, and aging. Also, the frequency response is affected by
parasitic components the values of which are relatively unpredictable. Therefore, some
kind of method to adjust the filter parameters must be used to obtain an accurate
frequency response.

Two methods to control the accuracy of a filter are employed, namely direct and
indirect tuning schemes [2], [7], [9]. In the direct tuning scheme, the filter that processes
the signal is directly tuned.When the operation of the filter can be interrupted, the scheme
in Figure 9.27(a) can be used. In the interrupting interval, the signal is disconnected and a
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Fig. 9.27 On-chip direct tuning schemes: (a) interrupted filtering and (b) uninterrupted filtering (adapted
from [7], [53]).
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reference signal (clock) is applied to the filter input. A phase comparator compares the
phase of the filter output with that of the clock signal and adjusts the control voltage VC

until the phase difference between the filter output and the clock becomes equal to a pre-
established value. In Figure 9.27(b), the two filters are connected alternately in the signal
path to avoid interruption in filtering; while the first one is performing the filtering
function, the second one is being adjusted, and vice versa.

Another direct tuning method based on adaptive tuning techniques is described in [9].
In it, a tuning processor infers the response of the filter from the statistics of the filter input
and output, and a tuning algorithm adjusts the filter coefficients in order to obtain the
desired response. The price to be paid is that the tuning processor is generally very
complex.

The basic idea of an indirect tuning scheme is illustrated in Figure 9.28 [54], [55]. In
this approach, the main (slave) filter is permanently connected. The tuning system is
composed of either a master filter or a master voltage-controlled oscillator (VCO), made
of structures matched to those in the main filter, and the phase detector, amplifier, and
low-pass filter. The phase detector compares the output of the VCO (or master filter)
against a clock signal and generates an output signal that is low-pass filtered to generate
VC, the control voltage of the VCO (or master filter) and slave filter. Both the control
voltage VC and the VCO oscillation frequency (or the frequency response of the master
filter) become constant when the oscillator (or master filter) tracks the clock signal. In this
scheme, the tuning system adjusts the VCO frequency (or master filter response) directly
and the main filter indirectly.

The indirect tuning technique described by Figure 9.28 could, at least in principle,
work very well for the adjustment of the time constants of the filter, which are equal to
C/Gm quotients. Theoretically, the Q-factor (or selectivity) of the filter is dependent on
the ratio of the values of similar components only and, thus, theoretically, is sensitive to
mismatch only. However, in a practical filter, the Q-factor is sensitive to parasitic
components and highly sensitive to mismatch for high-Q filters. Therefore, the scheme
in Figure 9.28 is appropriate for filters with relatively low quality factors, which are

Slave filter

Master filter

or VCO

Signal in Signal out

Phase

detector

Amplifier

& low-pass

filter

Control voltage

Tuning system

VC

Filter/VCO
output 

Reference 
frequency in

Fig. 9.28 An on-chip indirect tuning scheme with either a voltage-controlled filter or a voltage-controlled
oscillator as the master (adapted from [54]). The dotted line indicates a connection for the case of
the master filter only, but not for the case of the master VCO.

396 CMOS Analog Design Using All-Region MOSFET Modeling



mainly determined by nominal ratios of similar components. For high-Q filters, a more
elaborate scheme, called a vector-locked loop, includes not only the loop for frequency
stabilization but also a second loop [1], [2], [9], [33] for stabilization of the quality factor
of the filter.

Appendix

A9.1 Distortion of the MOSFET operating as a resistor

In this appendix, we compute the distortion in the I–V characteristic of the MOSFET
shown in Figure 9.1, where voltages are referred to the substrate. Since VS=VQ and VG

are constant, the forward current IF is also constant, whereas the reverse current IR is a
function of the input voltage. The normalized drain current id can be expanded in power
series in vin as

id ¼ ID
IS

¼ if � ir ¼
X1
j¼1

kjv
j
in; kj ¼ �1

j!

d jir

dv j
in

�����
ir¼if

: (A9:1:1)

Recalling that

gmd ¼ dID
dVD

¼ dID
dVin

¼ 2IS
�t

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ir

p
� 1


 �
; (A9:1:2)

the coefficients kj in (A9.1.1) can be readily calculated as

k1 ¼ 2

�t

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1
� �

; (A9:1:3)

k2 ¼ � 1

�2
t

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p ; (A9:1:4)

k3 ¼ � 1

3�3
t

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p� �3 : (A9:1:5)

Assuming that Vin=VM sin(ωt), we can immediately calculate the fundamental com-
ponent of the current from

IM ¼ gmdVM ¼ 2IS
�t

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1
� �

VM: (A9:1:6)

The second- and third-order harmonic distortions of the current are given by

HD2 ¼ k2
2k1

����
����VM ¼ VM

4�t

1ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p ; (A9:1:7)
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HD3 ¼ k3
4k1

����
����V2

M ¼ 1

24

VM

�t

� �2
1ffiffiffiffiffiffiffiffiffiffiffi

1þ if
p� �3 : (A9:1:8)

The harmonic distortion is thus computed from (A9.1.7) and (A9.1.8) in terms of the
normalized saturation current (if). The results of the second- and third-order harmonic
distortions are shown in Figure A9.1.1 and A9.1.2 for various gate (VG) and common-
mode (VQ) voltages.

The dominant deviation from linearity comes from the second-order term. The theo-
retical second-order distortion fits the experimental results very well. The error that
results on calculating HD3 from (A9.1.7) is very large. HD3 increases considerably
when the drain voltage approaches the saturation voltage. In fact, the analytical determi-
nation of third-order terms would need an I–VMOSFET model that is accurate up to the
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Fig. A9.1.2 Measured and theoretical harmonic distortion (in dB) of a transistor, VG= 5V, W/L= 18 μm/5 μm,
from a 2-μm technology: o, ×, VQ = 1.9V (if = 6600); □, *, VQ = 1.1V (if = 10 500); and Δ, +,
VQ= 0.5V (if = 11 500).
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Fig. A9.1.1 Measured and theoretical harmonic distortion (in dB) of a transistor, W/L = 18 μm/5 μm, from a
2-μm technology: Δ, + , VG = 1.2V and VQ= 0.1V (if = 80); □, *, VG = 2.5V and VQ= 0.4V
(if = 1200); and o, ×, VG = 5.0V and VQ = 1.1V (if = 7200).
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third-order derivative, and thus should include variations in mobility and slope factor in
addition to short-channel effects.

Problems

9.1 Demonstrate that, in strong inversion, the differential output current IOD = I12− I34 of
the circuit in Figure 9.3 is given by

I12 � I34 ¼ 2μC0
ox

W

L
VA � VBð ÞVin:

Assume that both n and μ are independent of the gate voltage and that all transistors
are matched.

9.2 Consider the MOSFET modeled as a transmission line, as shown in Figure P9.2.
(a) Demonstrate that

I y; sð Þ ¼ VINðsÞ
rL

ffiffiffiffiffiffiffi
τLs

p
L

sinh
ffiffiffiffiffiffiffi
τLs

p
L

� � cosh ffiffiffiffiffiffiffi
τLs

p
L� yð Þ½ �;

where τL= rc is the time constant per unit length squared.
(b) What is the transadmittance yds= I(L,s)/VIN(s)?
(c) Demonstrate that for frequency values at which ωτLL

2≪ 1 we have

yds ¼ 1

rL

1

1þ sτLL2=6
ffi 1� sτLL2=6

rL
: (P9:2:1)

(d) Verify that the values of r and c for VDS= 0 are, respectively,

r ¼ 1

gmsL
¼ �1

μWQ0
IS

¼ 1

μWnC0
ox�tq

0
IS

and

c ¼ Csg þ Cdg þ Csb þ Cdb

L

����
VDS¼0

¼ Cgs þ Cgd þ Cbs þ Cbd

L

����
VDS¼0

¼ nC0
oxW

q0IS
q0IS þ 1

:

c

0 yL

S
D

VIN(s)

I(y,s)

G ≡ B

r

Fig. P9.2 AMOSFETmodeled as a transmission line, with r and c equal to the resistance and capacitance per
unit length, respectively.
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Therefore,

τL ¼ rc ¼ 1

μ�t q0IS þ 1
� � ¼ 1

μ�t

ffiffiffiffiffiffiffiffiffiffiffi
if þ 1

p
and (P9.2.1) gives the same result as (9.1.8).

9.3 For the specifications of Example 9.3, find the integrating capacitor which leads to
the “best” value of QI. What is this value?

9.4 Consider the transconductor in Figure 9.12(a). (a) Calculate the input voltage VI for
which the output current is zero. (b) Calculate the small-signal transconductance
around iO= 0. (c) Calculate the approximate deviation of the input voltage around
the value calculated in (a) for which the transconductance deviates by ± 5% around
the value calculated in (b). (d) Assuming that n= 1.2, VT0 = 0.6V, and �t= 25mV,
determine the values in (a), (b), and (c) for IB/IS= 0.1, 1, 10, 100, and 1000.

9.5 For the circuit in Figure 9.13 demonstrate that (a) the transconductance is equal to
half that of a single differential pair biased with the same IB, (b) the magnitude of the
second-harmonic component of the current is a quarter that of a single differential
pair with the same IB, and (c) the voltage at the intermediate node is equal to the
common-mode voltage of v1 and v2. (d) Assuming that the substrate of all n-channel
devices is connected to ground, describe how the voltage at the intermediate node is
modified. In (c) and (d) neglect the influence of the drain voltage on the current.

9.6 Demonstrate that Equation (9.2.2) is valid for the source-degenerated transconductor
in Figure 9.14.

9.7 Show that a resistor in series with the capacitor in an OTA-C integrator can
compensate for the phase lag introduced by the transconductor. What is the value
required for the resistor, assuming that the uncompensated phase deviation at the
integrator unity-gain frequency is equal to −�u?

9.8 (a) Determine the dependence of the output current on the input voltage of a CMOS
inverter when both the p-channel device and the n-channel device operate in strong
inversion and saturation. (b) Derive the condition for cancellation of the second-
order harmonic distortion. (c) What are the common-mode voltage and the trans-
conductance for the condition derived in (b)?

9.9 Analyze the effects of each of the following non-idealities of the transconductors
on the inductance simulated by the gyrator-C circuit in Figure 9.24: (a) the output
conductance, (b) the input capacitance, (c) the mismatch between transconduc-
tances, and (d) the transconductance phase lag. Compare your results with those of
reference [41].
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10 Fundamentals of sampled-data
circuits

The first part of this chapter is dedicated to the MOS sample-and-hold circuit (S/H). The
main physical limitations of the MOS S/H, namely switch on-resistance, thermal noise,
and switch charge injection, are reviewed. Distortion produced by the non-linear switch
resistance is modeled and some circuit-linearization techniques for MOS switches are
introduced as well as low-voltage circuit techniques. Finally, clock-jitter effects on the
MOS S/H are modeled and these effects in analog-to-digital converters are commented
on. The second part of the chapter presents the basics of switched-capacitor (SC) circuits.
Parasitic insensitive integrators and second-order filters are reviewed. Amplifier specifi-
cations for SC circuits are detailed, as well as some circuit techniques to reduce the
effects of op-amp imperfections. The important topic of SC circuits fully compatible with
digital MOS technology ends the section on SC circuits. The last part of the chapter
briefly introduces alternative switched circuits, specifically switched-MOSFET and
switched-current filters.

10.1 MOS sample-and-hold circuits

Sample-and-hold (or track-and-hold) circuits are ubiquitous in signal-processing circuits.
They are used at the front end of analog-to-digital (A/D) converters and at the back end of
digital-to-analog (D/A) converters. The signal-to-noise ratio of an A/D converter is
usually limited by the performance of the sample-and-hold block. Furthermore, precision
analog integrated circuits are mostly implemented by sampled-data circuits in which the
basic building block is the S/H.

10.1.1 Sample-and-hold basics

An ideal S/H is depicted in Figure 10.1. During the samplingmode, the switch S is on and
the output voltage tracks the input voltage. At the moment the switch turns off, the input
voltage is stored as a charge on the hold capacitor. Although the circuit discussed here
implements a track-and-hold function, from now on we will adopt the term sample-and-
hold, which is the most commonly used in the literature.

To avoid disturbing the signal source with the charging current of the capacitor, a front-
end buffer is often added before the sample-and-hold module. Additionally, a buffer is
also frequently placed at the output to reduce the loss of the stored charge due to leakage



currents. Since the sampling switch and the buffers present several non-idealities, more
elaborate sample-and-hold architectures are often used for A/D front ends (see for
example [1]–[3]).

In the next sections, the main physical limitations of the S/H are summarized, begin-
ning with the most fundamental, i.e. thermal noise.

Example 10.1. Frequency limitations of a non-sampling A/D converter [3].

In the absence of a sample-and-hold block in the front end of an A/D converter, the input
signal should not vary by more than 1 LSB (least significant bit) during the conversion
time in order to maintain the error within the intended accuracy limit. Assume that the
input to the converter is a sine wave with peak-to-peak amplitude equal to the full-scale
voltage VFS, i.e.

vðtÞ ¼ VFS

2
sin 2πftð Þ: (10:1:1)

The maximum rate of change of the input signal is

dv

dt

����
max

¼ 2πf
VFS

2
: (10:1:2)

During the conversion time, the maximum acceptable voltage variation is

dv ¼ 1LSB ¼ VFS

2B
: (10:1:3)

Thus, the maximum frequency for a sine wave which can be converted with an error
less than 1 LSB is, from (10.1.2) and (10.1.3), given by

fmax ¼ 1

πVFS

VFS

2B dt
¼ fs

π2B
; (10:1:4)

where we have assumed, for simplicity, that the conversion time dt is equal to the inverse
of the sampling frequency fs, rather than less, as is the case in reality. Considering a 12-bit
converter with sampling rate of 100 kS/s, the maximum frequency given by (10.1.4) is
only 7.8 Hz. Clearly, this maximum frequency is orders of magnitude lower than the
Nyquist rate of 50 kHz. To avoid this severe frequency limitation, a sample-and-hold
function is added at the front end of the converter. The timing of the encoder is such that it
performs the conversion during the hold time in which the signal is constant.

Vout

Vin
Vout

CH

CK

Vin

S

Fig. 10.1 A basic MOS sample-and-hold circuit (adapted from [1]).
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10.1.2 Thermal noise

To analyze thermal noise in an S/H, let us first consider that the switch is on and that the
input signal vin is zero, as shown in Figure 10.2, where RON represents the switch on-
resistance and v2R ¼ 4kTRON Δf is the voltage generator representing its thermal noise.
The power-spectral density of the noise voltage on the capacitor is given by

v2CN
Δf

¼ v2R
Δf

1

jωC

RON þ 1

jωC

��������

��������

2

¼ 4kTRON

1þ 2πfτONð Þ2 ; (10:1:5)

where τON=RONC is the time constant of the S/H during the on time. The mean-square
noise voltage on the capacitor, which was calculated in Problem 4.4, is given by

v2CN ¼ 4kTRON

ð1
0

df

1þ 2πfτONð Þ2 ¼
kT

C
: (10:1:6)

The (bilateral) power spectral density v2CN=Δf is shown in Figure 10.3. The total area
under the curve, which is kT/C, is equal to that of an equivalent ideal unity-gain low-pass
filter for which the input is the resistor thermal noise and the bandwidth is
fNB ¼ 1=ð4RONCÞ, as represented by the dotted rectangle; fNB represents the noise
bandwidth.

2kTRON

4RONC
1–

4RONC
1 f

VCN

Δf

2

Fig. 10.3 The power-spectral density of the noise voltage across the capacitor of the circuit in Figure 10.2.

RON

C VCN
2

VR
2

Fig. 10.2 The equivalent circuit of the S/H with the switch on and vi= 0.
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The exact frequency-domain analysis of the track-and-hold circuit of Figure 10.4
is somewhat involved, but, to understand the effect of sampling on thermal noise let
us consider, for simplicity, the idealized case of sampling by a periodic pulse train s(t)
given by

sðtÞ ¼
X1
�1

δðt� nTsÞ; (10:1:7)

where δ(t) represents the unit impulse or Dirac delta function. The result of sampling a
continuous-time function x(t) is given by the product

xs ¼ xðtÞsðtÞ: (10:1:8)

The spectrum of the sampled signal is given by the classic Nyquist formula [4]

Xs j2πfð Þ ¼ 1

Ts

Xþ1

m¼�1
X j2πf� jm2πfsð Þ; (10:1:9)

where X( j2πf ), shown in Figure 10.5(a), is the spectrum of the continuous-time signal
x(t) and fs is the sampling frequency. The spectrum of the sampled signal is the sum of the
shifted (by ±mfs) spectra of the continuous-time signal, as shown in Figure 10.5(b).

For a continuous-time signal spectrum limited to fs /2, the replicas of its frequency
spectrum shifted by ±mfs do not overlap. On the other hand, aliasing or folding occurs if
the signal is not band-limited to fs/2, as shown in Figure 10.5(b). The aliasing of the signal
spectra is avoided by using anti-aliasing filters, but the aliasing of thermal noise is
inevitable in an S/H.

In effect, since τON=RONC is the time constant of the sample-and-hold module during
the on time, the switch must be closed for a period of several time constants to
allow charging of the hold capacitor within an error band to the input voltage. Let us
assume that Ts/2 > 6τON. Hence, the noise bandwidth satisfies fNB ¼ 1=ð4τONÞ46ð fs=2Þ;
consequently, noise is aliased into all portions of the spectrum and, in particular, into the
signal band.

Figure 10.6 shows a simplified representation of thermal-noise aliasing in which the
thermal-noise power-spectral density is assumed constant over the noise bandwidth. As
is clear from Figure 10.6, the resistor noise power density is multiplied by a factor of
2fNB/fs. Thus,

RON fs

C VCN
2VR

2

Fig. 10.4 The equivalent circuit of the MOS S/H with the switch off and vi = 0.
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2kTRON � 2fNB

fs
¼ 4kTRON

fs

1

4RONC
¼ kT

Cfs
: (10:1:10)

Thermal-noise aliasing appears as an unwanted behavior, but it is physically unavoid-
able. The fully aliased thermal noise in the (useful) Nyquist bandwidth from − fs/2 to fs/2 is

fs
kT

Cfs
¼ kT

C
; (10:1:11)

which is the total thermal noise on the capacitor of a continuous-time RC circuit.
Consequently, according to the rules of physics, the related continuous-time and
sampled-data circuits have similar thermal noise in their useful bandwidths. A direct
physical interpretation of the aliasing of thermal noise in the S/H follows from the
equivalence between a resistor and a switched capacitor (see Problem 10.1).

X(j2πf )

ffs/2

ffs–fs (b)

(a)

TsXs(j2πf )

–fs/2

Fig. 10.5 Signal spectra: (a) for two continuous-time signals, band-limited to fs/2 and not band-limited to
fs/ 2; and (b) for the two signals obtained by sampling the two continuous signals at frequency fs,
showing (– –) the aliased spectrum of a sampled signal that is not band-limited to fs/2.

fs

2fNB

f

2vCN

Δf

>>

Fig. 10.6 A simplified representation of the aliasing of thermal noise due to sampling for the case 2fNB/fs = 6.
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Example 10.2. Comparing thermal and quantization noise [5].

Denoting Δ as the size of 1 LSB, and assuming a constant probability density of 1/Δ for
the quantization noise e (Figure 10.7) in the interval −Δ/2 to Δ/2, the rms value of the
quantization noise is given by

e2rms ¼
ðΔ=2
�Δ=2

e2
1

Δ

� �
de ¼ Δ2

12
: (10:1:12)

Thus, the condition of less thermal than quantization noise follows from (10.1.11) and
(10.1.12) as

kT

C
� Δ2

12
(10:1:13)

or, equivalently,

C � 12kT
2B

VFS

� �2

: (10:1:14)

For VFS = 1Vand T= 300K we obtain the following minimum capacitances required to
keep the thermal noise below the quantization noise:

Number of bits (B) Capacitance (C)

8 3.3 fF
12 0.83 pF
14 13.3 pF
16 213 pF
20 55 nF

10.1.3 Switch on-resistance

In this section, we assume that the switch on-resistance is constant, independently of the
value of the input voltage, and in the next section we will remove this restriction,
considering the real case in which the MOSFET on-resistance is non-linear.

time

VFS

Δ

Digitized Waveform

Quantization error

Analog Waveform

Fig. 10.7 The quantization error of a digitized analog waveform. VFS is the full-scale voltage range
and Δ is the size of the LSB (adapted from [6]).
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Let us assume that the simple S/H of Figure 10.8 has as input voltage vi ¼ A cosðωtÞ
and that the time constant τ0 ¼ RONC of the S/H in the sampling mode satisfies two
conditions, namely τ0 � Ts and ωτ0 � 1, where Ts is the clock period. In effect, with a
switch on-time of Ts=2, an accurate settling (e.g. 0.1%) requires τ0 � ðTs=2Þ=7 and,
thus, the first condition is satisfied. In addition, since the input waveform must satisfy the
Nyquist condition (ω=ð2πÞ � fs=2 or ωTs � π), the second condition follows. During
the tracking period, the linear S/H satisfies

dvo
dt

þ vo
τ0

¼ A

τ0
cosðωtÞ: (10:1:15)

On choosing the time origin t= 0 at the beginning of the tracking time, the initial
condition for the output voltage can be approximated by voð0Þ ¼ við�Ts=2Þ, if we
neglect the small settling error.

The solution to (10.1.15) is the sum of the forced and natural responses. For ωτ0 � 1

(see Problem 10.2), the forced response can be approximated by

vo tð Þ ffi A cos½ωðt� τ0Þ�: (10:1:16)

The solution of (10.1.15) that satisfies the initial condition is

v0ðtÞ ffi A cosωðt� τ0Þ þ A cos
ωTs

2

� �
� cosðωτ0Þ

� �
e�t=τ0 : (10:1:17)

Sinceωτ0 � 1 andωTs=2 � 1, we can neglect the natural response and, even if these
conditions are not fulfilled (sampling near the Nyquist limit), we can neglect it, except at
the very beginning of the tracking time. Thus, in the tracking mode we can approximate
the output signal with a delayed version of the input signal given by

vo tð Þ ffi vi t� τ0ð Þ: (10:1:18)

10.1.4 Sampling distortion due to switch on-resistance

For the realMOS S/H, the switch on-resistance varies with the input voltage. Considering
an n-MOSFET, as in Figure 10.8, the on-conductance of the transistor decreases for
increasing values of the input voltage, as shown in Figure 10.9.

CK

Vin CH CH

RON

VOUT VOUTVin

M1

(a) (b)

Fig. 10.8 (a) A basic MOS S/H. (b) The equivalent circuit in the sampling mode (adapted from [1]).
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Figure 10.10 shows the distortion of a high-frequency sine wave due to the input-
dependent on-resistance of the MOS switch in the S/H of Figure 10.8. The input signal
(not satisfying the Nyquist condition) experiences an input-dependent phase delay,
which increases for increasing values of the input voltage, because of the increase in
the n-MOSFET on-resistance. This input-dependent phase shift produces harmonic
distortion. A simple analytical model [7] for this distortion is summarized in
Appendix A10.1.

Since the on-resistance of the p-MOS transistor decreases for increasing values of the
input voltage, as shown in Figure 10.9, the complementary CMOS switch shown in
Figure 10.11 is sometimes used to reduce the distortion due to the on-resistance non-
linearity. The appropriate operation of the CMOS switch is hampered by the low supply

Low
on-conductance

High
on-conductance

VOUT

t

VIN

Fig. 10.10 Illustration of the distortion produced by the input-dependent delay of the MOS S/H in the
tracking mode (adapted from [1]).

gon,N + gon,P

VinVDDVDD + VT0,PVDD nP

−
VDD − VT0,N

nNφt

0

gon,N

gon,P

Fig. 10.9 Variation of the on-conductance of the n-MOS, p-MOS, and CMOS switches with the input
voltage.

Fundamentals of sampled-data circuits 411



voltages employed in more advanced technologies, as will be explained in Section 10.1.7
on low-voltage S/Hs.

10.1.5 Linearization of the MOS sampling switch

It is possible to reduce the sampling errors due to the variable MOS on-conductance by
sampling the signal at a constant gate-to-source voltage across the switch.

The S/H of Figure 10.12 [8] keeps the gate-to-source voltage of the sampling transistor
(M1) constant during the tracking period. In effect, transistors M2 and M3 implement a
source follower that applies the input voltage shifted by a constant voltage to the gate of
the tracking transistorM1. A sample of the input signal is stored on capacitorCHwhen the
clock signal is high, turning on M4 and, consequently, opening M1. Owing to the
constant-current source M2, M4 closes at a constant current independently of the input
voltage. Thus, M1, which is opened through the action ofM4, samples the input voltage at

Vbias2

Vout

Vbias1

Vin

VCK

CK

CH

M5

M6

M1

M2

M3

100/0.3

1pF

800/0.3

200/0.3

400/0.3

100/0.3
M4
100/0.3

Fig. 10.12 A linearized S/H with output buffer (adapted from [8]).

CK

CK

M1

M2

C1Vin Vout

Fig. 10.11 A CMOS switch.
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a time independent of the value of the input voltage. Finally, transistors M5 and
M6 implement an output buffer. Figure 10.13 compares the sampling-instant variation
of the ordinary sampler and the linearized sampler, assuming that there is no body
effect (n = 1).

Neglecting the body effect, the MOS switch samples the input voltage when VGS1 =VT0.
Since VGS1 =VCK−Vin, sampling occurs at the instants when VCK=Vin+VT0, which are
represented in Figure 10.13 by the intersection points of the dashed line with the clock
signal.

Clearly, with the constant-amplitude clock applied to the gate of the MOS switch, there
can be a large variation in the interval between two sampling instants as shown in
Figure 10.13(a). On the other hand, if the amplitude of the clock signal follows the input
voltage, as shown in Figure 10.13(b), there will be no variation in the interval between
consecutive sampling instants. Summarizing, sampling at constant gate-to-source voltages
reduces the input-dependent sampling instant and the switch on-resistance variations.

A constant gate-to-source voltage does not ensure that the switch resistance is con-
stant, as is clear from (9.1.2), rewritten below as

RON ¼ 1

μC0
ox

W

L
VG � VT0 � nVSð Þ

¼ 1

β VGS � VT0 � ðn� 1ÞVS½ � : (10:1:19)

Owing to the body effect (n > 1), a variable source voltage VS (=Vin) causes the
on-resistance to change even when the gate-to-source voltage is constant.

To completely eliminate the distortion introduced by the MOS switch, one can use a
sample-and-hold topology that allows the switch to operate at constant voltage, as will be
shown in Section 10.4.

10.1.6 Charge injection by the switch

The turning off of the transistor switch is inevitably accompanied by a release of charge
that produces some disturbance in the charge stored on the sampling capacitor and, thus,
an error in the sampled voltage. The main cause of charge injection is the release of
carriers from the channel when the transistor turns off, but there is also some charge

VCK VCK

Δt0+ Δt0– Δtb+ Δtb–

VIN
VIN

(a) (b)

VIN + VT0 VIN + VT0

Fig. 10.13 Sampling-instant variation for (a) an ordinary S/H and (b) a linearized S/H (adapted from [8]).
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injection into the hold capacitor due to the coupling of the clock signal to the hold
capacitor through the gate–drain overlap capacitance (Figure 10.14).

Charge injection, also commonly called clock feedthrough, is one of the major
limitations to the accuracy of the MOS S/H. Analytical models have been developed to
model charge injection [9], but the resulting formulas are very complicated even for the
simplest structures. For this reason, we will present only a simple formula [10], [11],
which gives the order of magnitude of charge injection, and we will summarize design
strategies [12] based on numerical simulations, which are aimed at minimizing the
charge-injection errors.

We assume that, for appropriate settling, the sampling clock half-period must be larger
than five time constants, therefore

Ts

2
45RONCH; (10:1:20)

where Ts is the sampling period, RON is the on-resistance of the n-MOSFET switch, and
CH is the holding capacitance. We can rewrite (10.1.20) as

fs5
1

10RONCH
; (10:1:21)

where fs is the (sampling) clock frequency.
For a MOSFET in the linear region, the on-resistance is the inverse of the source (or

drain) transconductance, and it is given by

RON ¼ 1

ðW=LÞμ Q0
I

�� �� ; (10:1:22)

whereQ0
I is the inversion charge per unit area. In this case, it is more convenient to write

the transconductance in terms of the total inversion channel charge QI ¼ WLQ0
I as

RON ¼ L2

μ QIj j : (10:1:23)
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Fig. 10.14 MOS switch charge injection (adapted from [1]).
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The fraction of the total channel charge QI released to the hold capacitor is essentially
dependent on the ratio between the signal source and hold capacitances, and on the
switching speed [12]. If the clock waveform is very fast, the channel charge will flow
equally through the source and drain terminals [12]. We will assume that this is the case.
If it is not, the derived formula is nevertheless useful as an estimate of the order of
magnitude of the error due to charge injection. Thus, assuming that half of the total
inversion channel charge is injected into the hold capacitor CH, the sampling voltage
error is given by

ΔV ¼ QIj j
2CH

: (10:1:24)

On combining (10.1.21), (10.1.23), and (10.1.24) we obtain

fs5
1

10RONCH
¼ μ QIj j

10L2CH

¼ μΔV

5L2
: (10:1:25)

Clearly, since the frequency limit is inversely proportional to L2, switches must be
implemented with the minimum available channel length of the technology.

Example 10.3

Assuming a maximum voltage error of 1mV due to charge injection, calculate the
maximum clock frequencies for effective channel lengths of 1 µm, 0.316 µm, and
100 nm.

Answer

Using (10.1.25) and assuming an n-MOS switch with µ= 500 cm2/V per s, we obtain the
following values for fs: 10MHz, 100MHz, and 1GHz, for channel lengths 1 µm,
0.316 µm, and 100 nm, respectively.

Since the frequency limit is inversely proportional to L2, there is a substantial increase
in the maximum speed for advanced technologies.

10.1.6.1 Reducing injection errors
Numerical modeling of the MOS S/H [12] shows that the splitting of the channel charge
between the signal source and the sampling capacitor (see Figure 10.15) is dependent on
the ratio between the signal source capacitance CP and the hold capacitance CH, and on a
dimensionless characteristic switching parameter B defined as

B ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cg

2CH
ωTtFALL

r
; (10:1:26)

where Cg ¼ WLC0
ox is the total gate capacitance, tFALL is the fall time of the clock signal

from VGON to the threshold voltage of the MOS switch, and ωT ¼ ½2μ=ðnL2Þ�
VGON � VT0 � nVinð Þ is the intrinsic transition frequency of the saturated on-transistor in
strong inversion.
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Numerical simulations [12] show that for fast switching, namely B≪ 1, half of the
channel charge is injected into the sampling capacitor and the other half into the signal
source, independently of the capacitance ratio CP/CH. On the other hand, for very long
fall times (B≫ 1), the partitioning of the channel charge is dependent only on the ratio
CP/CH. Finally, for intermediate cases, the charge division is dependent both on CP/CH

and on B.
It is worth noting that for a CMOS switch there is a partial compensation of the

released charges, but this compensation is not efficient since it is dependent on the input
voltage Vin and on which of the n-MOS and p-MOS transistors switches off first. For this
reason, compensation of charge injection is achieved using the same type of transistor.

A practical way to reduce charge injection into the hold capacitor is by using fast
switching (B≪ 1) and achieving charge compensation using a single half-sized dummy
switch as shown in Figure 10.16(a). Clearly, mismatch between the main and dummy
switches and between clock signals imposes a limit on the charge compensation. Further
improvement in the S/H precision can be obtained by using circuit techniques to reject
the unavoidable injection errors, as shown in the next section.

10.1.6.2 Rejecting injection errors
Since charge injection is dependent on the input signal, it produces signal distortion. The
use of the linearized switch introduced in Section 10.1.5 reduces the dependence of
charge injection on the input voltage and, thus, the distortion.

As will be shown in Section 10.2.6, for circuits containing several switches, such as
comparators and switched-capacitor circuits, turning off certain switches first ensures
that the charge-injection errors of the overall circuit are due only to those switches. Then,
for these circuits, it is possible to make the charge injection independent of the signal by
closing first the switches that operate at a constant voltage. In this case, the effect of the
charge injected by the switches appears simply as an offset voltage.

Another strategy to reduce distortion that can be applied in conjunction with other
distortion-reduction techniques is the use of fully-differential circuits [13], [14], as shown
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CPVin

+
–

+

–
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off

φ

Fig. 10.15 Charge injection in the basic MOS S/H (adapted from [13]).
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in Figure 10.16(b). Clearly, a fully-differential balanced topology does not eliminate
the effects of charge injection, since only for the case of equal charges injected by the
switches will the differential output voltage be insensitive to charge injection. In the
matched case, the charge injected by the switches would manifest itself as a common-
mode output voltage.

10.1.7 Low-voltage sample-and-hold circuits

The continuous trend toward low-voltage circuits is a consequence of the advance of
CMOS technologies. The supply voltage must be reduced when device dimensions
shrink, in order to limit the maximum values of the electric field and thereby guarantee
the long-term reliability of the chip. Another reason to reduce the supply voltage is the
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Fig. 10.16 Charge-injection-cancellation techniques: (a) short fall time of the clock and half-sized dummy
switches; and (b) fully-differential structure (adapted from [13]).
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resulting reduction in the dynamic power consumption of digital circuits, which is bene-
ficial for portable electronics. A critical problem for low-voltage analog circuits is the
difficulty involved in implementing MOS switches. The on-conductance of the CMOS
switch varies with the signal voltage, as shown in Figure 10.17, where the switch
conductance is plotted against the input signal for two values of the supply voltage. In
the topmost case, for the higher supply voltage, the parallel connection of the n-MOS and
p-MOS transistors gives an acceptable minimum conductance for intermediate values of
the input signal. On the other hand, for the lower supply voltage, there is a range of Vin for
which the switch does not conduct. In fact, in the conduction gap the two transistors are still
conducting, but in weak inversion; thus, the switch has an extremely low conductance.

The conductance of the n-MOS transistor of the CMOS switch operating in strong
inversion with VG=VDD and VS=Vin is given by

Gn ¼ βn VDD � VT0n � nnVinð Þ: (10:1:27)

Equation (10.1.27) is equivalent to (10.1.19), but rewritten including the subscript n to
emphasize that the parameters are specific to an n-channel transistor.

As explained in Example 2.8, for p-channel devices the bulk is usually at the most
positive potential, VDD in this case. The gate and source potentials referenced to the
p-channel bulk are
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VG ¼ 0� VDD; VS ¼ Vin � VDD: (10:1:28)

Thus, the conductance of the p-channel transistor is given by

Gp ¼ βp VDD � VT0p

�� ��� np VDD � Vinð Þ� 	
: (10:1:29)

From (10.1.27) and (10.1.29) it follows that, to guarantee the operation of the two
transistors in strong inversion, the input voltage must be within the interval

VDD � VT 0n

nn
4Vin4VDD � VDD � VT 0p

�� ��
np

: (10:1:30)

Clearly, condition (10.1.30) can be satisfied only for VDD above a minimum value [16]
given by

VDDcrit ¼
npVT 0n þ nn VT 0p

�� ��
nn þ np � nnnp

: (10:1:31)

Neglecting the body effect, (10.1.30) and (10.1.31) reduce to

VDD � VT 0n4vi4 VT 0p

�� ��; (10:1:32)

VDDcrit ¼ VT 0n þ VT 0p

�� ��: (10:1:33)

It is worth noting that, due to the body effect, the minimum value of VDD given by
(10.1.31) can be somewhat higher than VT 0n þ VT 0p

�� ��.
A simple way to deal with the conduction gap is to use p- and n-channel switches, each

with an adequate range of Vin, as shown in Figure 10.18(a) [17]. To operate properly, n-
and p-channel switches must be connected to nodes with dc voltages close to ground and
VDD, respectively. A low-voltage S/H implemented with single n- and p-MOS switches is
shown in Figure 10.18(b) [17]. During �1, the hold capacitor samples the input signal,
which is close to zero volts referenced to VDD. During �2, CH is connected so as to give
feedback to the op amp, providing an output sample Vout = VDD−Vin. Clearly, as shown
in Figure 10.18(a), the penalty is the reduced available voltage swing.

Because low supply voltage is the mainstream of electronics, several techniques have
been developed to achieve high-performance S/Hs with reduced supply voltages. Certain
enhancements to the CMOS technology, such as low-threshold voltage devices, are
sometimes used. For standard CMOS technologies, the main alternatives are clock-
voltage multiplication and clock bootstrapping.

Voltage-multiplication techniques introduce reliability problems because some
devices operate with voltages above the nominal voltage of the technology. A bootstrap
technique developed in [18] satisfies reliability constraints by avoiding having terminal-
to-terminal transistor voltages exceed the supply voltage.

As shown in Figure 10.19(a), in the on state of M1, a voltage equal to VDD stored on
capacitor C1 is applied across the gate-to-source terminals of the MOSFET switch. In the
off state, the gate of the switch is grounded and capacitor C1 is recharged to VDD. The
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(gate) signals (adapted from [18]).
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resulting gate signal is shown in Figure 10.19(b). The actual circuit [18] is more
complicated; in particular, a specific clock multiplier circuit is required in order to
drive the switches which allow the recharging of capacitor C1 to VDD. Since the gate-
to-source voltage is constant, the switch linearity is improved, but, similarly to the circuit
in Section 10.1.5, the variations in the on-resistance due to the body effect cannot be
eliminated. For an analog circuit containing many switches, such as a switched-capacitor
filter, the area and power overhead due to the bootstrap circuits can be substantial [18]
because each switch in the signal path requires one bootstrap circuit.

10.1.8 Jitter analysis

Ideally, the sampling instants at which the switch of the S/H turns off are spaced uniformly
in time by the interval T= 1/fs. However, as we have shown in Section 10.1.5, variation in
the transistor source voltage causes an input-dependent sampling instant. There are other
causes of uncertainty in the sampling period. A useful model considers that the sampling
period T is a random variable the standard deviation of which is called (aperture) jitter or
aperture uncertainty τa, measured in root-mean-square (rms) seconds. Typical clocks
have an aperture jitter of the order of 100 ps rms, and high-quality clocks have a jitter of
the order of 1 ps rms. The dominant cause of clock jitter is usually the power-supply noise
produced by the switching of the (many) different circuits on the chip. Assuming that the
delay of an inverter is 100 ps and that the delay varies 20%, for a 1V variation in the
power-supply voltage, a 200mV noise would produce 4 ps of jitter [5]. An expression for
the voltage error caused by clock jitter can be easily derived in terms of τa. For dc signals,
the clock jitter clearly does not produce voltage errors. For sinusoidal waves, the worst
case for the voltage error occurs for a signal with full-scale voltage swing and with the
highest frequency in the Nyquist band ( fs/2), namely

vðtÞ ¼ VFS

2
sin 2π

fs
2
t

� �
: (10:1:34)

The maximum voltage error will occur for a signal sampled at its maximum slope,
which is

VFS

2
πfs: (10:1:35)

Thus, the rms voltage error is given by the product of the maximum slope of the
sampled signal and τa, that is,

vrms ¼ πfsVFSτa=2: (10:1:36)

Finally, the signal-to-noise ratio (SNR) of the S/H due to clock jitter is given by

SNR ¼ 10 log10

1

2

VFS

2

� �2

πfsVFS
τa
2


 �2

0
BBB@

1
CCCA ¼ �20 log10

ffiffiffi
2

p
πfsτa


 �
: (10:1:37)
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10.1.9 Tradeoff between resolution and sampling rate in analog-to-digital converters

The main parameters that characterize A/D converters are resolution and speed. For low
speed an A/D converter’s resolution is limited by thermal noise, whereas for sampling
rates between megasamples and gigasamples per second, the resolution is limited by the
aperture jitter of the front-end S/H [6].

Equating the noise voltage associated with the aperture jitter given by (10.1.36) with
the quantization noise in (10.1.12) allows us to write

Δffiffiffiffiffi
12

p ¼ πfsVFS
τa
2
: (10:1:38)

Denoting as Bjitter the maximum resolution in number of bits due to clock jitter, we can
write

Δ ¼ VFS

2Bjitter
(10:1:39)

and, from (10.1.38) and (10.1.39), it follows that

Bjitter ¼ log2
1ffiffiffi

3
p

πfsτa

� �
: (10:1:40)

Thus, the bit resolution falls off by one bit for every doubling of the sampling rate.
Figure 10.20 shows the bit resolution versus the sampling rate for a large number of

A/D converters. It clearly illustrates the trend of a 1-bit loss in resolution for every
doubling of the sampling frequency. The −1-bit per octave slope is related to the sample-
to-sample variation of the instant of time at which sampling occurs.
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Fig. 10.20 Resolution, in number of bits, as stated by the manufacturer, versus sampling rate, for A/D
converters implemented in silicon (adapted from [6]).
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10.2 Basics of switched-capacitor filters

The switched-capacitor (SC) circuit technique [19], [20] allowed the development of
analogMOS integrated circuits in the late 1970s and it is still one of the most widely used
analog-circuit techniques.

10.2.1 Basic principles of operation of switched-capacitor circuits

The SC technique is based on the exchange of charge between capacitors. The SC circuits
are discrete-time charge processors composed of capacitors, switches, and operational
amplifiers.

To start with a simple example of an application of the basic principle, let us show how
to substitute a switched capacitor for a resistor. The elementary SC circuit illustrated in
Figure 10.21 consists of a grounded capacitor and two switches (realized by MOS
transistors) controlled by two non-overlapping clock signals �1 and �2. Assuming that
the switches are n-channel transistors, they turn on when the clock signals applied to the
gates are high. Since the two clock signals are never high at the same time, the two
switches are never simultaneously on; thus, there is no conducting path between nodes A
and B at any time.

Assuming, for simplicity, that vA and vB are dc voltages, and neglecting the on-
resistances of the MOS switches, capacitor C1 charges to voltage vA during �1, and to
voltage vB during �2. Thus, the charges held on capacitor C1 are

q1 ¼ C1vA (10:2:1)

and

q2 ¼ C1vB (10:2:2)

during phases �1 and �2, respectively. Consequently, in one clock period, a charge

Δq ¼ q1 � q2 ¼ C1 vA � vBð Þ (10:2:3)

is transferred from node A to node B. Since this charge transfer occurs in each clock
period, an average current

iav ¼ Δq=ΔT ¼ C1=Tð Þ vA � vBð Þ (10:2:4)

vA vB

C1

T/2 T/2 T/2 T/2
(a) (b)
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ΔqΔq

φ2

φ1 φ2 φ1 φ2

φ1

Fig. 10.21 The basic switched capacitor and non-overlapping clock signals.
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flows between nodes A and B. Thus, on average, the switched capacitor behaves as a
resistor with its resistance value given by

R1 ¼ T=C1 ¼ 1=ðC1fsÞ; (10:2:5)

where fs is the clock frequency. Summarizing, the equivalent resistor of a switched
capacitor is proportional to the clock period and inversely proportional to the capaci-
tance. Thus, combining a low-frequency clock with low capacitance values is a straight-
forward way to implement high resistance values.

Example 10.4

Calculate the capacitance values of switched capacitors equivalent to 1- and 10-MΩ

resistors for a clock frequency of 1MHz and estimate the area needed to build them.

Answer

Applying (10.2.5), it follows that 1-pF and 0.1-pF capacitors, switched at 1MHz,
simulate resistors of 1 and 10MΩ, respectively. Assuming that the capacitance per unit
area is 0.5 fF/µm2, the areas occupied by the 1- and 0.1-pF capacitors are 2000 and
200 µm2, respectively.

The above example clearly shows that the SC technique is very efficient for the
implementation of high resistance values, which are useful for the realization of low-
frequency analog filters.

The equivalence of the switched capacitor with a resistor is a very useful concept,
allowing the rapid synthesis of SC filters from continuous-time prototypes. If the clock
frequency is much higher than the maximum signal frequency, the continuous-time
model of the switched capacitor can provide an adequate representation of it; otherwise,
an accurate time (frequency)-domain model of the switched circuit must be used. Let us
consider as an example the first-order low-pass SC filter shown in Figure 10.22. In this
figure, the sampling periods corresponding to the clock phase �2 are denoted as integers
and phase 2 is assumed to be a half clock period shifted in relation to phase 1. A
straightforward analysis of the circuit follows, assuming that the capacitors are fully
charged at the end of the sampling periods.

VR Vo

n  – 1/2

tn  – T/2 tn  + T/2 tn  + Ttn

n  + 1/2 n  + 1n

φ1 φ2

φ1 φ2 φ1 φ2
CR C

+
– –

+

(a) (b)

HIGH

LOW t

Fig. 10.22 A first-order low-pass SC filter.
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During �1, CR is charged to voltage vR and C holds the charge stored during the
previous clock half cycle. During �2 (the switch controlled by �1 is open), the charge
inside the closed surface within dashed lines is conserved; thus

CRvR tn � T=2ð Þ þ Cvo tn � T=2ð Þ ¼ CR þ Cð Þvo tnð Þ: (10:2:6)

Since vo changes during �2 only, we can write

vo tn � T=2ð Þ ¼ vo tn � Tð Þ: (10:2:7)

Assuming that VR is also a signal sampled in �2, it follows that

vR tn � T=2ð Þ ¼ vR tn � Tð Þ: (10:2:8)

Combining (10.2.6), (10.2.7), and (10.2.8) yields

CRvR tn � Tð Þ þ Cvo tn � Tð Þ ¼ CR þ Cð Þvo tnð Þ: (10:2:9)

The standard procedure to deal with recursive relations such as that in (10.2.9) is to use
the z-transform, the main properties of which are summarized in Problems 10.6 and 10.7.

Taking the z-transform of (10.2.9), it follows that

CRV
�2

R z�1 þ CV�2
o z�1 ¼ CR þ Cð ÞV�2

o (10:2:10)

or

V�2
o

V�2

R

¼ CR

CR þ C

z�1

1� z�1C=ðCR þ CÞ : (10:2:11)

Example 10.5

Calculate the response of the first-order low-pass SC filter of Figure 10.22 to a voltage
step of amplitude VR.

Answer

The z-transform of the step function (see Problem 10.6) is given by

U zð Þ ¼ VR

1� z�1
; (10:2:12)

where VR is the amplitude of the input voltage step. The z-transform of the output voltage
is obtained by the combination of (10.2.11) and (10.2.12), which yields

Vo zð Þ ¼ CR

CR þ C

z�1

1� z�1C=ðCR þ CÞ
VR

1� z�1

¼ VR
1

1� z�1
� 1

1� z�1C=ðCR þ CÞ

� �
: (10:2:13)

Hence, from (10.2.13) and the results of Problem 10.6, we have

vo nTð Þ ¼ VR 1� C

Cþ CR

� �n� �
u nTð Þ ¼ VR 1� e�αnT

� 	
u nTð Þ; (10:2:14)
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where

αT ¼ ln Cþ CRð Þ=C½ � (10:2:15)

As shown in Example 10.5, the time constant of the low-pass SC filter is

τ ¼ 1=α ¼ T=ln 1þ CR=Cð Þ: (10:2:16)

Thus, the time constant is proportional to the clock period and is also dependent on the
capacitance ratio. The clock period is usually established by a quartz-crystal-controlled
oscillator, which is very accurate and stable. The capacitance ratio can also be made
accurate and stable using some simple matching rules, as explained in Section 3.4.3.1.
Summarizing, the time constants of SC filters can be made very stable and accurate (of
the order of 0.1% [4]), and this is the main reason for the popularity of SC circuits since
their inception in the late 1970s.

Let us analyze two important limit cases of the low-pass time constant. For CR/C≪ 1,
it follows that ln(1 +CR/C) ≈CR/C and, thus,

τ ¼ TðC=CRÞ: (10:2:17)

Clearly, we could have derived (10.2.17) directly using the equivalence between a
switched capacitor and a resistor given by (10.2.5). The advantage of the general relation
(10.2.15) is that it holds even for CR/C≫ 1. In this case, τ= T/ln(1 +CR/C) ≈ T/ln(CR/C)
and the time constant is lower than the clock period. In effect, when CR≫C, the
capacitor C receives most of its (final) charge in just one clock cycle.

The frequency response of the first-order low-pass SC filter, obtained by substituting
e jωT for z in the z-transform given by (10.2.11), is

Hðe jωTÞ ¼ z�1

1þ C=CR 1� z�1
� 	

�����
z¼ejωT

¼ 1

e jωT 1þ C=CRð Þ � C=CR

: (10:2:18)

For ωT≪ 1, we can approximate the imaginary exponential to first-order as
e jωT 	 1þ jωT; thus (10.2.18) can be rewritten as

H e jωT
� 	 ¼ 1

1þ jωTð1þ C=CRÞ : (10:2:19)

Note that, for frequencies much lower than the Nyquist frequency fs/2, the discrete-
time low-pass filter of Figure 10.22 operates as a continuous-time filter composed of a
capacitance equal to CR+C and a resistance equal to T/CR. Additionally, when ωT
(1 +C/CR)≪ 1, the output of the SC filter is a replica of the input with negligible
attenuation and a delay equal to T(1 +C/CR).

10.2.2 Switched-capacitor integrators

The basic building block of SC filters is the integrator, which can be obtained directly
from the continuous-time integrator shown in Figure 10.23(a) by substituting a switched
capacitor for the input resistor R1, as shown in Figure 10.23(b).
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The time-domain analysis of the SC integrator in Figure 10.23 is straightforward if one
assumes that the capacitors are fully charged at the end of the clock phases and the
operational amplifier is ideal. During phase �1, the input source charges capacitor C1 to
vin while the integrating capacitor C2 conserves the charge that was stored during the
preceding cycle of phase �2. Thus, using the notation indicated in Figure 10.22 for the
clock phases, we can write

q1 n� 1=2ð Þ ¼ C1vin n� 1=2ð Þ; (10:2:20)

vo n� 1=2ð Þ ¼ vo n� 1ð Þ: (10:2:21)

During phase �2, the charge inside the region enclosed by the dashed border is
conserved; thus

q1 nð Þ � q2 nð Þ ¼ q1 n� 1=2ð Þ � q2 n� 1=2ð Þ (10:2:22)

or, equivalently,

C2 vo nð Þ � vo n� 1=2ð Þ½ � ¼ q2 nð Þ � q2 n� 1=2ð Þ ¼ �q1 n� 1=2ð Þ; (10:2:23)

since q1 is zero during �2 (q1(n) = 0).
On substituting (10.2.20) and (10.2.21) into (10.2.22) we obtain

vo nð Þ ¼ vo n� 1ð Þ � C1=C2ð Þvin n� 1=2ð Þ: (10:2:24)

Towrite the expression equivalent to (10.2.24) in the z-domain, we recall that delays of
one clock period and half a clock period appear as factors of z− 1 and z− 1/2, respectively,
which multiply the z-transform of the input signal. Thus, the z-domain equivalent to
(10.2.24) is

V�2
o zð Þ ¼ z�1V�2

o zð Þ � C1=C2ð Þz�1=2V�1

in zð Þ; (10:2:25)

from which the transfer function is obtained as

H21 zð Þ ¼ V�2
o

V�1

in

¼ �C1

C2

z�1=2

1� z�1
: (10:2:26)

The notation H21 indicates that the z-domain transfer function is the ratio of the
z-transform of the output signal during �2 to the z-transform of the input signal available
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Fig. 10.23 (a) Continuous-time and (b) parasitic-sensitive switched-capacitor integrators.
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to the integrator during �1. Note that, for this specific integrator, H12 =H22 = 0, since the
value of the input signal during �2 does not affect the integrator output.

Finally, the integrator frequency response is

H z ¼ e jωT
� 	 ¼ �C1

C2

e�jωT=2

1� e�jωT ¼ �C1

C2

1

jωT
ωT=2

sin ωT=2ð Þ : (10:2:27)

Equation (10.2.27) can be viewed as the transfer function of a continuous-time
integrator divided by (sin x)/x. The (sin x)/x “error” is, in fact, not surprising, since it is
common to all sampled-data signals [1]–[4]. Clearly, for ωT≪ 1, expression (10.2.27)
reduces to that of the ideal continuous-time integrator, which is

H z ¼ e jωT
� 	jωT�1 ffi �C1

C2

1

jωT
: (10:2:28)

It is important to note that, when the output voltage is sampled in phase �1, another
half-clock-period delay occurs in the signal path. The transfer function, for this case, is

H11 zð Þ ¼ V�1
o

V�1

in

¼ z�1=2H zð Þ ¼ �C1

C2

z�1

1� z�1
: (10:2:29)

In the above analysis we neglect the effects of the parasitic capacitances of bothC1 and
C2. In fact, there are relatively large parasitic capacitances from the bottom plates of the
capacitors to the underlying conductive layer (substrate), which is usually grounded.
Additionally, there are parasitic (non-linear) capacitances associated with the MOSFET
switches. For the parasitic-sensitive integrator of Figure 10.23(b), the only relevant
parasitic capacitances are those from the top plate of C1 to ground, since they are in
parallel with C1, increasing its (ideal) value. The parasitic capacitances from the op-amp
inverting node to ground as well as those from the op-amp output to ground are irrelevant
for an ideal amplifier. In effect, the parasitic capacitances tied to the virtual ground remain
discharged and, thus, they do not affect the transfer function of the integrator. Since the
parasitic capacitances connected to the op-amp output are charged by an (ideal) voltage
source, they do not contribute either to the charge processing or to the transfer function.
To overcome the effect of parasitic capacitances, which are not well controlled, parasitic-
insensitive integrators [4], [11] were introduced early in the development of SC circuits.
The idea behind parasitic-insensitive SC circuits is to employ topologies in which the
parasitic capacitances are switched between voltage sources (including ground) or
between ground and virtual ground, avoiding connections such as that of the top plate
of capacitor C1 in Figure 10.23(b).

The circuits with floating-input capacitors shown in Figure 10.24 are two examples
of parasitic-insensitive integrators. During phase �2, capacitor C1 of the circuit of
Figure 10.24(a) is charged to the input voltage. During phase �1, this capacitor is
discharged, its charge being transferred to the integrating capacitor C2. Since discharge
occurs through the terminal that was previously grounded, this reverse connection injects
into the output node a charge of the same polarity as that at the input node, emulating a
negative resistor. Thus, the circuit in Figure 10.24(a) implements a non-inverting
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integrator. The two available transfer functions, derived as in the case of the parasitic-
sensitive integrator, are

H12 zð Þ ¼ V�1

2 zð Þ
V�2

1 zð Þ ¼ þC1

C2

z�1=2

1� z�1
; (10:2:30)

H22 zð Þ ¼ V�2

2 zð Þ
V�2

1 zð Þ ¼ þC1

C2

z�1

1� z�1
: (10:2:31)

Finally, for the inverting parasitic-insensitive integrator of Figure 10.24(b), the transfer
functions are

H11 zð Þ ¼ V�1

2 zð Þ
V�1

1 zð Þ ¼ �C1

C2

1

1� z�1
; (10:2:32)

H21 zð Þ ¼ V�2

2 zð Þ
V�1

1 zð Þ ¼ �C1

C2

z�1=2

1� z�1
: (10:2:33)

It is interesting to note that, for Figure 10.24(b), a delay-free integrator is available
when the input and output are both sampled in phase �1.

10.2.3 Offset compensation

Switched-capacitor circuits require the inverting op-amp inputs to behave as virtual
grounds. CMOS operational amplifiers usually have input-referred offset voltages of
the order of several mV. In addition to the dc offset voltage, the finite voltage gain of the
amplifier and both thermal and 1/f noise contribute to the non-zero voltage at the
inverting input of the op amp. Offset and noise reduce the dynamic range of the circuits,
which is particularly harmful for low-voltage circuits. Fortunately, there are circuit
techniques that can ideally cancel out the effect of dc offsets and greatly reduce the
effect of low-frequency disturbances such as 1/f noise. The effect of the op amp’s finite
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Fig. 10.24 (a) Non-inverting and (b) inverting parasitic-insensitive integrators.
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gain can also be considered a low-frequency effect if the signal is highly oversampled,
that is, if the signal variations in a clock period are minimized.

The basic idea of offset compensation is to store the offset voltage during a calibration
phase and to subtract it from the signal in the next phase [13]. In this way, the effect of the
offset at the circuit output is ideally cancelled out.

The integrator shown in Figure 10.25 has an additional capacitor CC that stores the
offset voltage Vos during phase �1. Next, during phase �2, capacitor CC, which is charged
to Vos, is connected in series with the input capacitor C1, thus, canceling out the effect of
Vos at the op-amp output. In fact, capacitor CC stores the voltage of the op amp’s inverting
input during phase �1; thus, during �2, slowly varying voltages will be (partially)
cancelled out, such as 1/f noise and the attenuated copy of the input voltage at the op
amp’s inverting input due to the finite gain, for highly oversampled signals.

There are numerous circuit variations that carry out offset cancellation in SC integra-
tors, amplifiers, and S/Hs. Some techniques receive specific names, such as auto-zero and
correlated double sampling. The description of some more accurate circuits for reduction
of offset and low-frequency effects is beyond the scope of this text; the interested reader
is referred to the tutorial in [13] for a detailed presentation.

10.2.4 Biquad filters

Using the integrators introduced in the previous sections, it is possible to implement a
great variety of high-order filters. Of particular importance are the generic second-order
filters, commonly designated biquads. Maybe the simplest way to synthesize an SC filter
is to emulate a continuous-time structure [4], [11] and take advantage of the (approx-
imate) equivalence between a resistor and a switched capacitor.

The starting point is the continuous-time biquadratic transfer function given below

Ha sð Þ ¼ Vo sð Þ
Vi sð Þ ¼ � k2s

2 þ k1sþ k0

s2 þ ðω0=QÞsþ ω2
0

; (10:2:34)

where s is the complex frequency, ω0 the pole frequency, and Q the pole quality factor.
The equation above can be rewritten in order to obtain the output voltage as a linear
combination of integrals of the input and output voltages. Let us now rewrite (10.2.34) as
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Cc
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VoutA

+
+

–

–

φ2 (φ1)

φ1 (φ2)

φ2
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Fig. 10.25 An SC integrator with offset-storing capacitor (adapted from [13]).
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Vo sð Þ s2 þ ω0

Q
sþ ω2

0

� �
¼ � k2s

2 þ k1sþ k0
� 	

Vi sð Þ (10:2:35)

or, equivalently, as

s2Vo sð Þ ¼ � k2s
2 þ k1sþ k0

� 	
Vi sð Þ � ω0

Q
sþ ω2

0

� �
Vo sð Þ: (10:2:36)

Finally, on dividing both sides by s2 and rearranging, the output can be obtained from
two integrators as

Vo sð Þ ¼ � 1

s
k1 þ k2sð ÞVi sð Þ þ ω0

Q
Vo sð Þ � ω0V1 sð Þ

� �
(10:2:37)

and

V1ðsÞ ¼ � 1

s

ko
ωo

ViðsÞ þ ωoVoðsÞ
� �

: (10:2:38)

Figure 10.26 shows the signal-flow graph of Equations (10.2.37) and (10.2.38). It
contains two inverting integrators (−1/s), two summers at the input of the integrators, and
various coupling branches. An active-RC configuration of the signal-flow graph using
both positive and negative resistors is shown in Figure 10.27. In effect, for a switched-
capacitor emulation of the continuous-time filter, the parasitic-insensitive SC topologies
allow the emulation of positive and negative resistors, as shown in Section 10.2.2.

An SC emulation of the active biquad is shown in Figure 10.28, where the resistors
have been substituted with parasitic-insensitive switched capacitors. The topology in
Figure 10.28, which has a minimum number of switches, was obtained first by substitut-
ing for each resistor a floating switched capacitor and its four associated switches, and
then eliminating the redundant switches. The capacitor labels are their values with
respect to a unity capacitor. Since, in general, ω0T≪ 1 and the integrating capacitors
were chosen to be of unit value, the ratio of the largest to the smallest capacitances, the
so-called capacitance spread, is not less than 1/(ω0T).

When the quality factor of the filter is high (Q≫ 1), the capacitance spread becomes
Q/(ω0T). Clearly, a very large capacitance spread, say 1000, is not practical, and for this

Vi (s)

k0/ω0

ω0

ω0/Q

–ω0

k1 + k2s

V1 (s)

Vo (s)
–1/s –1/s+ +

Fig. 10.26 The signal-flow graph of a continuous-time biquad (adapted from [11]).
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reason the above topology is used only for low-Q filters. To implement high-Q filters,
other topologies are preferred. In effect, there are many possible configurations of the
biquadratic function using two integrators [21].

To implement high-order filters, several biquads can be cascaded. Other available
strategies for the construction of high-order filters can be found in [4], [22], [23].

Finally, it should be noted that a continuous-time prototype was used only for
convenience, in order to obtain the SC biquad topology. The frequency response for
the circuit of Figure 10.28 can accurately be determined using the discrete-time analysis
introduced in Section 10.2.1 and detailed in [4], [10].
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Fig. 10.27 Active-RC biquad realization of the signal-flow graph of Figure 10.26 (adapted from [11]).
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Fig. 10.28 A switched-capacitor configuration equivalent to the continuous-time biquad of Figure 10.27.
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10.2.5 Amplifier specifications

The operation of the SC integrator was described in Section 10.2.2 assuming the op amp
to be ideal. In the actual design of SC circuits, the op-amp non-idealities must be
considered carefully, since they are responsible for the main limitations of SC circuits.

In this section, we will consider the effect of the most important op-amp non-idealities
other than offset, namely finite gain and unity-gain frequency. For the effects of other
op-amp non-idealities, such as finite slew rate and electrical noise, the interested reader
can consult the SC-filter literature [4], [22].

The speed/accuracy metrics for SC filters are related to the settling behavior of the
operational amplifier. To obtain simple design rules we will analyze the step response of
an op amp with capacitive feedback, such as the one shown in Figure 10.29. The op amp
is represented as a voltage-controlled current source for which the transconductance is gm
and the output conductance is go. Cp represents all the capacitances between node vx and
the ac ground. We will first show how the amplifier gain influences the settling accuracy
and then calculate the effect of the op-amp bandwidth on the settling time. Thus, we will
analyze static and dynamic errors separately; the total error can then be calculated as the
superposition of all the individual errors.

Charge balance at the inverting node of the op amp in Figure 10.29 yields

Cs þ Cp þ Cf

� 	
vx ¼ Csvi þ Cfvo: (10:2:39)

For low-frequency operation we have

Vx ¼ � Vo

AV0
; (10:2:40)

where AV0 = gm/go is the low-frequency voltage gain. Combining (10.2.39) and (10.2.40)
allows us to write the static voltage gain of the stage as

Vin
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+
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–

–
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–go
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CL

io = –gmVx

Fig. 10.29 The equivalent circuit for calculating the static error and the settling time of an op amp in a
capacitive-feedback configuration [5].
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vo
vi

¼ �Cs

Cf

1

1þ 1=ðαAV0Þ ; (10:2:41)

where the feedback factor α is given by

α ¼ Cf

Cs þ Cp þ Cf
: (10:2:42)

Example 10.6

Calculate the minimum amplifier gain for a static error of 0.1%, assuming Cf = 1 pF,
Cs= 4 pF, and Cp= 1 pF.

Answer

For a small error (0.1%) we can approximate (10.2.41) as

vo
vi

ffi �Cs

Cf
1� 1

αAV0

� �
: (10:2:43)

Thus, αAV041000. Since α = 1/(4 + 1 + 1) = 1/6, AV046000.

To model the settling time we will neglect the effect of the op-amp output resistance
(go= 0), which provides an acceptable approximation for the CMOS op amps used in SC
filters. The Kirchoff current law applied to the inverting input and output nodes of the op
amp yields

s Cs þ Cp þ Cf

� 	
vx ¼ sCsvi þ sCfvo; (10:2:44)

s Cf þ CL

� 	
vo þ gmvx ¼ sCfvx: (10:2:45)

On combining (10.2.44) and (10.2.45) we obtain the voltage transfer function as [5]

vo
vi

¼ �Cs

Cf

1� sCf

gm

1þ sCLef

αgm

; (10:2:46)

where the feedback factor α is given by (10.2.42) and the effective load is

CLef ¼ CL þ 1� αð ÞCf: (10:2:47)

Neglecting the zero of the transfer function in (10.2.46), since it is usually at a
frequency much higher than the pole frequency, we approximate the transfer function
of the feedback op amp as

vo
vi

ffi �Cs

Cf

1

1þ sτ
; (10:2:48)

with τ given by

τ ¼ CLef

αgm
: (10:2:49)
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Since the step response is given by a simple exponential with time constant τ, the error
calculated at the settling time ts is given by

ε ¼ vo t ! 1ð Þ � vo t ¼ tsð Þ
vo t ! 1ð Þ ¼ e�ts=τ: (10:2:50)

Thus,

ts ¼ τ ln
1

ε

� �
: (10:2:51)

Since the unity-gain frequency GB of the op amp is

GB ¼ gm
2πCLef

; (10:2:52)

the settling condition ts5T=2 can be written, by combining (10.2.49), (10.2.51), and
(10.2.52), as [5]

GB4
fs
πα

ln
1

ε

� �
: (2:53)

where fs= 1/T is the clock frequency. For α = 1 and ε= 0.1%, GB > 2.2fs.

Example 10.7 [5]

Calculate the minimum transconductance necessary to obtain a settling time of 10 ns with
an error of ε= 0.1%, assuming Cf= 1 pF, Cs= 4 pF, and Cp = 1 pF.

Answer

α ¼ Cf

Cs þ Cp þ Cf
¼ 1

4þ 1þ 1
’ 0:17;

CLef ¼ CL þ 1� αð ÞCf ¼ 5þ 0:83 ¼ 5:83 pF:

The ratio between the zero (gm/Cf) and pole (αgm/CLef) frequencies is (CLef/(αCf)) =
5.83/0.17≫ 1; thus, neglecting the effect of the zero on the settling time is reasonable.
With this simplification we have

τ ¼ ts ln
1

ε

� �
¼ 10=6:9 ¼ 1:45 ns

�
:

Finally, gm ¼ CLef=ðατÞ ¼ 5:83
 10�12= 0:17
 1:45
 10�9
� 	 ¼ 24mA=V.

10.2.6 Low-distortion switched-capacitor filters

The widespread use of SC filters is due to their excellent analog performance. They are
very stable and accurate, and can be designed for very low distortion and high dynamic
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range. Currently, there is no alternative analog integrated-circuit technique with all
these qualities. In the early days of the SC technique, the non-linear parasitic capacitors
were the major source of distortion. With the introduction of parasitic-insensitive
topologies, the signal-dependent charge injection of MOSFET switches became the
major source of distortion. Fortunately, an improved four-phase clocking scheme [24]
allows us to obtain very-low-distortion filters; circuits with total harmonic distortion
(THD) of −80 dB or below for signal swing close to the supply rails have been reported
[13], [25].

The basic idea of the four-phase clock scheme is to advance slightly the times at which
the switches connected to constant-voltage nodes (ground or virtual ground) open. As
can be seen in Figure 10.30, the switches controlled by phases �1a and �2a turn off before
the other two switches. Since the former switches are connected to constant-voltage
nodes, the charge injected into the capacitors by turning them off is constant, thus
producing dc offset but no distortion. When the switches controlled by phases �1 and
�2 turn off, they cannot inject charge into the integrating capacitor since the current path
is already blocked.

Similarly to the case of continuous-time filters, the use of fully-differential topologies
is a must for low-distortion circuits since even harmonics are canceled out. Fully-
differential structures are also adopted because they reject common-mode noise such
as substrate noise, thus allowing high-dynamic-range circuits to be obtained. To design
very-low-distortion filters all the main causes of distortion must be circumvented,
including capacitor and op-amp non-linearities. For low-distortion and high-dynamic-
range SC circuits, the reader is referred to [13], [25].
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Fig. 10.30 A switched-capacitor integrator with four-phase clock scheme for low distortion.
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10.3 Switched-capacitor circuits as charge processors

In this section we show that, in some cases, it is advantageous to regard SC circuits as
charge processors [26]. Firstly, we establish under which conditions SC circuits containing
non-linear capacitors can act as linear charge processors. Secondly, the conditions to obtain
linear and accurate input-to-output voltage relationships in networks containing non-linear
capacitors are derived. Finally, the alternatives for capacitor implementations are reviewed
to make it clear that SC filters can be implemented in any digital MOS process.

To consider SC circuits as charge, rather than voltage, processors, we return to the
basic SC cell and describe it as a charge mirror. Let us assume that the capacitors in
Figure 10.31 are non-linear but have the same physical structure and that the op amp is
ideal. The relationships between the stored charges and the op-amp output voltage can be
written as

qA ¼ CAv ¼ CA0 f vð Þv; (10:3:1)

qB ¼ CBv ¼ CB0 f vð Þv; (10:3:2)

where f (v) is a dimensionless function describing the non-linearity of the capacitors. This
non-linearity is dependent on the structure of the capacitors and can be considered to be
equal for capacitors that have the same structure and are physically close to each other on
a chip. Parameters CA0 and CB0 are the values of the capacitances for a signal voltage v
equal to zero, and are proportional to the areas of the capacitors.

From (10.3.1) and (10.3.2) it follows that

qB
qA

¼ CB0

CA0
¼ areaðCBÞ

areaðCAÞ : (10:3:3)

Thus, the basic block in Figure 10.31(a) performs as a (linear) charge mirror with gain
defined by a geometric ratio and, consequently, independent of the technology.

The basic building blocks commonly employed in SC networks are shown in
Figure 10.31(b). Assuming that the capacitors have matched non-linearities and the op
amp is ideal, each output charge (qB, qC) is a delayed and scaled image of the sum of the
input charges (q1, q2).
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Fig. 10.31 (a) An elementary charge mirror and (b) basic SC signal-processing blocks (adapted from [26]).
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From these considerations, it is clear that SC circuits employing non-linear capacitors
can maintain linearity from input to output. If the external quantity is a voltage signal,
linear input V–Q and output Q–V converters are then required, as detailed in the next
section.

10.3.1 Realization of linear voltage processors

Let us consider as an example the third-order low-pass SC filter shown in Figure 10.32.
As do most of the practical SC filters, this network satisfies the following topological
constraint: after the settling time corresponding to each clock phase, the voltage across
any capacitor is dependent only on a single node voltage. In other words, each capacitor
has one of its terminals connected (or switched) to ground (or to virtual ground) and the
other connected (or switched) to a voltage source (including ground). For the analysis
that follows, we consider that the op amps and the switches are ideal.

Assuming that the capacitors are linear, the charge-conservation equations at the
virtual grounds of the op amps are

�CI0vI nT� T=2ð Þ þ CE0vA nTð Þ þ CF0vB nTð Þ
¼ �CA0vA nTð Þ þ CA0vA nT� Tð Þ; (10:3:4)

�CG0vA nT� Tð Þ ¼ �CB0vB nTð Þ þ CB0vB nT� Tð Þ; (10:3:5)

CH0vB nTð Þ þ CJ0vC nTð Þ þ CD0vA nTð Þ � CD0vA nT� Tð Þ
¼ �CC0vC nTð Þ þ CC0vC nT� Tð Þ: (10:3:6)
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Fig. 10.32 A third-order low-pass SC filter (adapted from [26]).
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Rewriting the above equations in terms of the charges stored on the capacitors yields

�qI nT� T=2ð Þ þ CE0

CA0
qA nTð Þ þ CF0

CB0
qB nTð Þ

¼ �qA nTð Þ þ qA nT� Tð Þ; (10:3:7)

�CG0

CA0
qA nT� Tð Þ ¼ �qB nTð Þ þ qB nT� Tð Þ; (10:3:8)

CH0

CB0
qB nTð Þ þ CJ0

CC0
qC nTð Þ þ CD0

CA0
qA nTð Þ � CD0

CA0
qA nT� Tð Þ

¼ �qC nTð Þ þ qC nT� Tð Þ: (10:3:9)

The coefficients of the equations above correspond to charge-mirror gains [26]. For
instance, the charge in capacitor CA is mirrored to capacitors CE, CG, and CD with gains
CE0/CA0, CG0/CA0, and CD0/CA0, respectively.

Equations (10.3.7) through (10.3.9) are represented by the signal flow of the
Q-processor in Figure 10.33, where the branch transmittances are proportional to the
charge-mirror gains. This figure also shows the input V–Q and outputQ–V conversions of
the SC filter.

Let us consider now that the filter is built using non-linear capacitors with identical
non-linearity and the same area ratios as the linear capacitors. The charge-mirror gains
will be the same as those for the linear network, and, since the coefficients of Equations
(10.3.7)–(10.3.9) correspond to the charge-mirror gains, the very same equations will
represent the non-linear network with matched non-linearities.

Summarizing, provided that some simple conditions are satisfied, an SC network
containing non-linear capacitors can realize linear charge processing. Furthermore, the
expression of its charge transfer function will be equal to that of the same network with
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Fig. 10.33 The signal-flow graph of the SC filter in Figure 10.32.
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linear capacitors. Another important conclusion is that this charge transfer function is
proportional to the voltage transfer function of the linear network. Provided that the
capacitors connected to the input and to the network output nodes are linear, the input
V–Q and output Q–V conversions will be linear, as will the input-to-output voltage
transfer function. As an example, Figure 10.34 shows the waveforms at an internal
node and at the output node (for a sinusoidal input) of an SC filter built with linear
capacitors connected to the input and output nodes. All the other capacitors of the filter
are non-linear with matched non-linearities. As is clear in Figure 10.34, in spite of the
strong distortion of the voltage signal at the intermediate node, the output signal is a fine
sinusoid.

10.3.2 Implementation issues

For the implementation of the non-linear (internal) capacitors, the natural choice is to use
a MOSFET gate structure. An important feature of this structure is the use of the thin gate
oxide as the dielectric. Compared with the commonly employed double-poly capacitors,
gate capacitors in VLSI processes present a larger capacitance per unit area and have
better matching properties. Moreover, gate capacitors are fully compatible with any
digital MOS process, whereas linear capacitors are costly to implement in VLSI pro-
cesses. To implement the few linear capacitors required, two main alternatives are
available. One of them is the use of MIM capacitors or another type of available linear
capacitor. Even thoughMIM capacitors have low specific capacitances, they represent an
attractive solution to implementing few capacitors.

In many practical situations, the total area occupied by the capacitors in a filter
implemented using MOSFET gates as internal capacitors and MIM capacitors in the
input/output branches will be smaller than that which would be required if double-poly
capacitors were to be used for the entire filter. The other alternative is to construct the

a

b

1ms
div

1V
div

Fig. 10.34 Measured output waveforms at (a) an intermediate node and (b) the output node of an SC filter
(adapted from [26]).
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input/output capacitors entirely fromMOS transistors and to apply a dc bias [27], [28] or
combine two or more non-linear capacitors to partially cancel out their non-linearities
[29]. There are several ways to create MOSFET-based capacitors, and these devices can
be combined using series and/or parallel combinations for non-linearity compensation.
Using the series-compensation technique, SC filters with very high linearity, comparable
to that achieved using highly linear poly-capacitors, can be realized [29].

Finally, if the topology chosen for the SC filter has too many capacitors connected to
the input and output nodes, the linear V–Q andQ–V conversions can be realized by using
amplifier stages at both ends. This brings down the required number of linear capacitors
to two or three.

10.4 Alternative switched-circuit techniques

Sampled-data analog signal processing requires four basic operations: inversion, addi-
tion, multiplication, and delay. In SC circuits these operations are realized by switched
charge mirrors, as explained in Section 10.3. Another alternative is switched current
circuits, in which the four basic operations are carried out by switched current mirrors
[30]–[32]. These mirrors perform a non-linear I–V conversion followed by its inverse V–I
conversion, as shown in Figure 10.35(a), leading to a linear relationship between input
and output currents.

In the circuit shown in Figure 10.35(b), assuming the op amp to be ideal, transistors M1

and M2 are both biased with the same set of voltages. Therefore, neglecting transistor
mismatch, the output current io is an inverted replica of the input current iin, i.e. io =−Aiin,
where A = (W/L)2/(W/L)1. The S/H shown in Figure 10.35(b) operates as follows [15].

� Track mode. The input current is fed to the cell when the switch is closed. The current
is memorized as a voltage across the holding capacitor. It should be emphasized that
linear capacitors are not needed to store the data.

� Hold mode. After the switch has opened, the voltage is held on the capacitor. The
output current is equal to that in the previous clock phase. An important property of the
S/H shown in Figure 10.35(b) is that the switch operates at a constant voltage.
Therefore, the conduction gap of the switches at low supply voltages is avoided.
Since the dc operating point of the switches is constant, both the charge injected into
the holding capacitor and the settling time of the S/H are signal-independent.

The bias voltage (VB), which allows the highest current swing, is generated by the
circuit shown in Figure 10.35(c), where MA and MB are identical transistors.
Figure 10.35(d) shows a plot of the conductance of the n-MOS switch for an input
voltage varying between 0 and VDD. Note that the op amp in the feedback configuration
imposes operation of the switch at a constant voltage (equal to VB), thus resulting in a
conductance of around 0.28mS for the example shown.

The current S/H of Figure 10.35(b) can be easily modified to implement digitally
programmable analog filters, substituting the MOSFET-only current divider (MOCD)
described in Chapter 9, and shown in Figure 10.36, for transistor M2.
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As an example, the circular finite-impulse-response (FIR) structure proposed in [33],
which is programmable with MOCDs, was implemented using the current S/H shown in
Figure 10.35(b). The circular FIR filter, which is shown in Figure 10.37, operates as
follows.

� In the ck1 phase, the S/H 1 is in the sample mode (active), and the other S/Hs are in the
hold mode. The filter coefficients and the stored signals are distributed as shown in
Figure 10.37(a) and (b), respectively.

� In the ck2 phase, S/H 2 is active, and the stored values of all S/Hs, except the second,
remain unchanged. However, all tap weights must be shifted, as shown in
Figure 10.37, to obtain

HðzÞ ¼ h1 þ h2z
�1 þ h3z

�2 þ h4z
�3: (10:4:1)
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Fig. 10.35 Switched-current mirrors: (a) using saturated transistors operating as current sources; and (b) using
an op amp and MOSFETs in the triode region. In (c) the bias circuit (MA and MB are identical
transistors) for the current mirror in (b) is shown, and in (d) is shown the on-conductance of the
n-MOS switch (adapted from [15]).
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The circulation process continues in each clock cycle, thus cycling the digital coeffi-
cients through all the multipliers. This process simulates a tapped delay line without the
sampled signal passing through series delay elements in each clock cycle. Consequently,
this structure has the advantage of avoiding the propagation of both the offset voltage and
noise from each cell to the next (multiple resampling errors).

The S/H of Figure 10.35(b) and the programmable MOCD in Figure 10.36 were used
for the implementation of a four-tap circular FIR filter, the schematic diagram of which is
shown in Figure 10.38 [15]. The input section performs a linear voltage-to-current
conversion, while the output S/H acts, simultaneously, as a summer block and a linear
current-to-voltage converter.
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Fig. 10.37 (a) A circular FIR filter (coefficients during ck1) and (b) clock waveforms (adapted from [15]).
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Fig. 10.36 (a) The scheme and (b) symbol of the MOSFET-only current divider (adapted from [15]).
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Appendix

A10.1 Modeling the sampling distortion due to the non-linearity of the switch
on-resistance

For the n-MOS transistor operating in strong inversion, as is currently the case in almost
all S/Hs, the on-resistance in the triode region (with VDS= 0) is given by

RON ¼ 1

μC0
ox

W

L
VG � VT 0 � nVSð Þ

¼ 1

β VG � VT 0 � nVSð Þ : (A10:1:1)

In the tracking mode, the gate is connected to the power supply VDD and the source to
the input signal. Assuming that the quiescent voltage at the source is VSQ, it follows that

VG � VT 0 � nVS ¼ VDD � VT 0 � nVSQ � nvi ¼ VovQ � nvi: (A10:1:2)

The time constant of the S/H in the tracking mode is now signal-dependent and given by

τ ¼ RONC ¼ C

β VovQ � nvi
� 	 : (A10:1:3)

We now assume that the output signal is given by the delayed input signal as shown in
Section 10.1.3, but considering the signal-dependent delay, as in (A10.1.3).
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Fig. 10.38 The switched-MOSFET scheme of the circular FIR filter (adapted from [15]).
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With the assumption of a small delay, a closed-form expression for the harmonic
distortion is easily obtained [7]. The output signal of the S/H in the tracking mode can be
approximated by its first-order Taylor power expansion

vo tð Þ ¼ vi t� τ við Þð Þ ffi vi tð Þ � τ við Þ dvi
dt

(A10:1:4)

with

τðviÞ ffi τo þ τ1vi þ τ2v
2
i : (A10:1:5)

Expanding now the switch on-resistance to second-order,

RON ffi R0 1þ nvi
VovQ

þ nvi
VovQ

� �2
" #

; (A10:1:6)

where

R0 ¼ βVovQ

� 	�1
; (A10:1:7)

and the coefficients in (A10.1.5) are given by

τo ¼ RoC; (A10:1:8)

τ1 ¼ nC

βV2
ovQ

; (A10:1:9)

τ2 ¼ n2C

βV3
ovQ

: (A10:1:10)

Assuming a sinusoidal input signal vi ¼ A sinðωtÞ, we can calculate the first two
components of the harmonic distortion by combining (A10.1.4) through (A10.1.10),
yielding

HD2 ¼ τ1ω
2

A ¼ nCω

2βV2
ovQ

A; (A10:1:11)

HD3 ¼ τ2ω
4

A2 ¼ n2Cω

4βV3
ovQ

A2: (A10:1:12)

As shown in Figure A10.1.1, the components of different orders of the harmonic
distortion have a linear dependence on the input frequency, as predicted by (A10.1.11)
and (A10.1.12).

A similar model [7] can be applied to a transmission gate in which the on-resistance is
given by the parallel connection of the on-resistances of the n-MOS and p-MOS
transistors.
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Problems

10.1 Apply the Nyquist noise formula to the equivalent resistance 1/(Cfs) of a switched
capacitor and compare the obtained (bilateral) power-spectral density with expres-
sion (10.1.10) for the aliased thermal noise of the MOS S/H. Comment on the
result.

10.2 Show that, for a linear S/H, we can approximate the solution of Equation (10.1.15)
for the tracking period, repeated below,

dvo
dt

þ vo
τ0

¼ A

τ0
cosðωtÞ; (P10:1:1)

as

vo tð Þ ffi A cos½ω t� τ0ð Þ� (P10:1:2)

for τ0 � Ts and ωτ0 � 1.
Hint: the general solution of (P10.1.1) can be written as

vo ¼ A
e�t=τ0

τ0

ð
et=τ0 cosðωtÞdtþ Ke�t=τ0 ;

where K is a constant to be determined.
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Fig. A10.1.1 Measured and modeled harmonic distortion versus input signal frequency for a sample-and-hold
test circuit fabricated in 0.25-µm technology operating with 3.3V. The sampling frequency is
19MS/s (adapted from [34]).
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10.3 For an MOS S/H, plot HD2 and HD3 due to the non-linear on-resistance versus
the signal frequency in the interval 1MHz < f < 100MHz, assuming vi tð Þ ¼
A sin 2πftð Þ þ 1V, A = 750mV, CH= 1 pF, VDD = 3.3V, W= 50 µm, L = 0.2 µm,
VT0 = 0.6V, C0

ox ¼ 4:5 fF=μm2, µ = 400 cm2/V per s, and n= 1.2. Comment on
the results.

10.4 The transit time τ of a MOSFET is defined as

τ ¼ QIj j
ID

; (P10:4:1)

where QI is the total carrier charge stored in the channel and ID is the drain current.
(a) Show that, in the linear region, for VDS≌ 0, we have

τ ffi L2

μVDS
; (P10:4:2)

where µ is the carrier mobility and L the channel length.
(b) Using (P10.4.2), show that expression (10.1.25), which gives the maximum

sampling frequency for a given charge-injection-related error, can be rewritten as

fs5
1

5

1

transit time
: (P10:4:3)

Hint: the voltage VDS of the transistor when it turns off is the voltage sampling
error ΔV.

10.5 (a) Show that expression (15c) of reference [12] can be rewritten as

B ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cg

2Ch
ωTtFALL

r
; (P10:5:1)

where Cg ¼ WLC0
ox is the total gate capacitance, ωT ¼ ½2μ=ðnL2Þ�ðVGON�

VT 0 � nVinÞ is the intrinsic transition frequency of the saturated on-transistor,
and tFALL is the fall time of the clock signal from VGON to the threshold voltage
of the MOS switch.

(b) For Cg=Ch ¼ 0:1 and tFALL = 1 ns, calculate the transistor fT required to obtain
B = 0.1 (short clock fall time).

(c) Assuming Vin= 0, VT0 = 0.6 V, n = 1.2, µ= 400 cm
2/V per s and L = 0.2 µm,

determine the VGON required to obtain the value of fT determined in part (b).
10.6 For a semi-infinite sequence of samples x(nT) (n = 0, 1, …), the z-transform is

defined as

XðzÞ ¼
X1
n¼0

xðnTÞz�n: (P10:6:1)

(a) Prove that the z-transform of Dirac’s delta, x(0) = 1, otherwise x(nT ) = 0, is

XðzÞ ¼ 1: (P10:6:2)
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(b) Prove that the z-transform of the step function

u nTð Þ ¼ 1; n � 0 (P10:6:3)

is given by

1þ z�1 þ z�2 þ z�3 þ z�4 þ � � � ¼ 1= 1� z�1
� 	

(P10:6:4)

for |z| > 1.
(c) Prove that the z-transform of the sampled exponential

x nTð Þ ¼ e�αnT (P10:6:5)

is

XðzÞ ¼ 1

1� e�αTz�1
(P10:6:6)

for |z| > e−αT.
(d) Prove that multiplication of the z-transform by z−1 corresponds to delaying the

corresponding time sequence by one clock period.
10.7 The spectrum of the sampled signal

xsðtÞ ¼
Xþ1

�1
xðnTÞδðt� nTÞ

is calculated as

Fsð jωÞ ¼
ð1
�1

X1
�1

xðnTÞδðt� nTÞe�jωtdt: (P10:7:1)

Show that

Fsð jωÞ ¼
Xþ1

�1 xðnTÞe�jωnT: (P10:7:2)

and compare (P10.7.2) with the z-transform of x(nT), to derive

Fs jωð Þ ¼ X z ¼ e jωT
� 	

:

Hint: interchange the order of the summation and the integration in (P10.7.1).
10.8 Derive expressions (10.2.30) and (10.2.31) for the transfer functions of the

parasitic-insensitive non-inverting integrator.
10.9 Derive the expressions for all the (normalized) capacitances of the biquad given in

Figure 10.28.
10.10 (a) Prove that the scaling (by the same factor k) of all the capacitances connected to

the op-amp output (Figure P10.10.1) maintains the same charge transfer func-
tion, but the voltage Vi at the op-amp output is scaled by k, i.e.Vi ! V0

i ¼ Vi=k,
where Vi (V0

i) is the voltage in the original (scaled) network.
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(b) Prove that on scaling all of the capacitances connected to the op-amp
input (Figure P10.10.2), the same voltage transfer function is maintained,
but the charges (and capacitances) at the op-amp input are scaled by k:
ΔQi ! ΔQ0

i ¼ ΔQi=k.
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Fig. P10.10.1 The SC circuit viewed as a charge processor: voltage scaling.
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Fig. P10.10.2 The SC circuit viewed as a voltage processor: charge scaling.
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The i nterested r eader may r ef er to Section 5.6 in [4 ] for the application of voltage and
charge scaling to the optimization of dynamic range and capacitance spread in SC
filters.
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11 Overview of MOSFET models and
parameter extraction for design

Compact models, which describe the electrical behavior of the passive and active devices
on a chip, are the fundamental link between circuit designers and foundries. Compact
models allow simulation of the circuit functionality before its fabrication, thus saving
time and money. In CMOS technologies, the MOS transistor is the principal component;
consequently, its model plays a decisive role in the analysis and design of integrated
circuits.

Early compact MOSFET models rely on approximate solutions that are valid only in
particular regions of operation, which are connected mathematically by smoothing
functions. Because the threshold of strong inversion VT is the key parameter in these
regional models, they are also called VT-based models. This regional approach leads to
inaccuracy between regions and, consequently, this class of models is not accurate
enough to represent the moderate-inversion region [1]. To overcome the limitations of
VT-based MOSFET models, a new class of models emerged, namely inversion-charge-
based and surface-potential-based models [2].

This chapter provides an overview of the approaches taken by the developers of
MOSFET models. After a brief review of VT-based MOSFET models, we present a
summary of some fundamental properties of advanced MOSFET models.

The accuracy of the transistor characteristics depends not only on an appropriate
device model but also on the accuracy of its fundamental parameters. To complete the
chapter we describe some procedures to extract fundamental parameters of MOSFET
models, in particular those used in this textbook as design parameters. We will give
special attention to the extraction of the specific current, slope factor, threshold voltage,
carrier mobility, and Early voltage. Other parameters such as gate oxide thickness and
junction and overlap capacitances are assumed to have the nominal values of the
technology process.

11.1 MOSFET models for circuit simulation

Despite their limitations, VT-based MOSFET models have been used successfully for
much circuit-design work. Examples of threshold-voltage-based models are BSIM3 and
BSIM4 (BSIM stands for Berkeley Short-Channel IGFET Model), from a series of
models, and MOS Model 9. Limitations of VT-based MOSFET models include asymme-
tries between source and drain, and discontinuities in derivatives.



To avoid the drawbacks of VT-based MOSFET models, two alternative approaches,
namely surface-potential-based (�s-based) [3]–[5] and inversion-charge-based (Q0

I-
based) [6]–[8] models, have been employed more recently. In these two alternative
models, the drain current and the terminal charges are indirect functions of the
terminal voltages, and are obtained through either the surface potential or the inver-
sion charge density. The �s-based and Q0

I-based models have a common background,
but there exist some differences between them, motivating model developers to
support one approach rather than the other. In this chapter we will, following the
joint paper by model developers [2], briefly review some Q0

I-based and �s-based
models. Because the complete transistor model, including the various physical effects
relevant to advanced technologies, is rather complex, we will restrict our presentation
to the core models.

11.1.1 Threshold-voltage-based models (BSIM3 and BSIM4)

Here we describe the equations used in BSIM3 for the calculation of the inversion charge
density [9], which are also used in BSIM4 in a slightly modified format. The reader
should note that we have modified the original notation to adapt the symbols used in the
BSIM user’s manual to those employed in this textbook.

Initially, we write the inversion charge density at the source for the case of weak
inversion as that obtained using the charge-sheet model [10], which is given by

Q0
I;wi ¼ �ðn� 1ÞC0

ox�t exp
VGS � VT

n�t

� �
: (11:1:1)

On the other hand, the inversion charge density in strong inversion is written as

Q0
I;si ¼ �C0

ox VGS � VTð Þ: (11:1:2)

In BSIM3, the inversion charge density is, for any inversion level, given by

Q0
I ¼ �C0

oxVgsteff; (11:1:3)

where Vgsteff is an interpolating function, which in BSIM3 is

Vgsteff ¼ 2n�t ln 1þ exp VGS � VTð Þ= 2n�tð Þ½ �½ �
1þ 2n

n� 1
exp � VGS � VTð Þ= 2n�tð Þ½ �

: (11:1:4)

The interpolation function in (11.1.4) is plotted for values of n of 1.2 and 1.4 in
Figure 11.1. It is simple to demonstrate (see Problem 11.1) that the application of (11.1.4)
to (11.1.3) gives the asymptotic cases of weak and strong inversion in (11.1.1) and
(11.1.2), respectively. In the BSIM equations, the slope factor n for a long-channel device
with VBS= 0 is a constant given by

n ¼ 1þ γ 2
ffiffiffiffiffiffiffiffi
2�F

p� �.
; (11:1:5)

where �F is the Fermi potential of the holes in the p-substrate.

Overview of MOSFET models and parameter extraction for design 453



Example 11.1

Show that, for n→ 1, the curves of expressions (11.1.1) and (11.1.2) intersect at
VGSffiVT + n(n− 1)�t.

Answer

For n= 1, the two curves intersect at VGS=VT. For n slightly higher than unity, we can use
the approximation exp(x)ffi 1 + x. On equating (11.1.1) and (11.1.2) we find

�ðn� 1ÞC0
ox�t 1þ VGS � VT

n�t

� �
ffi �C0

ox VGS � VTð Þ;

which gives VGSffiVT + n(n− 1)�t.

11.1.2 Surface-potential-based models (HiSIM, MM11, and PSP)

The application of the gradual-channel and charge-sheet approximations yields the
implicit relation for the surface potential given below:

VG � VFB � �sð Þ2¼ γ2�t½e��s=�t þ �s=�t � 1

þ e� 2�FþVCð Þ=�t e�s=�t � �s=�t � 1
� ��: (11:1:6)

The accurate solution of (11.1.6), which was once a big issue, is no longer a problem.
Considerable progress has been made in the development of fast and accurate algorithms
to find the solution for the surface potential in (11.1.6). After �s has been determined
from (11.1.6), the charge-sheet approximation [10] (see Appendix A2.1) can be used to
calculate the bulk charge density Q0

B as

n = 1.2
n = 1.4
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Fig. 11.1 The interpolating function of expression (11.1.4) for BSIM3 for n= 1.2 and n= 1.4.
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Q0
B ¼ �sgnð�sÞC0

oxγ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s þ �t e��s=�t � 1

� �q
: (11:1:7)

Expression (11.1.7) gives a continuous model from accumulation through depletion to
inversion. Using the values of the surface potential and the depletion charge determined
previously, the inversion charge density Q0

I can be calculated from the potential-balance
equation as

Q0
I ¼ �C0

ox VG � VFB � �s þ Q0
B

C0
ox

� �
: (11:1:8)

The main variables used to build (long-channel) surface-potential models are deter-
mined from Equations (11.1.6), (11.1.7), and (11.1.8).

A disadvantage of the original �s-based models was the use of intricate and
lengthy expressions for the calculation of current, total charges, and noise [2]. To
simplify these calculations, some �s-based compact models use linearization of the
inversion charge density as a function of the surface potential in a similar way to Q0

I-
based models [2]. In the following, we describe some of the approaches taken by the
developers of the most representative �s-based models of the MOSFET at the time of
writing.

Example 11.2

Find an approximation for the surface potential and the bulk charge in terms of VG for the
case of deep accumulation.

Answer

For the case of deep accumulation, −�s/�t≫ 1, thus, from (11.1.7), we can write

Q0
B ffi γC0

ox

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�te

��s=�t

q
:

From the potential-balance equation (Q0
I ¼ 0), we have

VG � VFB ¼ �s �Q0
B=C

0
ox ffi �Q0

B=C
0
ox:

An estimate of the surface potential can be found from the approximations for the bulk
charge density and potential-balance equations, leading to

γ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�te

��s=�t

q
ffi VFB � VG ! �s ffi �2�t ln

VFB � VG

γ
ffiffiffiffiffi
�t

p
� �

:

Using the potential-balance equation, we find that

Q0
B ¼ C0

ox �s þ VFB � VGð Þ ffi C0
ox �2�t ln

VFB � VG

γ
ffiffiffiffiffi
�t

p
� �

þ VFB � VG

	 

:
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11.1.2.1 The HiSIM model
HiSIM (the Hiroshima-University STARC IGFETModel [3]) calculates the potentials by
solving the Poisson equation iteratively both at the source side and at the drain side. An
accuracy of 10 pV has been achieved with fast algorithms. Such an extreme accuracy in
the surface-potential calculations has turned out to be absolutely necessary for maintain-
ing sufficiently accurate solutions for transcapacitance values, as well as for achieving
stable circuit simulations [2].

HiSIM is based on the charge-sheet approximation, as are other surface-potential models,
but does not use the linearization of the inversion charge density as a function of�s employed
in theMM11 and PSPmodels. The drain current (for constantmobility) in HiSIM is given by

ID ¼ Idrift þ Idiff; (11:1:9)

Idrift ¼ μn
W

L
C0

ox V 0
Gð�sL � �s0Þ � 1

2
ð�2

sL ��2
s0Þ

	

� 2

3
γ½ð�sL � �tÞ3=2 � ð�s0 � �tÞ3=2�



; (11:1:10)

Idiff ¼ μn
W

L
C0

ox�t

n
ð�sL � �s0Þþ γ½ð�sL � �tÞ1=2 � ð�s0 � �tÞ1=2�

o
: (11:1:11)

Without the linear approximation of Q0
I as a function of �s, the model equations,

particularly those for the intrinsic charges, are very complicated [11].
In HiSIM, short-channel effects are accounted for by employing the bias- and

geometry-dependent lateral-gradient factor originally introduced in [12]. In this approach
[3], the gate-to-source voltage Vgs is shifted by a value that is dependent on the gradient of
the lateral electric field Fyy:

V0
G ¼ Vgs þ ΔV0

G � VFB; (11:1:12)

where

ΔV0
G ¼ εS

C0
ox

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εS
qNsub

�sðyÞ � Vbs � �t½ �
s

Fyy;

with

Fyy ¼ dFy

dy
:

Fyy, the gradient of the lateral electric field, is assumed to be independent of position
owing to a parabolic approximation of the electrostatic potential along the channel. Fyy is
extracted from the measured threshold voltage Vth versus bias characteristics.

11.1.2.2 The MOS Model 11
MOS Model 11 (MM11) [4] is the successor to MOS Model 9 (MM9) [13]. Its devel-
opment was aimed at fulfilling the requirements for a model that satisfies the accuracy
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demands of analog and RF circuit design, but with a computational complexity that
allows its application in digital design.

To obtain efficient expressions for outputs such as current, charges, and noise, several
approximations, mainly based on a linearization of the inversion charge as a function of
�s, were developed. In MM11, this linearization is performed around the mean value of
the source and drain surface potentials [4], which results in simpler expressions without
loss of accuracy.

The expression for the drain current in MM11 is

IDS ¼ �W

L
μnð �Q0

I � neC
0
ox�tÞ �sL � �s0ð Þ: (11:1:13)

The “average” charge density �Q0
I and the effective capacitance neC0

ox are both calcu-
lated using the mean value of the surface potential �sL þ �s0ð Þ=2. Note that the first
component of the drain current, that associated with the average charge density, corre-
sponds to drift, whereas the second one, that associated with the charge density at pinch-
off, corresponds to diffusion.

The MM11 approach ensures that the model symmetry with respect to source–drain
interchange is maintained. Note that this approach is similar to the symmetric lineariza-
tion used in SP [5], a surface-potential-based model, which made it easy to merge MM11
and SP into one model called PSP.

In MM11, a strong emphasis has been placed on distortion modeling. For an accurate
description of distortion, the model should accurately describe the drain current and its
higher-order derivatives (up to at least third order). MM11 was specially developed for
this purpose. MM11 contains improved expressions for mobility reduction, velocity
saturation, and various conductance effects [4]. The distortion modeling of MM11 has
been tested extensively on several MOSFET technologies, and it gives an accurate
description of modern CMOS technologies [4]. MM11 includes an accurate description
of several important physical phenomena, such as poly-depletion, quantum-mechanical
effects, gate tunneling current, and gate-induced drain leakage, besides taking into
account the effects of pocket implants.

The expressions of MM11 for the source- and drain-associated charges, written below,
use the inversion charge density as the key variable. As indicated in [14], a change of
notation allows one to write the equations of MM11 for the source- and drain-associated
charges exactly as they are written in Chapter 2 for a “charge-based model.” This is to be
expected since modern inversion-charge- and surface-potential-based models both make
use of the same fundamental approximations:

QD ¼ WL
6Q03

R þ 12Q0
FQ

02
R þ 8Q02

FQ
0
R þ 4Q03

F

15 Q0
F þQ0

R

� �2 þ n

2
C0

ox�t

" #
; (11:1:14)

QS ¼ WL
6Q03

F þ 12Q0
RQ

02
F þ 8Q02

RQ
0
F þ 4Q03

R

15 Q0
F þQ0

R

� �2 þ n

2
C0

ox�t

" #
: (11:1:15)
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11.1.2.3 The PSP model
The PSP [15], [16] model is a surface-potential-based model obtained by merging and
developing the best features of two �s-based models, namely SP, developed at
Pennsylvania State University, and MM11, developed at Philips [15]. In 2005 the
Compact Modeling Council elected PSP as the industrial standard compact model
for MOSFETs. At the time of writing, PSP is being jointly developed by NXP
Semiconductors (formerly part of Philips) and Arizona State University. The PSP
model, intended for digital, analog, and RF design, contains all relevant physical effects
(mobility reduction, velocity saturation, DIBL, gate current, etc.) needed to model
present-day and upcoming deep-submicron bulk CMOS technologies. According to its
developers, PSP gives an accurate description of currents, charges, and their first-order
and higher-order derivatives, resulting in an accurate description of electrical distortion
behavior [16]. PSP also describes accurately the noise behavior of MOSFETs and has an
option for non-quasi-static (NQS) effects. Details on the structure of the model, basic
equations for the intrinsic model, extrinsic components, and extraction procedures can be
found in [15], [16].

In PSP, the surface potential is calculated using (11.1.6) or a slightly modified form of
it. PSP uses a symmetric linearization method (SLM) in which the bulk and, conse-
quently, the inversion charge densities are linear functions of the surface potential. The
linearization is performed around the midpoint of the surface potential. The drain current
is calculated using the inversion charge at the midpoint of the surface potential and the
“average” gradient of the surface potential along the channel. As expected, the mobility is
modified both by the effects of velocity saturation and by the transverse electric field.

The SLM also yields an explicit form of the dependence of the surface potential on the
position along the channel, which, in turn, allows one to compute the source and drain
terminal charges for the quasi-static model using the Ward–Dutton charge partitioning.
The PSP model includes quantum-mechanical corrections and the effects of the poly-
silicon depletion region. As regards the extrinsic model, the gate/source and gate/drain
overlap regions and the gate and bulk currents are also described. PSP also includes the
noise models which are indispensable for analog and RF designs.

11.1.3 Charge-based models (EKV, ACM, and BSIM5)

In inversion charge-based models, the equations for current, charges, and noise are
expressed in terms of the inversion charge densities at the two ends of the channel. In
their pioneering work [6], Maher and Mead showed that the drain current ID can be
expressed as a very simple function of the area densities of the inversion charges at source
and drain (Q0

IS andQ
0
ID). For a long-channel transistor, the expression for the drain current is

ID ¼ μW
L

Q02
IS �Q02

ID

2nC0
ox

� �t Q0
IS �Q0

ID

� �	 

; (11:1:16)

as shown previously in Chapter 2. Cunha et al. [8] derived expressions, also shown in
Chapter 2, for the total charges and small-signal parameters as functions of the source and
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drain channel charge densities. Shur and collaborators proposed a single equation for the
charge densities in terms of the terminal voltages [7], called the Unified Charge-Control
Model (UCCM). An improved version of the UCCM presented in [7], which has been
used in this textbook, is

VP � VC ¼ �t
Q0

IP �Q0
I

nC0
ox�t

þ ln
Q0

I

Q0
IP

� �	 

: (11:1:17)

Q0
I-based models rely on both the gradual-channel approximation and the linearization

of the bulk and inversion charges with respect to the surface potential at a fixed gate bias.

11.1.3.1 The EKV model
The EKV model [17], [18] was initially aimed at the design of very-low-power analog
integrated circuits, with the objective of obtaining a simple analytical model for all
regions of operation. To this end, the EKV authors devised an interpolation function
that should obey the asymptotic cases of weak and strong inversion. They also defined
the forward and reverse inversion levels on the basis of decomposition of the drain
current into forward and reverse components. Using this strategy, the EKVmodel was the
first to introduce single-piece analytical expressions for the current, transconductances,
intrinsic capacitances, non-quasi-static transadmittances, and noise that are valid in
weak, moderate, and strong inversion and from the linear to the saturation region. All
the small-signal parameters are written in terms of the forward and reverse inversion
levels; this is appropriate for analog design since most analog circuits are current-biased.

In contrast to most MOSFET models, at the time of its introduction the EKV model
exploited the inherent symmetry of the MOSFET by referring all the terminal voltages to
the substrate. The EKV model evolved into a charge-based formulation when the
interpolation function for the continuous gm/ID characteristic was substituted by a
physics-based expression covering weak to strong inversion.

It should be noted here that the specific current Ispec in the EKV model is

Ispec ¼ 2μnC
0
oxn�

2
t

W

L
; (11:1:18)

which is four times larger than the specific current IS in the ACM model.
The main equations of the ACM and EKV models are similar, but there are some

differences concerning the pinch-off potential and the slope-factor definitions that have
some impact on the precision of the inversion-charge modeling. Details of these differ-
ences, which are beyond the scope of this book, can be found elsewhere [14].

The EKV charge-based model has now evolved into a full-featured compact model
that includes all the major effects that have to be accounted for in deep-submicron CMOS
technologies (for details, see http://legwww.epfl.ch/ekv).

11.1.3.2 The ACM model
The initial motivation for the ACM modeling approach [8], [14], [19] came from an
analog design in digital CMOS technology carried out in the late 1980s. The use of the
MOS gate as a linear capacitor required the calculation of the weak non-linearities of the
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MOS capacitor in accumulation and strong inversion. The classical strong-inversion
approximation was clearly not appropriate, and improved capacitive models of the MOS
gate valid for moderate inversion and accumulation were therefore developed [20].

The use of the new gate capacitor model to achieve a four-terminal MOS model
accurate in both weak and moderate inversion was a natural step forward. Also, the
necessity for a symmetricMOSFETmodel to describe the series association of transistors
became clear at that time [21]. An appropriate MOSFET model was finally achieved in
[8]. The symmetry of the transistor with respect to source and drain was obeyed.
Rigorous definitions of pinch-off and threshold voltages, which are essential for con-
sistent and accurate models, were given in [14]. The dc, ac, and non-quasi-static models
were developed in [19]. All transistor parameters were given as very simple (rational)
functions of the inversion charge densities at the channel boundaries. A computer-
implemented version of the ACM model has been included in the SMASH circuit
simulator since 1997 [22]. The ACM model has a hierarchical structure that facilitates
the inclusion of various phenomena into the model. It was the first model to furnish
simple explicit expressions for all the intrinsic capacitive coefficients. More recently,
unified 1/f-noise and mismatch models have been presented in [23] and [24],
respectively.

The extraction of the main dc parameters of the ACM model used for circuit design
will be presented in Section 11.2.

11.1.3.3 The BSIM5 model
The BSIM5 model was introduced in [25]. At the time of its introduction, the BSIM
authors were striving to develop a new-generation MOSFET model fully based on
physics that would be flexible enough for the inclusion of small-dimension effects.
BSIM5 uses the standard charge-based expression for the current, expression
(11.1.16), exactly as ACM does [25], [26]. The inversion charge density is also calcu-
lated through the UCCM given by (11.1.17), using a linearized expression for the pinch-
off voltage in terms of the gate voltage. Poly-depletion and quantum effects are handled
by using correction terms for the slope factor and the effective bulk potential. Velocity
saturation, velocity overshoot, and source-velocity limits are modeled in a unified way.

11.2 Parameter extraction for first-order design

The correct determination of MOSFET parameters is fundamental for the meaningful
analysis, design, and simulation of MOS circuits. The accuracy of the transistor char-
acteristics depends not only on a good device model but also on the values of funda-
mental parameters. This section describes some procedures that can be used to extract
fundamental dc parameters from current–voltage characteristics of MOSFETs. We will
not discuss the extraction of capacitances since these parameters, be they intrinsic (such
as the gate oxide capacitance) or extrinsic (such as overlap and junction capacitances),
are common to different models and, therefore, can be easily accessed from the process
parameters provided by the foundries. The flicker-noise parameter Not that we use in the
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model shown in Chapter 4 is related to the conventional parameter KF [14] through the
following relationship:

KF ¼ Notq
2=C0

ox: (11:2:1)

Finally, the MOSFET mismatch parameters that we use for circuit design, namely Noi

and AISH, can easily be found from the conventional mismatch parameters AVT and Aβ

through the relations

A2
VT ¼ 6ðq2=C02

oxÞNoi; A2
β ¼ 2A2

ISH (11:2:2)

previously presented in Chapter 4.
In view of the previous considerations, we will limit the discussion here to the

extraction of dc parameters that have been used in this textbook for a first-order design,
namely, the specific current, the threshold voltage, the carrier mobility, the slope factor,
and the Early voltage.Wewill not compare the extraction procedures to be presented next
with other methods available in the technical literature. Comparison of extraction
methods can be found elsewhere (see [14] and the references therein). The purpose of
this section is to show how the designer can extract the set of dc parameters required for
first-order design of MOS circuits, either from experimental or from simulation results.
We will present the main dc parameters extracted for 0.35- and 0.13-μm CMOS tech-
nologies, for both long- and short-channel n-MOS devices and for long-channel p-MOS
transistors. We will mainly use an extraction procedure based on the variation of the drain
current with the gate voltage. The extraction procedure should be applied cautiously to
more advanced technologies due to the significant impact of physical effects, such as
quantum confinement of carriers and velocity saturation, on the performance of deeply
scaled devices.

11.2.1 Specific current and threshold voltage

The values of the threshold voltage and specific current are determined from the
transconductance-to-current-ratio, or simply gm/ID, method [14], to be described next.
This method has the advantage of being based on a physical property of the device, and
thus being independent of a specific model. The procedure proposed for the extraction of
VT and IS is performed over the weak- and moderate-inversion regions with small drain-
to-source voltages so that short-channel effects are avoided. Series resistances of source
and drain may be disregarded owing to the negligible voltage drops across them.

Neglecting the (small) dependence of IS on the gate voltage, the transconductance-to-
current ratio can be written as

gm
ID

¼ 1

if � ir

∂if
∂VG

� ∂ir
∂VG

� �
¼ 2

n�t

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ir

p� � : (11:2:3)

For VDS much lower than the thermal voltage �t, if ffi ir and (11.2.3) becomes

gm
ID

ffi 1

n�t

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p : (11:2:4)
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Now, if one assumes n to be almost constant over the measurement range, (11.2.4) can
be written as

gm
ID

ffi gm
ID

����
max

1ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p : (11:2:5)

In expression (11.2.5), the maximum transconductance-to-current ratio is that deep in
weak inversion ðif ! 0Þ. For if ¼ 3, the transconductance-to-current ratio is half of its
peak value. Equation (11.2.5) shows that the deviation of the transconductance-to-
current ratio relative to the maximum value in weak inversion is dependent only on the
inversion level.

Equation (11.2.5) is the basis of a very simple and quick method for determining both
the threshold voltage and the specific current IS using a single current–voltage character-
istic, as will be shown next.

Using the UICM for both the source and the drain transistor terminals, and subtracting
one of the resulting expressions from the other, we obtain

VDS

�t
¼ ffiffiffiffiffiffiffiffiffiffiffi

1þ if
p �

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ir

p
þ ln

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ir

p � 1

 !
: (11:2:6)

For low values of VDS, ir ! if and expression (11.2.6) becomes

VDS

�t
’ 1

2

if � irffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1
¼ 1

2

ID=ISffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1
: (11:2:7)

The measurement of both VT and IS is taken from the gm/ID versus VG characteristic
according to expressions (11.2.5) and (11.2.7). The gate voltage at which the value of
gm/ID drops to half of its peak value corresponds to if = 3. Recalling that for if = 3 and
VS= 0, the pinch-off voltage VP= 0 or, equivalently, VG=VT0, the equilibrium threshold
voltage VT0 is the value of VG at which gm/IDffi 0.5(gm/ID)max. Now, using (11.2.7), we
find that the value of the specific current is, for if = 3, calculated as

IS ’ �t

2VDS

IDffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1

�����
if¼3

¼ �t

2VDS
ID: (11:2:8)

For VDS/�t = 1/2, we have ISffi ID.
1

To illustrate how to determine the threshold voltage and the specific current, we
measure the drain current of a MOSFET as a function of the gate voltage for
VDS= 13mV, as shown in the inset of Figure 11.2, and calculate

gm
ID

¼ dID
ID dVG

¼ d ln ID
dVG

: (11:2:9)

1 For VDS/�t= 1/2 and if = 3, more accurate values for the transconductance-to-current ratio and the specific
current IS are 0.53 times the peak value of gm/ID and 1.13 times the measured current, respectively [27].
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The gm/ID curve thus generated was used to find both VT0 and IS. The circle in
Figure 11.2 corresponds to the point at which gm/ID drops to around half (53%) of its
peak value. The gate voltage thus measured is the equilibrium threshold voltage VT0 and
the corresponding current is approximately the specific current IS (in fact, the specific
current is 1.13 times the drain current measured for VG=VT0).

Using the gm/ID ratio for a device composed of 32 n-channel transistors (W= 8 μm,
L = 3.2 μm) in a 0.35-μm technology connected in parallel, for VDS= 13mVwe find from
experiment VT0 = 551mV and IS= 6.84 μA, whereas from simulation using BSIM3v3
(level = 53) VT0 = 552mVand IS= 7.95 μA. Of course, there is some difference between
experimental and simulation results, which can be ascribed to deviations of the nominal
parameters of the technology and/or some inadequacy of the model employed for the
simulation.

11.2.2 The slope factor

After having determined the threshold voltage and the specific current (for VG=VT0), we
show now how to determine the body-effect factor and the bulk Fermi potential from the
slope factor n. A very simple methodology to determine the slope factor is described in
[28] and presented next. Recalling that the UICM is given by

VP � VSð Þ=�t ¼
ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 2þ ln
ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1
� �

; (11:2:10)

then, for constant if, the difference between VP and VS is constant. In particular, for if = 3,
the pinch-off voltage is equal to the source voltage. A simple and useful circuit for
determining the dependence of VP on VG is shown in the inset of Figure 11.3 [28].

The MOSFET is biased with a current source equal to 3IS, with IS being determined by
the gm/ID characteristic. Since the transistor operates in saturation, the reverse current is
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Fig. 11.2 The transconductance-to-current ratio of a MOSFET against gate voltage for VDSffi�t /2 and
VS= 0. The inset shows the circuit employed to measure the dependence of the current on the gate
voltage. The small circle indicates the point at which gm=ID ffi 0:5ðgm=IDÞmax:
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much lower than the forward current; consequently, we have if = ID /IS = 3 and, as
(11.2.10) shows, the source voltage equals the pinch-off voltage.

The graph in Figure 11.3 shows the source voltage, i.e., the pinch-off voltage, versus the
gate voltage measured through the circuit shown in the insert. The solid line represents the
ACM curve, which was traced after extraction of parameters γ and �F from measurements
of the slope factor n, which is shown in Figure 11.4 as a function of the gate voltage.

The values of the experimental slope factor were then used to draw the graph 1/(n− 1)2

versus VP, as illustrated in Figure 11.5. From the formula n ¼ 1þ γ=ð2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�F þ VP

p Þ for
the slope factor we find that
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Fig. 11.3 Pinch-off voltage versus gate voltage of a device composed of 32 n-channel transistors (W= 8 μm,
L = 3.2 μm) in parallel in 0.35-μm technology. The inset shows the circuit employed for the
measurements. The solid line represents the ACMmodel (see details in the text) and the dashed line
represents the experiment.
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1

ðn� 1Þ2 ¼
4VP

γ2
þ 8�F

γ2
: (11:2:11)

Using the experimental data, the slope and the y-intercept of the interpolation line give
γ= 0.60V1/2 and 2�F= 0.89V, which are very close to the values provided by the
foundry.

11.2.3 Mobility

To complete the extraction procedure for the fundamental dc parameters of the long-
channel MOSFET, we now show how to extract the parameter associated with the
dependence of the mobility on the transversal field. Once again, the transistor operates
in the triode region. For low values of VDS, the bulk and inversion charge densities along
the channel are approximately constant. Thus, the dependence of the mobility on the
transverse electric field is written as in (2.4.1), with equal charge densities at the source
and drain ends of the channel, yielding

μ ¼ μ0

1� αθ
Q0

B þ �Q0
I

εs

� � ; (11:2:12)

where ηffi 1/2 for electrons and ηffi 1/3 for holes. For the purpose of calculating the
parameter αθ, we determine the mobility variation for cases in which the depletion charge
is much higher than the inversion charge density. In these cases, the depletion charge
density is

Q0
B ¼ Q0

Ba �Q0
Iðn� 1Þ=n ffi Q0

Ba ¼ �γC0
ox

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�F þ VP

p
: (11:2:13)

Substitution of (11.2.13) into (11.2.12) leads to
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Fig. 11.5 Plot of 1/(n− 1)2 versus pinch-off voltage for the device in Figure 11.3.
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μ ¼ μ0
1þ θ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VP þ 2�F

p (11:2:14)

with θ ¼ αθC0
oxγ=εs in V−1/2.

The value of θ is extracted from measurements of the specific current as a function of
the pinch-off voltage. Using the expression for the specific current and (11.2.14), we can
write

n

IS
¼ 1

μC0
ox�

2
t W=ð2LÞ½ � ¼

1þ θ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VP þ 2�F

p

μ0C
0
ox�

2
t W=ð2LÞ½ � : (11:2:15)

Expression (11.2.15) shows that the plot of n/IS versus the square root of (VP+ 2�F)
allows the determination of the values of both θ and the denominator of (11.2.15). The
specific current for various values of gate voltage and, consequently, of VP, was measured
for source voltages of −0.4, 0, 0.4, 0.8, 1.2, and 2V with the circuit shown in Figure 11.6.

The procedure for the determination of IS is the same as that described for Figure 11.2.
The experimental and fitted (ACM) values obtained for n/IS are plotted in Figure 11.7 in
terms of the square root of (VP+ 2�F). The values extracted for μ0C

0
ox�

2
t ½W=ð2LÞ� and θ

are 8.8 μA and 0.75V−1/2, respectively. Note that the value of the “zero-field mobility” μ0

+
– VS VS + φt /2

VG

Fig. 11.6 Circuit for generating curves of transconductance-to-current ratio similar to that shown in Figure 11.2,
for several values of the specific current. Similarly to the curve in Figure 11.2, the specific current is
measured for if =3, the inversion level at which the gm/ID ratio is 53% of its peak value.
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can be extracted from μ0C
0
ox�

2
t ½W=ð2LÞ� when the oxide capacitance and transistor

dimensions are known.
Table 11.1 gives the extracted parameters of a long-channel n-MOS transistor in a

0.35-μm technology. The parameters were extracted using the methodology in this section.

11.3 Comparison between experiment and the ACM model
in a 0.35-μm technology

For the sake of comparison, Figure 11.8 shows the experimental and ACMmodel plots of
the drain current versus gate voltage for the previously described NMOS transistor. For
the plot of the ACM curve we used the parameters in Table 11.1 and the following set of
equations:

VP ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VG � VT0 þ

ffiffiffiffiffiffiffiffi
2�F

p
þ γ=2

� �2r
� γ=2

" #2
�2�F; (11:3:1)

Table 11.1 Parameters extracted for a parallel association of 32 transistors (W= 8 μm, L= 3.2 μm)
in a 0.35-μm CMOS technology

Parameter VT0 2�F γ μ0C
0
ox�

2
t W=ð2LÞ½ � θ

Value 0.552V 0.89V 0.60V1/2 8.8 μA 0.75V− 1/2
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Fig. 11.8 ID versus VG plots of both experiment and the ACMmodel for a long-channel (L= 3.2 μm) n-MOS
transistor in a 0.35-μm CMOS technology, with VS = 0 and VDS = 13mV. The maximum error for
currents higher than 10−11 A is around 30% for VG ¼ 3:3 V:
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VP � VSðDÞ
�t

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ifðrÞ

q
� 2þ ln

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p � 1
� �

; (11:3:2)

ID ¼ IS if � ir
� �

; (11:3:3)

IS ¼ μ0C
0
ox�

2
t W=ð2LÞ½ �n μ=μ0ð Þ: (11:3:4)

For the normalized mobility μ/μ0 given by (11.2.12), the depletion charge is calculated as

Q0
B ¼ Q0

Ba �Q0
Iðn� 1Þ=n ¼ �γC0

ox

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�F þ VP

p
�Q0

Iðn� 1Þ=n (11:3:5)

with Q0
I given by the UCCM.

Using (11.3.5) in (11.2.12), we find that

μ0
μ
¼ 1þ θ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VP þ 2�F

p
� Q0

I

γC0
ox

� � n� 1

n

� �	 

: (11:3:6)

As can be noted in Figure 11.8, the ACMmodel fits very well the experimental results.
For over seven decades of current, from 10–11 to 3 × 10− 4 A, the percentage error for the
current is lower than 30%.

In Figure 11.9 we compare the transconductance-to-current ratio of the experimental
results and those obtained from theACMmodel. Once again, the fitting of the experimental
data to the ACM model is extremely good, except for currents approaching 10–4A, for
which the relative error in the transconductance-to-current ratio is moderately large.

Using the procedure described previously, we have also extracted the dc parameters of
a short-channel n-MOS transistor in a 0.35-μm technology. The graphs of the measured
and modeled drain current against gate voltage are shown in Figure 11.10. In this case,
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Fig. 11.9 Plots of experimental and modeled transconductance-to-current ratios versus drain current
for the characteristics shown in Figure 11.8.
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the model deviates from the experiment by a maximum factor of 2.5 for currents deep in
weak inversion, which are around four or more decades below the threshold point
indicated by the circle.

Example 11.3

Assume the following set of parameters of a p-channel transistor:

Parameter VT0 2�F γ μ0C
0
ox�

2
t W=ð2LÞ½ � θ

Value − 0.7V − 0.81V 0.40V1/2 10 μA 0.5V−1/2

Estimate the variation in VP, n, μ, and IS for 0 <VG< 3.3V, VB= 3.3V, and VD =VS = 0.

Answer

For the p-channel transistor we write the set of equations

�VP ffi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� VGB � VT0ð Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffi
�2�F

p
þ γ=2

� �2r
� γ=2

" #2
þ 2�F;

n ¼ 1þ γ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi� VP þ 2�Fð Þp ;

μ0
μ
¼ 1þ θ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� VP þ 2�Fð Þ

p
þ Q0

I

γC0
ox

� � n� 1

n

� �	 


from the counterpart equations that we have written for n-channel transistors. Using the
formulas above, we find that the values of VP, n, μ, and IS lie within the ranges given in
following the table:
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Fig. 11.10 A plot of the experimental and modeled currents versus gate voltage for a minimum-length n-MOS
transistor in a 0.35-μm technology.
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VG (V) VGB (V) VP n μ/μ0 IS (μA)

0 −3.3 −2.26 1.11 0.38 4.2
3.3 0 0.55 1.76 0.80 14.1

For the calculation of the mobility, the inversion charge density is taken as zero for
VGB= 0 and as Q0

I ¼ �C0
ox VGB � VT0ð Þ for VGB =−3.3V. The value of η is assumed to

be 1/3.

The ID versus VG experimental and model curves of a long-channel PMOS transistor
for VSD= 13mV are shown in Figure 11.11. The fitting of the experimental curve to the
model is very good, although not as good as that for the case of the long-channel n-MOS
transistor. The maximum difference between the model and the experiment for a current
span of seven decades is below 100%. The experimental and modeled transconductance-
to-current ratios, which are shown in Figure 11.12, are in close agreement, with errors
below 30% over almost the entire range, except for very high currents.

11.4 Comparison between simulation and the ACM model
in a 0.13-μm technology

We will propose here a simple modification to the classical UCCM model to accommo-
date important changes that we have observed in the simulation results of MOSFETs in a
0.13-μm technology. We will make this modification without entering into details as to
why the characteristics of deeply scaled devices can deviate significantly from the
classical model. As explained in Chapter 2, the UCCM is based on the charge-sheet
approximation (CSA). In effect, using CSA and Boltzmann statistics, the inversion charge
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Fig. 11.11 Experimental and modeled currents versus gate voltage for a long-channel (L = 3.2 μm) p-MOS
transistor in a 0.35-μm technology.
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density located at the semiconductor surface is proportional to exp½ð�s � VCÞ=�t�. The
inversion capacitance reduces to

C0
i ¼ � dQ0

I

d�s
¼ �Q0

I

�t
: (11:4:1)

It is worth observing that (11.4.1) is accurate in the subthreshold region only. In effect,
the resolution of the Poisson equation in the semiconductor shows that the logarithmic
slope of the Q0

I �sð Þ curve varies from 1 /�t in weak inversion to 1/(2�t) deep in strong
inversion [14]. For thin oxides, the strong electric field at the interface makes quantum
confinement of the inversion channel relevant, reducing the inversion capacitance [14].
To include quantum effects, as well as other effects that contribute to reducing the gate
capacitance, we can simply modify the classical UCCM, approximating the inversion-
charge capacitance as

C0
i ¼ � Q0

I

nch�t
; (11:4:2)

where nch ≥ 1. The classical UCCM was derived in Chapter 2 assuming that nch= 1.
Using once again the capacitive model in Figure 11.13, we obtain, after some algebra, the
differential UCCM model

dQ0
I

nC0
ox

1� nC0
oxnch�t

Q0
I

� �
¼ dVC: (11:4:3)

We can readily note that (11.4.3) uses the same formalism as the classical UCCM, but
its interpretation is in order. Expression (11.4.3) can be viewed as the classical UCCM
equation, but with the device operating at temperature nchT, rather than T. Thus, when the
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Fig. 11.12 Experimental and modeled transconductance-to-current ratios versus drain current for a long-
channel p-MOS transistor (L = 3.2 μm) in a 0.35-μm CMOS technology.
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MOSFET inversion capacitance in weak inversion follows (11.4.2), one can still use the
classical UCCM formalism but with the following change

T ! nchT: (11:4:4)

It is interesting to point out that the model parameters such asQ0
IP and ISH that we have

been using in this textbook should be modified accordingly, i.e.

Q0
IP ¼ �nC0

ox�t ! �nC0
oxnch�t; ISH ¼ μC0

oxn�
2
t =2 ! μC0

oxnðnch�tÞ2=2:
(11:4:5)

After having discussed the non-classical UCCM, we will show how to extract the dc
parameters of the ACM model and then draw a comparison between simulation results,
which were obtained using the BSIM3v3 model, and the ACM model. Recall that the
ACMmodel uses the UCCM for the relationship between inversion charges and terminal
voltages.

Let us start with the determination of nch, which is obtained from the dependence of the
drain current on the source voltage in weak inversion, according to the scheme shown in
the inset of Figure 11.14. The value of nch is determined from the slope of the curve as
follows:

1

nch
¼ ��t

dID
ID dVS

¼ ��t
d ln ID
dVS

¼ �2:3�t
d log ID
dVS

: (11:4:6)

For a − 70-mV variation in the source voltage per decade of current in the graph of
Figure 11.14, we have nchffi 1.18.

It should be mentioned here that the value of nch is slightly dependent on VG, but we
have considered it constant for the sake of simplicity. Using the procedure described
previously, we find the dc parameters listed in Table 11.2. Two problems we have found
with the simulations using the BSIM3v3 model are the non-physical non-monotonicity
and the discontinuity in the derivative of the slope factor around the threshold voltage.
Such problems most likely arise from the interpolation and/or smoothing functions
employed in BSIM3 to model the MOS transistor. To extract the parameters γ and 2�F

from simulation results, we have used the values of n for gate voltages greater than the
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Fig. 11.13 A capacitive model of the three-terminal MOS structure with the inversion capacitance
approximated as C0

i ¼ �Q0
I=ðnch�tÞ.
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threshold voltage, since for these values of VG the slope factor extracted using BSIM3
decreases monotonically. Of course, in view of the non-physical slope factor of the
BSIM3 model, we cannot expect the ACMmodel to fit the simulated transistor very well
in all operating regions.

The simulated and ACM-modeled curves of the drain current versus gate voltage for
VDS=13mVare shown in Figure 11.15 for a long-channel MOSFET in a 0.13-μm techno-
logy. For a variation of six decades in the drain current, the absolute value of the percentage
error of the ACM model with respect to BSIM is lower than 50%, as Figure 11.15 shows.

The simulated and modeled transconductance-to-current ratios corresponding to the
drain-current-versus-gate-voltage characteristics of Figure 11.15 are shown in Figure 11.16.
Once again, the relative error in the transconductance-to-current ratio is very small,
except for very high current levels.

11.5 The Early voltage

The Early voltage VA, which is associated with the output conductance of a transistor
through the relation gds= ID/VA, is a fundamental design parameter since it affects, for
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Fig. 11.14 Drain current versus source voltage for a long-channel transistor in a 0.13-μm technology. The
value of the gate voltage is VG=VT0= 0.231V, and VDS=�t/2 = 13mV. The slope of the
characteristic gives nchffi 1.18.

Table 11.2 Parameters extracted for a long-channel n-MOS transistor (W= 6 μm, L= 2.4 μm)
in a 0.13-μm CMOS technology

Parameter VT0 2�F γ μ0C
0
ox�

2
t W=ð2LÞ½ � θ nch

Value 231mV 0.79V 0.22V1/2 0.93 μA 0.43V−1/2 1.18
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example, the accuracy of current mirrors and the gain of voltage amplifiers. The output
conductance in saturation is difficult to determine due to the need to model the short-
channel effects. For hand analysis, the Early voltage is assumed to be proportional to the
channel length and independent of both the drain current and the drain voltage. Although in
some cases this simplified model of the Early voltage can be rather poor, in particular for
very-short-channel and/or pocket-implanted devices, in many cases the designer can use
this simplified model to quickly calculate first-order values for specifications such as the
amplifier voltage gain and the current-mirror output impedance. The interested reader is

ACM
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Fig. 11.15 Experimental and modeled currents versus gate voltage of a long-channel (L = 2.4 μm) n-MOS
transistor in a 0.13-μm technology.
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referred to [29] and the references therein for a more detailed discussion on the phenomena
that contribute to the modulation of the drain current of MOS transistors in saturation.

The main short-channel phenomena responsible for the non-zero output conductance
in saturation are the channel-length modulation (CLM) and the drain-induced barrier
lowering (DIBL) [14], [29]. Weak avalanche and the substrate-current-induced body
effect, which also play a role in the Early voltage, are important only for relatively high
drain voltages and high current levels, respectively. In the following, we will summarize
the results of reference [29], which describe the dependence of the Early voltage on both
CLM and DIBL.

As in Chapter 2, we assume that the dependence of the threshold voltage on the source
and drain voltages is

VT ¼ VT0 � σ VSB þ VDBð Þ; (11:5:1)

where σ is the DIBL factor.
Assuming that the Early voltage is dominated by DIBL and CLM, we can write that

1

VA
¼ 1

ID

dID
dVD

¼ 1

ID

∂ID
∂VT

∂VT

∂VD
þ 1

ID

∂ID
∂L

∂L
∂VD

¼ 1

VADIBL
þ 1

VACLM
; (11:5:2)

where [29]

VADIBL � n�t

2σ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ID

IS

r
þ 1

� �
: (11:5:3)

The derivation of the Early voltage associated with CLM in [29] assumes that the
channel of an MOS transistor in saturation is divided into two sections, one closer to the
source, where the gradual-channel approximation is valid, and another closer to the drain,
in which the two-dimensional nature of the space-charge region must be accounted for
[14]. As VD increases, the depletion region of the drain–channel junction widens, thus
shortening the effective channel length. Using this formulation, the current can be
calculated using the expression derived under the gradual-channel approximation but
considering the effective channel length of the device to be reduced by the length YD of
the drain section. The derivation of the CLM in weak and moderate inversion can be
found in [29]. Here, we will assume that the hypotheses employed therein for the
derivation of the model are valid, and we reproduce only the main results of [29]
concerning the CLM phenomenon, which are given by the formula

YD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FL

2a

� �2

þ�bi þ VDB � �SL

a

s
� FLj j

2a
(11:5:4)

with

a ¼ qNA

2εs
; (11:5:5)

FL ¼ Fyðy ¼ L� YDÞ ffi � ID
IS

�t

2L
¼ �ID=W

μC0
oxn�t

; (11:5:6)
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�sL ¼ �sðy ¼ L� YDÞ ffi �sa � ID=W

nC0
oxvsat

¼ VP þ 2�F � ID=W

nC0
oxvsat

; (11:5:7)

where �bi is the junction built-in potential, while FL and �sL are the longitudinal electric
field and surface potential, respectively, at the interface between the channel and the
depletion region at the drain end of the channel. The value of YD in (11.5.4) was obtained
by application of the Poisson equation to a one-sided n+–p junction with boundary
conditions given by (11.5.6) and (11.5.7) at a distance L− YD from the source. Recall
that �sa is the surface potential when the inversion charge density is equal to zero. NA is
the substrate doping and YD is the depletion width of the drain–substrate junction at the
semiconductor surface. Note that, when the current level is low, the electric field FL tends
to zero, whereas the surface potential �sL tends to �sa. Thus, for low currents, the value of
YD in (11.5.4) reduces to that of the conventional n+–p junction. Now, using

1

VACLM
¼ 1

ID

∂ID
∂L

∂L
∂VD

¼ 1

ID

�ID
L

� ��∂YD

∂VD
(11:5:8)

and (11.5.4), we find that

VACLM ffi 2aL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FL

2a

� �2

þ�bi þ VDB � �SL

a

s0
@

1
A: (11:5:9)

In this simplified model of the Early voltage, the DIBL component is dependent on the
inversion level according to (11.5.3), but is nearly independent of VDS while the CLM
component is proportional to the square root of VD.

In order to extract the Early voltage in terms of current, drain voltage, and channel
length for different technologies and both n- and p-channel transistors, a set of test
devices was fabricated, as described in [30]. We will show here some of the results
obtained for n-channel transistors in a 0.35-μm technology, biased with inversion level
if ≤ 100.

Experimental results for the drain and source currents of an n-MOS transistor with
L = 0.4 μm are shown in Figure 11.17. The reason for measuring both the drain and
source currents is to determine the weak avalanche current as the difference between the
drain and source currents. Since the avalanche current is caused by high electric fields,
the drain current is that affected by weak avalanche due to the high electric field close to
the drain region. To reduce the effect of the weak avalanche current on the determination
of the DIBL and CLM parameters, the source current, rather than the drain current, was
measured.

Figure 11.17 shows that the shape of the curves is the same in weak inversion (if ≤ 1),
which means that the relative variation of the current is independent of the value of the
inversion level. In other words, the Early voltage is not sensitive to the inversion level in
weak inversion. On the other hand, for higher values of if, the relative variation of the
current becomes progressively smaller, that is, the Early voltage becomes increasingly
higher for increasing inversion levels. Also, note that the curve knee (saturation voltage)
becomes gradually higher for inversion levels above unity.
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From the graphs in Figure 11.17, the plots of the transistor output conductance shown
in Figure 11.18 were obtained. In weak inversion, the output conductance is proportional
to the drain current (or to the inversion level). In moderate inversion, the values of the
output conductance increase less than linearly with the current level. Note that, for drain-
to-source voltages around 2V or more, the difference between the derivatives of the
source and drain currents increases very rapidly.

Plots of experimental and fitted Early voltages for the minimum-length n-channel
device for several inversion levels are shown in Figure 11.19 [29], [30]. As noted
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Fig. 11.17 Experimental drain and source currents versus drain-to-source voltage for a minimum-channel-
length n-MOS transistor (L= 0.4 μm) in a 0.35-μm CMOS technology.

10–2

10–3

10–4

10–5

10–6

10–7

10–8

10–3 10–2 10–1 100 101

VDS [V]

g
 [

S
]

dID /dVD
dIS /dVD

if = 100 

if = 20

if = 5

if = 1

if = 0.1

if = 0.01

Fig. 11.18 Derivatives of the experimental drain and source currents with respect to the drain voltage versus
drain-to-source voltage for a minimum-channel-length n-MOS transistor (L = 0.4 μm) in a 0.35-μm
CMOS technology.
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previously, just one curve (in this case the curve labeled if = 0.1) is sufficient to represent
the behavior of the device biased in weak inversion. For inversion levels greater than
unity, the Early voltage increases slowly with increasing inversion levels and drain-to-
source voltages, as predicted in the theoretical model.

Figure 11.20 presents the experimental and fitted Early voltages for transistors with
various channel lengths. A first-order approximation of the Early voltage as linearly
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Fig. 11.19 Experimental and modeled Early voltages versus drain-to-source voltage for a minimum-length
n-MOS transistor (L= 0.4 μm) in a 0.35-μm CMOS technology.
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Fig. 11.20 Experimental and modeled Early voltages versus drain-to-source voltage for transistors M1, M2,
M4, and M8, for which the nominal lengths are Lmin, 2Lmin, 4Lmin, and 8Lmin, respectively, where
Lmin = 0.4 μm. The parameters for the model are given in Table 11.3. The inversion level at the
source is if = 5.
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related to the channel length is not such a poor approximation, but the figures in this
section clearly show that the Early voltage is also significantly affected by the inversion
level and the drain-to-source voltage.

Table 11.3 presents the fitting parameters for transistors M1, M2, M4, and M8. The
DIBL factor was extracted for each channel length. For the 0.35-μm technology of the
fabricated devices, the nominal substrate doping is 2.2 × 1017 cm− 3, which gives
a= 1.67 × 1014V/m2, a value relatively close to that extracted from the Early voltage.

Example 11.4

(a) Determine the intrinsic gain of a transistor in the common-gate configuration in
terms of VA and if. (b) Use the theoretical curves in Figure 11.20 to determine the
maximum and minimum gains of transistors M1 and M8 for a drain-to-source voltage
between 1V and 2.5V.

Answer

(a) The intrinsic gain of a transistor in the common-gate configuration is

AV0 ¼ gms

gds
¼ 2IF= �t

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 1
� �� 
IF=VA

¼ 2VA

�t

ffiffiffiffiffiffiffiffiffiffiffi
1þ if

p þ 1
� � :

(b) For M1, 5V≤VA≤ 6.5V, while, for M8, 53V ≤VA≤ 65V. Using �t=26mVand if = 5,
we find that

110 � AV0 M1ð Þ � 145;

1180 � AV0 M8ð Þ � 1445:

Problems

11.1 Demonstrate that the application of the smoothing function (11.1.4) to (11.1.3)
reduces (11.1.3) to either (11.1.1) for weak inversion or (11.1.2) for strong inversion.

11.2 Using the expression for the bulk charge given in (11.1.7) and the potential-balance
equation show that, in accumulation, the value of the substrate capacitance is given by

Table 11.3 Fitting parameters extracted for the Early voltage of n-MOS transistors in a 0.35-μm
CMOS technology

Transistor σ (mV/V) a (V/m2) �bi − 2�F (V)

M1 7 2.5 × 1014 0.1
M2 0.8 2.5 × 1014 0.1
M4 0.6 2.5 × 1014 0.1
M8 0.45 2.5 × 1014 0.1
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C0
b ¼ � dQ0

B

d�s
ffi �C0

ox

VG � VFB � �s

2�t
ffi �C0

ox

VG � VFB

2�t
:

Calculate the resulting gate capacitance in accumulation. Sketch the plot of the gate
capacitance versus (VG−VFB)/�t in the accumulation region.

11.3 Verify that expressions (11.1.13) and (11.1.16) lead to the same result for the drain
current when the following substitutions are made:

n ¼ ne; Q0
I ¼ Q0

IS þQ0
ID

� �
=2; dQ0

I ¼ nC0
ox d�s:

11.4 Derive the expression below for the slope factor:

n ffi 1þ γ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VP þ 2�F

p :

Also, verify Equation (11.2.11). (Hint: use the results of Section 2.1.5 in Chapter 2.)
11.5 The expression for the inversion capacitance obtained without using the charge-

sheet approximation [14] is

C0
i ¼ � Q0

I

2�t
1þ Q0

B

Q0
B þQ0

I

� �
:

Show that at threshold (pinch-off)

Q0
B

Q0
B þQ0

I

¼ 1

1þ 1

2
1þ C0

ox

C0
b

� �
�t

�sa

and that classical effects cannot explain the fact that nch> 1 in weak inversion.
11.6 Using the capacitive model in Figure 11.13, derive the differential UCCM given by

(11.4.3).
11.7 Determine the effect of the drain and source series resistances on the drain current

for low values of the drain-to-source voltage. To simplify the problem, use the
MOSFET model in strong inversion (this simplifying assumption is acceptable
since the series resistances of drain and source have a negligible effect in weak and
moderate inversion). Compare this effect with that of the dependence of the
mobility on the transverse field. Verify that, when the inversion level if is such
that √if =�t/[2IS(RS+RD)], the effective transconductance drops to half the value
for series resistances equal to zero.
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Index

accumulation region 31
amplifier, specifications (for SC filters) 433–435
aperture jitter 421

balanced transconductors for MOSFET-C filters
368–370

bandgap voltage reference
based on weighted VGS 217–218
CMOS 211
operating principle 209–210
resistorless CMOS 216–217
sub-1-Voperation 214–216

bipolar junction transistor 5–7
Ebers–Moll model 6, 7
reciprocity relation 7

bipolar transistor 112–114
Gummel number 210
saturation current 209

biquad filter 376
effect of the Q-factor of the integrator 376
pole frequency 376
pole Q-factor 376

body-effect factor 10
Boltzmann constant 135
Boltzmann distribution law 26
bulk current 76–77

capacitance per unit area
bulk 33
inversion 34
oxide 30
semiconductor 32
small-signal 32

capacitance 102
temperature coefficient 103, 104–105, 106–109
voltage coefficient 104–105, 108–109

capacitances, intrinsic 60–62
capacitances, of the extrinsic transistor 62
capacitive coefficients 59–62, 83
capacitor, metal–oxide–semiconductor, see MOS structure,

two-terminal
capacitors 101–109
metal–insulator–metal (MIM) 102–104
metal–oxide–semiconductor (MOS) 104–106

cascode amplifiers 246–249
folded-cascode 246–249
regulated cascode 233, 250, 288
telescopic 246–249

cascode current mirror 187–191
high-swing 189–191
improved Wilson 197
regulated 191
self-biased 188–189

channel length 41
channel-length modulation (CLM) 71–72
channel-length shortening 72
charge-injection errors 413–417

reducing 415–416
rejecting 416–417

charges, source and drain, stored 57
class-AB amplifier 344–348, 349
class-AB source follower 344
CMOS process, deep-submicron 89–91
CMOS PTAT voltage reference 218–219
CMOS technology 88–93
CMOS-compatible bipolar transistor 213
common-gate amplifier 239–242

voltage gain 241, 242
unity-gain frequency 242
input-referred noise voltage 242

common-mode (CM) detector 353, 355, 356
common-mode feedback (CMFB) 349–358
common-mode input range 294
common-mode voltage 256
common-source amplifier

current source load 231–236
diode-connected load 226–228
resistive load 225–226

compact MOSFET models 452
complementary to absolute temperature (CTAT) 209
corner frequency 150
correlation

admittance 151–154
coefficient 143
factor 152

current mirror error 179–184
caused by difference between drain voltages 179–180
caused by transistor mismatch 180–184



current mirror
class-A 192
class-AB 192
frequency response 184–186
harmonic distortion 193–195
input admittance 185
low-frequency gain 185
noise 186–187
output admittance 186
small-signal model 184–186

current-mirror load differential amplifier
common-mode gain 266–269
common-mode input range 261–262
common-mode rejection ratio (CMRR) 269
differential voltage gain 264–265
noise 273–275
offset voltage 262–264
output voltage range 262
power-supply rejection ratio (PSRR) 271–273
settling response 275–277
slew rate 275
voltage transfer characteristic 260–261

current
normalization 46
sheet normalization 46

cut-off frequency, intrinsic 66
current routing 183

design rules 118–120
differential amplifier 252–277, 299
resistive load 259
current-mirror load 260–277

digitally-programmable V–I converter 394
distortion
low (SC filters) 435–436

distortion of the MOSFET operating as a resistor 397–398
dominant-pole approximation 233, 288
drain current 40–41
forward (reverse) component of 42

drain-induced barrier lowering (DIBL) 72–73
dynamic range 387

Early voltage 73, 473–479
channel-length modulation (CLM) 475–476
drain-induced barrier lowering (DIBL) 475

effective mobility 68–69
energy equipartition principle 385

Fermi potential 32
filter tuning schemes 395–397
direct 395
indirect 396

filters
biquad 430–432
first-order 425–426
frequency response of first-order 426
switched-capacitor 423–436
switched-current 441

first-order low-pass MOSFET-C filter 376
flat-band voltage 30–31
fluctuations, drain current 137–139
folded-cascode operational amplifier 306–312
CMRR 309–310
common-mode input range 307
dc characteristics 306–308
noise 311–312
offset voltage 307–308
output voltage 307
PSRR 310–311
slew rate 312
voltage gain 308–309

fully differential operational amplifier 349–358

gain-boost technique 250–252
gate threshold voltage 237
gate tunneling current 75–76
Gm-C filters 378
Gm-C integrator 383–384
output conductance 383
parasitic capacitance 383
phase compensation 385
phase deviation 384
transfer function 384

gyrator 392

Harry Black 292

IC fabrication 88–89
ideal current mirror 177
ideal operational amplifier 292–293
inductance 111
inductors 109–112
input-referred offset voltage 294
integrator
continuous time 428
frequency response 428
parasitic-insensitive 428–429
switched-capacitor 426–429
offset compensation 429–430

interconnections 92
intrinsic gain stage 228
frequency response of voltage gain 230
low-frequency voltage gain 229
bandwidth 230
gain–bandwidth product 230
unity-gain frequency 230

inversion charge-based models 452, 458–460
ACM model 459–460
BSIM5 model 460
EKV model 459

inversion coefficient 46
inversion region 32
inverting amplifier 294

jitter 421
junction field-effect transistors (JFETs) 98–99
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latchup 114–115
lateral bipolar transistor 211, 213
layout
folded 124–125
for matching 121–124
interdigitated 125
mask 118–120

lithography, optical 115–118

mask layout 118–120
Miller capacitance 324
Miller capacitor 239
Miller effect 248
mismatch
models 155–161, 162–164

(mis) matching energy 161–162
mobility, effective 68–69
Monte Carlo simulations 167–169
MOS current source 199–200
MOS structure, three-terminal 34–38
MOS structure, two-terminal 28–31
MOS transistor as a resistor 100–101
MOS transistor; see MOSFET
MOSFET-C filters 366–367
MOSFET-C integrator 370–374
effect of op-amp non-idealities 372–373
effect of transistor distributed model 371–372
magnitude and phase plots 373
quality factor 374
time constant 370
unity-gain frequency 373, 374

MOSFET-only current divider 393
MOSFET
all-region model 19
body-effect factor 10
charge-control compact model 41–42
design space 20
gate capacitor 103, 106–109
layout 121–128
normalization current 46
output conductance 73–75
quasi-static small-signal model 65–67
slope factor 36, 42, 81
strong-inversion (SI) model 52–53
structure 91–92
transconductance parameter 10
transconductances 82
weak-inversion (WI) model 52

MOSVIEW 281–282

nested Miller compensation (NMC) 339
nested transconductance–capacitance compensation (NGCC)

340
noise
aliasing thermal 408
excess factor 147–148
flicker 136–137, 144–147
induced gate 141–144

in MOSFETs, thermal 139–144
mean-square value 135
quantization 409
short-channel effects on 140–141
shot 136
thermal 134–135
thermal (in a S/H) 406–409
two-port models 151–154
white 135

non-quasi-static small-signal model 62–65
time constants of 62, 63

normalization charge 27, 38
normalization current 46
normalized inversion charge density 46

operational transconductance amplifier (OTA) 293
OTA-C filters 378

p–n junctions 3–5
built-in potential 28
reverse saturation current 5

p-channel device 48
parallel–series association of transistors 390
parameter extraction 460–467

mobility 465–467
slope factor 463–465
specific current and threshold voltage 461–463

parameters, electrical 92
pinch-off voltage 38, 81
pole-zero doublet 266
power consumption and dynamic range 388–389
proportional to absolute temperature (PTAT) 210, 211
PTAT current 214
push-pull amplifier 237–239

quality factor (SC biquad) 430, 431
quantum effects on the ACM model 471–472
quasi-static small-signal model 65–67

rail-to-rail input stages 340–342
resistance 94
resistivity, temperature coefficient 96
resistors 94–101

polysilicon 95–98
implanted and diffused 98–100

resizing rules 285
reuse of MOS analog design 283–287

sample-and-hold (circuits) 404–422
low voltage 417–421

sample-hold amplifier 294
sampled signal, spectrum 407
sampling

distortion 410–412, 444–445
voltage error 415

saturation current
forward 42
reverse 42
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saturation voltage, drain-to-source (VDSsat) 51
scaling factors 285
scaling 284
channel-length 286–287
constant-inversion-level 285–286

second-order Tow–Thomas biquad filter 377
self-biased current source
MOSFET-only 205–207
resistive 201–205

series association of transistors 125–128
sheet resistance 94–96
short-channel effects in MOSFETs 68–77
signal-to-noise ratio 387
silicon
bandgap 209
intrinsic concentration 209

sizing and biasing of MOS transistors 279–281
slope factor 36, 42, 81
small-signal capacitances, see capacitance per unit area
small-signal model, see quasi-static small-signal model
small-signal transconductances 53–57
source follower 242–245, 343–344
input-referred noise voltage 245
voltage gain 244
voltage transfer characteristic 243

source-coupled pair 252–259
common-mode input range 254
common-mode transadmittance 257
dc transfer characteristic 253–254
differential transconductance 257
input offset voltage 255–256

static CMOS inverter 237, 346
strong inversion (SI) 52
supply-voltage scaling factor 284
surface potential-based models 452, 454–458
HiSIM model 456
MOS Model 11 (MM11) 456–457
PSP model 458

surface potential 30
symmetric operational amplifier 302–305
common-mode input voltage 303
dc characteristics 302–304
noise 305
offset voltage 303–304
slew rate 305
voltage gain 304
voltage transfer characteristic 303

telescopic-cascode differential amplifier 301–302
thermal charge 38
thermal voltage 27, 38
thershold voltage 42–45
equilibrium 43
gate-to-substrate threshold voltage 11
temperature effects on 44–45

three-stage operational amplifier 339
tradeoff between area and power consumption 279
transconductance-to-current ratio 54
transconductances 82
transconductors (V-I converters) 379–381
distortion 382–383
linearization 380
offset voltage 381–382

transform
z 447–448

transimpedance amplifier 294
transistor fabrication 89–91
transition frequency, intrinsic 66–68
translinear circuits 344
translinear loop 345, 346
two-stage operational amplifier 316–339
alternative forms of compensation 336–339
common-mode input range 321
common-mode rejection ratio 330
compensation capacitance 324
dc characteristics 321–322
dominant pole 327
extrapolated unity-gain frequency 327
frequency compensation 323
gain–bandwidth product 327
Miller-compensated 322–327
noise 332
nulling resistor 338
offset voltage 321–322
output voltage swing 321
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zero 326

two-transistor current mirror 177–178
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unified current-control model
(UICM) 47

VT-based models 452, 453
velocity saturation 69–71
vertical bipolar transistor 212
voltage follower 294, 298
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weak inversion (WI) 52
Widlar current source 200
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